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CHARACTERIZATIONS OF HEMIRINGS BY (∈,∈ ∨q)-FUZZY

IDEALS

Muhammad Shabir, Yasir Nawaz, and Tahir Mahmood

Abstract. In this paper we characterize different classes of hemirings by

the properties of their (∈,∈ ∨q)-fuzzy ideals, (∈,∈ ∨q)-fuzzy quasi-ideals

and (∈,∈ ∨q)-fuzzy bi-ideals.

1. Introduction

There are many generalizations of associative rings. Some of them, in par-
ticular, nearrings and semirings are very useful for solving problems in different
areas of applied mathematics and information sciences. Semirings which are
common generalizations of associative rings and distributive lattices are intro-
duced by H. S. Vandiver in 1934 [27]. Semirings are very useful for studying
optimization theory, graph theory, theory of discrete event dynamical systems,
matrices, determinants, generalized fuzzy computation, automata theory, for-
mal language theory, coding theory, analysis of computer programs, and so on
(see [12, 13, 14, 22]). Hemirings, which are semirings with commutative addi-
tion and zero element appears in a natural manner in some applications to the
theory of automata and formal languages (see [13, 14]).

Ideals play important role in the study of hemirings and are useful for many
purposes. But they don’t coincide with ring ideals. Thus many results of ring
theory have no analogues in semirings using only ideals. In order to overcome
this deficiency, Henriksen [15] defined a class of ideals in semirings, called k-
ideals. These ideals have the property that if the semiring R is a ring then a
subset of R is a k-ideal if and only if it is a ring ideal. A more restricted class
of ideals in hemiring is defined by Iizuka [16]. La Torre [19] thoroughly studied
h-ideals and k-ideals and established some analogues ring results for semirings.

The concept of fuzzy subset introduced by Zadeh [29] is a useful tool to
describe situation in which the data are imprecise or vague. Fuzzy sets handle
such situations by attributing a degree to which a certain object belongs to a
set. Many researchers used this concept to generalize some notions of algebra.
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In [2] J. Ahsan initiated the study of fuzzy semirings (see also [1]). Fuzzy k-
ideals in semirings are studied in [11] and fuzzy h-ideals are studied in [10, 17,
20, 25, 26, 28, 30].

The concept of ”belongingness” and ”quasicoincidence” of a fuzzy point with
a fuzzy set are given in [23, 24]. Many authors used these concepts to generalize
some concepts of algebra, for example [3, 4, 5, 6, 7, 8, 18]. In [9, 21] (α, β)-fuzzy
ideals of hemirings are defined. In this paper we characterize different classes
of hemirings by the properties of their (∈,∈ ∨q)-fuzzy h-ideals, (∈,∈ ∨q)-fuzzy
h-quasi ideals, and (∈,∈ ∨q)-fuzzy h-bi-ideals.

2. Preliminaries

A semiring is a non-empty set R together with two associative binary op-
erations addition ” + ” and multiplication ” · ” such that ” · ” is distributive
over ” + ” in R. An element 0 ∈ R is called a zero or additive identity of the
semiring (R,+, ·) if 0x = x0 = 0 and 0 + x = x + 0 = x for all x ∈ R. An
additively commutative semiring with zero is called a hemiring. An element
1 of a hemiring R is called the identity or unity of R if 1.x = x.1 = x for all
x ∈ R. A hemiring with commutative multiplication is called a commutative
hemiring. A non-empty subset A of a hemiring R is called a sub hemiring of R
if it contains zero and is closed with respect to the addition and multiplication
of R. A non-empty subset I of a hemiring R is called a left (right) ideal of
R if I is closed under addition and RI ⊆ I (IR ⊆ I). A non-empty subset
I of a hemiring R is called an ideal of R if it is both a left ideal and a right
ideal of R. A subset Q of a hemiring R is called a quasi-ideal of R if Q is
closed under addition and RQ ∩QR ⊆ Q. A sub hemiring B of a hemiring R
is called a bi-ideal of R if BRB ⊆ B. Every one sided ideal of a hemiring R is
a quasi-ideal and every quasi-ideal is a bi-ideal but the converse is not true.

A left (right) ideal I of a hemiring R is called a left (right) h-ideal if for all
x, z ∈ R and for any a, b ∈ I from x+ a+ z = b+ z it follows x ∈ I. A bi-ideal
B of a hemiring R is called an h-bi-ideal of R if for all x, z ∈ R and a, b ∈ B
from x+ a+ z = b+ z it follows x ∈ B (cf. [28]).

The h-closure A of a non-empty subset A of a hemiring R is defined as

A = {x ∈ R | x+ a+ z = b+ z for some a, b ∈ A, z ∈ R} .

A quasi-ideal Q of a hemiring R is called an h-quasi-ideal of R if RQ∩QR ⊆
Q and x+ a+ z = b+ z implies x ∈ Q, for all x, z ∈ R and a, b ∈ Q (cf. [28]).
Every left (right) h-ideal of a hemiring R is an h-quasi-ideal of R and every
h-quasi-ideal is an h-bi-ideal of R. However, the converse is not true in general.

For A ⊆ X, characteristic function CA : X → {0, 1} defined by

CA(x) =

{
1 if x ∈ A
0 if x /∈ A
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A fuzzy subset f of a universe X is a function from X into the unit closed
interval [0, 1], that is f : X ⇒ [0, 1]. A fuzzy subset f of a universe X of the
form

f (y) =

{
t ∈ (0, 1] if y = x

0 if y 6= x

is said to be a fuzzy point with support x and value t and is denoted by
xt. For a fuzzy point xt and a fuzzy set f of a set X, Pu and Liu [24] gave
meaning to the symbol xtαf , where α ∈ {∈, q,∈ ∨q,∈ ∧q}. A fuzzy point
xt is said to belong to (resp. be quasi-coincident with) a fuzzy set f written
xt ∈ f (resp. xtqf) if f (x) ≥ t (resp. f (x) + t > 1), and in this case, xt ∈ ∨qf
(resp. xt ∈ ∧qf) means that xt ∈ f or xtqf (resp. xt ∈ f and xtqf). To say
that xtαf means that xtαf does not hold. For any two fuzzy subsets f and g
of X, f ≤ g means that, for all x ∈ X, f(x) ≤ g(x). The symbols f ∧ g, and
f ∨ g will mean the following fuzzy subsets of X

(f ∧ g)(x) = f(x) ∧ g(x)
(f ∨ g)(x) = f(x) ∨ g(x)

for all x ∈ X. More generally, if {fi : i ∈ Λ} is a family of fuzzy subsets of
X, then ∧i∈Λfi and ∨i∈Λfi are defined by

(∧i∈Λfi)(x) = ∧i∈Λ(fi(x))
(∨i∈Λfi)(x) = ∨i∈Λ(fi(x))

and are called the intersection and the union of the family {fi : i ∈ Λ} of
fuzzy subsets of X, respectively.

2.1. Definition [28]

Let f and g be two fuzzy subsets of a hemiring R. The h-intrinsic product
of f and g is defined by

(f �h g) (x)

=


∨

x + Σm
i=1aibi + z

= Σn
j=1a

′
jb

′
j + z


(

m∧
i=1

f (ai)

)
∧
(

m∧
i=1

g (bi)

)
∧

 n∧
j=1

f
(
a
′
j

) ∧
 n∧

j=1

g
(
b
′
j

)

0 if x cannot be expressed as x + Σm
i=1aibi + z = Σn

j=1a
′
jb

′
j + z

2.2. Proposition [28]

Let R be a hemiring and f, g, h, k be any fuzzy subsets of R. If f ≤ g and
h ≤ k, then f �h h ≤ g �h k.

2.3. Lemma [28]

Let R be a hemiring and A,B ⊆ R. Then we have
(1) A ⊆ B if and only if CA ≤ CB .
(2) CA ∧ CB = CA∩B .
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(3) CA �h CB = CAB .

2.4. Definition

A fuzzy subset f of a hemiring R is called a fuzzy h-subhemiring of R if for
all x, y, z, a, b ∈ R, we have

(i) f (x+ y) ≥ min {f (x) , f (y)},
(ii) f (xy) ≥ min {f (x) , f (y)},
(iii) x+ a+ z = b+ z ⇒ f (x) ≥ min {f (a) , f (b)}.

2.5. Definition [17]

A fuzzy subset f of a hemiring R is called a fuzzy left (right) h-ideal of R if
for all x, y, z, a, b ∈ R, we have

(i) f (x+ y) ≥ min {f (x) , f (y)},
(ii) f (xy) ≥ f (y) (f (xy) ≥ f (x)),
(iii) x+ a+ z = b+ z ⇒ f (x) ≥ min {f (a) , f (b)}.
A fuzzy subset f of R is called a fuzzy h-ideal of R if it is both a fuzzy left

and a fuzzy right h-ideal of R.

2.6. Definition [28]

A fuzzy subset f of a hemiring R is called a fuzzy h-bi-ideal of R if for all
x, y, z, a, b ∈ R, we have

(i) f (x+ y) ≥ min {f (x) , f (y)},
(ii) f (xy) ≥ min {f (x) , f (y)},
(iii) f (xyz) ≥ min {f (x) , f (z)},
(iv) x+ a+ z = b+ z ⇒ f (x) ≥ min {f (a) , f (b)}.

2.7. Definition [28]

A fuzzy subset f of a hemiring R is called a fuzzy h-quasi-ideal of R if for
all x, y, z, a, b ∈ R, we have

(i) f (x+ y) ≥ min {f (x) , f (y)},
(ii) (f �h R) ∧ (R�h f) ≤ f
(iii) x+ a+ z = b+ z ⇒ f (x) ≥ min {f (a) , f (b)}.
where R is the fuzzy subset of R mapping every element of R on 1.
Note that if f is a fuzzy left h-ideal (right h-ideal, h-bi-ideal, h-quasi-ideal) ,

then f (0) ≥ f (x) for all x ∈ R.

2.8. Definition [28]

A hemiring R is said to be h-hemiregular if for each x ∈ R, there exist
a, b, z ∈ R such that x+ xax+ z = xbx+ z.

2.9. Definition [28]

A hemiring R is said to be h-intra-hemiregular if for each x ∈ R, there exist
ai, a

′
i, bj , b

′
j , z ∈ R such that x+

∑m
i=1 aix

2a′i + z =
∑n

j=1 bjx
2b′j + z.
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2.10. Lemma [28]

If I and L are respectively, right and left h-ideals of a hemiring R, then
IL ⊆ I ∩ L.

2.11. Lemma [28]

A hemiring R is h-hemiregular if and only if for any right h-ideal I and any
left h-ideal L of R we have IL = I ∩ L.

2.12. Theorem [28]

A hemiring R is h-hemiregular if and only if for any fuzzy right h-ideal µ
and any fuzzy left h-ideal ν of R we have µ�h ν = µ ∧ ν.

2.13. Lemma [28]

A hemiring R is h-intra-hemiregular if and only if for any right h-ideal I and
any left h-ideal L of R we have I ∩ L ⊆ LI.

2.14. Theorem [28]

A hemiring R is h-intra-hemiregular if and only if for any fuzzy right h-ideal
µ and any fuzzy left h-ideal ν of R we have µ ∧ ν ⊆ ν �h µ.

2.15. Lemma [28]

The following conditions are equivalent for a hemiring R.
(i) R is both h-hemiregular and h-intra-hemiregular.

(ii) B = B2 for every h-bi-ideal B of R.

(iii) Q = Q2 for every h-quasi-ideal Q of R.

2.16. Lemma [28]

Let R be a hemiring. Then the following conditions are equivalent.
(1) R is h-hemiregular.
(2) B = BRB for every h-bi-ideal B of R.
(3) Q = QRQ for every h-quasi-ideal Q of R.

2.17. Theorem [28]

The following conditions are equivalent for a hemiring R.
(i) R is both h-hemiregular and h-intra-hemiregular.
(ii) f = f �h f for every fuzzy h-bi-ideal f of R.
(iii) f = f �h f for every fuzzy h-quasi-ideal f of R.
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3. (∈,∈ ∨q)-Fuzzy ideals

3.1. Definition

A fuzzy subset f of a hemiring R is called an (∈,∈ ∨q)-fuzzy subhemiring
of R if it satisfies

(1′) xt, yr ∈ f ⇒ (x+ y)min{t,r} ∈ ∨qf
(2′) xt, yr ∈ f ⇒ (xy)min{t,r} ∈ ∨qf
for all x, y ∈ R and t, r ∈ (0, 1].

3.2. Definition

A fuzzy subset f of a hemiring R is called an (∈,∈ ∨q)-fuzzy right (left)
h-ideal of R if it satisfies (1′) and

(3′) xt ∈ f and y ∈ R⇒ (xy)t ∈ ∨qf ((4′) xt ∈ f and y ∈ R⇒ (yx)t ∈ ∨qf)
(5′) x+ a+ y = b+ y and at, br ∈ f ⇒ (x)min{t,r} ∈ ∨qf
for all x, y ∈ R and t, r ∈ (0, 1].
A fuzzy subset f of a hemiring R is called an (∈,∈ ∨q)-fuzzy h-ideal of R if

it is both (∈,∈ ∨q)-fuzzy right and (∈,∈ ∨q)-fuzzy left h-ideal of R.

3.3. Definition

An (∈,∈ ∨q)-fuzzy subhemiring of R is called (∈,∈ ∨q)-fuzzy h-subhemiring
of R if it satisfies (5′).

3.4. Definition [21]

A fuzzy subset f of a hemiring R is called an (∈,∈ ∨q)-fuzzy h-bi-ideal of
R if it satisfies (1′), (2′), (5′) and

(6′) xt, zr ∈ f implies (xyz)min{t,r} ∈ ∨qf
for all x, y, z ∈ R and t, r ∈ (0, 1].

3.5. Definition [21]

A fuzzy subset f of a hemiring R is called an (∈,∈ ∨q)-fuzzy h-quasi-ideal
of R, if it satisfies (1′), (5′) and

(7′) xt ∈ f �R, xr ∈ R� f ⇒ (x)min{t,r} ∈ ∨qf
for all x ∈ R and t, r ∈ (0, 1].
Where R is the fuzzy subset of R mapping every element of R on 1.
It is shown in [9, 21] that for any fuzzy subset f of R and for all x, y ∈ R,

(1′) is equivalent to (1′′), (2′) is equivalent to (2′′), (3′) is equivalent to (3′′)
and (4′) is equivalent to (4′′) where:

(1′′) f(x+ y) ≥ min{f(x), f(y), 0.5}
(2′′) f(xy) ≥ min{f(x), f(y), 0.5}
(3′′) f(xy) ≥ min{f(x), 0.5}
(4′′) f(yx) ≥ min{f(x), 0.5}.
It is also shown in [9, 21] that for any fuzzy subset f of R and for all

a, b, x, y ∈ R such that x+ a+ y = b+ y, then (5′) is equivalent to (5′′) where:
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(5′′) f(x) ≥ min{f(a), f(b), 0.5}.
Also (6′) is equivalent to (6′′) and (7′) is equivalent to (7′′)where:
(6′′) f(xyz) ≥ min{f(x), f(z), 0.5}
(7′′) f (x) ≥ min{(f �R) (x) , (R� f)) (x) , 0.5}
for all x, y, z ∈ R.
From the above discussion we deduce;

3.6. Definition

A fuzzy subset f of a hemiring R is called an (∈,∈ ∨q)-fuzzy h-subhemiring
of R if it satisfies (1′′), (2′′) and (5′′).

3.7. Definition

A fuzzy subset f of a hemiring R is called an (∈,∈ ∨q)-fuzzy right (left)
h-ideal of R if it satisfies (1′′), (3′′)((4′′)) and (5′′).

3.8. Definition [21]

A fuzzy subset f of a hemiring R is called an (∈,∈ ∨q)-fuzzy h-bi-ideal of
R if it satisfies (1′′), (2′′), (5′′) and (6′′).

3.9. Definition [21]

A fuzzy subset f of a hemiring R is called an (∈,∈ ∨q)-fuzzy h-quasi-ideal
of R, if it satisfies (1′′), (5′′) and (7′′).

3.10. Theorem

Let f be an (∈,∈ ∨q)-fuzzy h-bi-ideal of a hemiring R, then f ∧ 0.5 is an
(∈,∈ ∨q)-fuzzy h-bi-ideal of R where (f ∧ 0.5) (x) = f(x) ∧ 0.5 for all x ∈ R.

Proof. Suppose f is an (∈,∈ ∨q)-fuzzy h-bi-ideal of a hemiring R and let
a, b, x, y ∈ R. Then

(f ∧ 0.5) (x+ y) = f(x+ y) ∧ 0.5 ≥ (min{f(x), f(y), 0.5}) ∧ 0.5
= min{f(x) ∧ 0.5, f(y) ∧ 0.5, 0.5} = min{(f ∧ 0.5) (x), (f ∧ 0.5) (y), 0.5}
Similarly we can show that
(f ∧ 0.5) (xy) ≥ min{(f ∧ 0.5) (x), (f ∧ 0.5) (y), 0.5} and
(f ∧ 0.5) (xyz) ≥ min{(f ∧ 0.5) (x), (f ∧ 0.5) (z), 0.5}.
Now let x+ a+ y = b+ y, then
(f ∧ 0.5) (x) = f(x) ∧ 0.5 ≥ (min{f(a), f(b), 0.5}) ∧ 0.5
= min{f(a) ∧ 0.5, f(b) ∧ 0.5, 0.5} = min{(f ∧ 0.5) (a), (f ∧ 0.5) (b), 0.5}.
This shows that (f ∧ 0.5) is an (∈,∈ ∨q)-fuzzy h-bi-ideal of R.

Similarly we can show that:

3.11. Theorem

If f is an (∈,∈ ∨q)-fuzzy left (right) h-ideal of a hemiring R, then (f ∧ 0.5)
is an (∈,∈ ∨q)-fuzzy left (right) h-ideal of R.
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3.12. Definition [21]

Let f, g be fuzzy subsets of a hemiring R. Then the fuzzy subsets f ∧0.5 g
and f �0.5 g of R are defined as following:
f ∧0.5 g(x) = min{f(x), g(x), 0.5}
(f �0.5 g) (x) = (f � g) (x) ∧ 0.5 for all x ∈ R.
Now we define addition of two fuzzy subsets of a hemiring.

3.13. Definition

Let f, g be fuzzy subsets of a hemiring R. The fuzzy subset f + g of R is
defined by

(f + g)(x) =
∨

x+(a1+b1)+z=(a2+b2)+z

{f(a1) ∧ f(a2) ∧ g(b1) ∧ g(b2)}

for all a1, a2, b1, b2, x, z ∈ R.
We also define f +0.5 g = (f + g) ∧ 0.5.

3.14. Lemma

Let A,B be subsets of R, then

CA +0.5 CB = CA+B ∧ 0.5.

Proof. Let A,B be subsets of a hemiring R and x ∈ R. If x ∈ A+B then
there exist a1, a2 ∈ A and b1, b2 ∈ B such that x+ (a1 + b1) + z = (a2 + b2) + z
for some z ∈ R. Thus

(CA +0.5 CB)(x)

=

 ∨
x+(a′

1+b′1)+z=(a′
2+b′2)+z

{CA(a′1) ∧ CA(a′2) ∧ CB(b′1) ∧ CB(b′2)}

 ∧ 0.5

= 1 ∧ 0.5 = CA+B(x) ∧ 0.5.

If x /∈ A+B then there do not exist a1, a2 ∈ A and b1, b2 ∈ B such that
x+ (a1 + b1) + z = (a2 + b2) + z for some z ∈ R. Thus

(CA +0.5 CB)(x) = 0 ∧ 0.5 = CA+B(x) ∧ 0.5.
Hence CA +0.5 CB = CA+B ∧ 0.5.

3.15. Lemma

A fuzzy subset f of a hemiring R satisfies conditions (1′′) and (5′′) if and
only if it satisfies condition

(8) f +0.5 f ≤ f ∧ 0.5.

Proof. Suppose f satisfies conditions (1′′) and (5′′). Let x ∈ R, then

(f +0.5 f)(x) =

 ∨
x+(a1+b1)+z=(a2+b2)+z

{f(a1) ∧ f(a2) ∧ f(b1) ∧ f(b2)}

 ∧
0.5
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=

 ∨
x+(a1+b1)+z=(a2+b2)+z

{
(f(a1) ∧ f(b1) ∧ 0.5)∧
(f(a2) ∧ f(b2) ∧ 0.5)

} ∧ 0.5

≤

 ∨
x+(a1+b1)+z=(a2+b2)+z

{(f(a1 + b1)) ∧ (f(a2 + b2))}

 ∧ 0.5

by condition (1′′)
≤ f(x) ∧ 0.5 by condition (5′′).
Thus f +0.5 f ≤ f ∧ 0.5.
Conversely, assume that f +0.5 f ≤ f ∧ 0.5. Then for each x ∈ R we have
f(0) ≥ f(0) ∧ 0.5 ≥ (f +0.5 f)(0)

=

 ∨
0+(a1+b1)+z=(a2+b2)+z

{f(a1) ∧ f(a2) ∧ f(b1) ∧ f(b2)}

 ∧ 0.5

≥ f(x) ∧ 0.5 because 0 + (x+ x) + 0 = (x+ x) + 0.
Thus f(0) ≥ f(x) ∧ 0.5.
Let x, y ∈ R, then
f(x+ y) ≥ f(x+ y) ∧ 0.5 ≥ (f +0.5 f)(x+ y)

=

 ∨
(x+y)+(a1+b1)+z=(a2+b2)+z

{f(a1) ∧ f(a2) ∧ f(b1) ∧ f(b2)}

 ∧ 0.5

≥ {f(0) ∧ f(x) ∧ f(0) ∧ f(y)} ∧ 0.5
because (x+ y) + (0 + 0) + 0 = (x+ y) + 0.
= {f(x) ∧ f(y) ∧ 0.5} because f(0) ≥ f(x) ∧ 0.5.
Thus f satisfies condition (1′′).
Let a, b, x, z ∈ R such that x+ a+ z = b+ z. Then
f(x) ≥ f(x) ∧ 0.5 ≥ (f +0.5 f)(x)

=

 ∨
x+(a1+b1)+z=(a2+b2)+z

{f(a1) ∧ f(a2) ∧ f(b1) ∧ f(b2)}

 ∧ 0.5

≥ {f(a) ∧ f(0) ∧ f(b) ∧ 0.5} because x+ (a+ 0) + z = (b+ 0) + z
= {f(a) ∧ f(b) ∧ 0.5} because f(0) ≥ f(x) ∧ 0.5.
This shows that f satisfies condition (5′′).

3.16. Theorem

A fuzzy subset f of a hemiring R is an (∈,∈ ∨q)-fuzzy left (resp. right)
h-ideal of R if and only if f satisfies conditions

(8) f +0.5 f ≤ f ∧ 0.5
(9) R�0.5 f ≤ f ∧ 0.5 (Resp. f �0.5 R ≤ f ∧ 0.5).

Proof. Suppose f is an (∈,∈ ∨q)-fuzzy left h-ideal of a hemiring R, then by
Lemma 3.15, f satisfies condition (8). Now we show that f satisfies condition
(9). Let x ∈ R. If (R �0.5 f) (x) = 0, then (R �0.5 f) (x) ≤ f(x) ∧ 0.5.
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Otherwise, there exist elements ai, bi, cj , dj , z ∈ R such that x+
∑m

i=1 aibi+z =∑n
j=1 cjdj + z. Then we have

(R�0.5 f) (x)

=
∨

x+Σm
i=1aibi+z=Σn

j=1a
′
jb

′
j+z



(
m∧
i=1

R (ai)

)
∧

(
m∧
i=1

f (bi)

)
∧ n∧

j=1

R
(
a

′

j

) ∧
 n∧

j=1

f
(
b
′

j

)


∧ 0.5

=

 ∨
x+
∑m

i=1 aibi+z=
∑n

j=1 a′
jb

′
j+z

( m∧
i=1

f (bi)

)
∧

 n∧
j=1

f
(
b
′

j

) ∧ 0.5

=


∨

x+
∑m

i=1 aibi+z=
∑n

j=1 a′
jb

′
j+z



(
m∧
i=1

f (bi) ∧ 0.5

)
∧ n∧

j=1

f
(
b
′

j

)
∧ 0.5





 ∧ 0.5

≤

 ∨
x+
∑m

i=1 aibi+z=
∑n

j=1 a′
jb

′
j+z

( m∧
i=1

f (aibi)

)
∧

 n∧
j=1

f
(
a′jb

′

j

) ∧ 0.5

=


∨

x+
∑m

i=1 aibi+z=
∑n

j=1 a′
jb

′
j+z



(
m∧
i=1

f (aibi) ∧ 0.5

)
∧ n∧

j=1

f
(
a′jb

′

j

)
∧ 0.5





 ∧ 0.5

≤

 ∨
x+
∑m

i=1 aibi+z=
∑n

j=1 a′
jb

′
j+z

(min{f (
∑m

i=1 aibi) , f
(∑n

j=1 a
′
jb

′
j

)
})

 ∧ 0.5

≤ f(x) ∧ 0.5.
This implies that R�0.5 f ≤ f ∧ 0.5.
Conversely, assume that f satisfies conditions (8) and (9). Then by Lemma

3.15, f satisfies conditions (1′′) and (5′′). We show that f satisfies condition
(4′′).
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Let x, y ∈ R. Then we have

f(xy) ∧ 0.5 ≥ (R�0.5 f) (xy)

=


∨

xy+
∑m

i=1 aibi+z=
∑n

j=1 cjdj+z



(
m∧
i=1

R (ai)

)
∧

(
m∧
i=1

f (bi)

)
∧ n∧

j=1

R (cj)

 ∧
 n∧

j=1

f (dj)





 ∧ 0.5

=

 ∨
xy+

∑m
i=1 aibi+z=

∑n
j=1 cjdj+z


(

m∧
i=1

f (bi)

)
∧

 n∧
j=1

f (dj)


 ∧ 0.5

≥ f(y) ∧ 0.5 because xy + 0y + z = xy + z.

This shows that f satisfies condition (4′′). So f is an (∈,∈ ∨q)-fuzzy left h-
ideal of R. Similarly we can prove the case of an (∈,∈ ∨q)-fuzzy right h-ideal
of R.

3.17. Theorem

A fuzzy subset f of a hemiring R is an (∈,∈ ∨q)-fuzzy h-quasi-ideal of R if
and only if f satisfies conditions (7) and (8).

Proof. Proof is straight forward because conditions (1′′) and (5′′) are equivalent
to condition (8).

3.18. Theorem

Every (∈,∈ ∨q)-fuzzy left h-ideal of a hemiring R is an (∈,∈ ∨q)-fuzzy
h-quasi-ideal of R.

Proof. Proof is straight forward because condition (9)⇒ (7′′).

3.19. Lemma [21]

Every (∈,∈ ∨q)-fuzzy h-quasi-ideal of R is an (∈,∈ ∨q)-fuzzy h-bi-ideal of
R.

3.20. Lemma [21]

If f and g are (∈,∈ ∨q)-fuzzy right and left h-ideal of R respectively, then
f �0.5 g ≤ f ∧0.5 g.

3.21. Theorem [21]

For a hemiring R the following conditions are equivalent.
(1) R is h-hemiregular.
(2) (f ∧0.5 g) = (f�0.5 g) for every (∈,∈ ∨q)-fuzzy right h-ideal f and every

(∈,∈ ∨q)-fuzzy left h-ideal g of R.
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3.22. Theorem [21]

For a hemiring R, the following conditions are equivalent.
(1) R is h-hemiregular.
(2) f ∧ 0.5 ≤ (f �0.5 R�0.5 f) for every (∈,∈ ∨q)-fuzzy h-bi-ideal f of R.
(3) f ∧ 0.5 ≤ (f �0.5 R�0.5 f) for every (∈,∈ ∨q)-fuzzy h-quasi-ideal f of

R.

3.23. Theorem [21]

For a hemiring R, the following conditions are equivalent.
(1) R is h-hemiregular.
(2) (f ∧0.5 g) ≤ (f �0.5 g �0.5 f) for every (∈,∈ ∨q)-fuzzy h-bi-ideal f and

every (∈,∈ ∨q)-fuzzy h-ideal g of R.
(3) (f ∧0.5 g) ≤ (f �0.5 g �0.5 f) for every (∈,∈ ∨q)-fuzzy h-quasi-ideal f

and every (∈,∈ ∨q)-fuzzy h-ideal g of R.

3.24. Theorem

For a hemiring R, the following conditions are equivalent.
(1) R is h-hemiregular.
(2) (f ∧0.5 g) ≤ (f �0.5 g) for every (∈,∈ ∨q)-fuzzy h-bi-ideal f and every

(∈,∈ ∨q)-fuzzy left h-ideal g of R.
(3) (f ∧0.5 g) ≤ (f �0.5 g) for every (∈,∈ ∨q)-fuzzy h-quasi-ideal f and ev-

ery (∈,∈ ∨q)-fuzzy left h-ideal g of R.
(4) (f ∧0.5 g) ≤ (f �0.5 g) for every (∈,∈ ∨q)-fuzzy right h-ideal f and

every (∈,∈ ∨q)-fuzzy h-bi-ideal g of R.
(5) (f ∧0.5 g) ≤ (f �0.5 g) for every (∈,∈ ∨q)-fuzzy right h-ideal f and

every (∈,∈ ∨q)-fuzzy h-quasi-ideal g of R.
(6) (f ∧0.5 g ∧0.5 h) ≤ (f �0.5 g �0.5 h) for every (∈,∈ ∨q)-fuzzy right h-

ideal f ,every (∈,∈ ∨q)-fuzzy h-bi-ideal g and every (∈,∈ ∨q)-fuzzy left h-ideal
h of R.

(7) (f ∧0.5 g ∧0.5 h) ≤ (f �0.5 g �0.5 h) for every (∈,∈ ∨q)-fuzzy right h-
ideal f ,every (∈,∈ ∨q)-fuzzy h-quasi-ideal g and every (∈,∈ ∨q)-fuzzy left h-
ideal h of R.

Proof. (1) ⇒ (2) Let f be any (∈,∈ ∨q)-fuzzy h-bi-ideal and g any (∈,∈ ∨q)-
fuzzy left h-ideal of R. Since R is h-hemiregular, so for any a ∈ R there exist
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x1, x2, z ∈ R such that a+ ax1a+ z = ax2a+ z. Thus we have

(f �0.5 g) (a)

=
∨

a+Σm
i=1aibi+z=Σn

j=1a
′
jb

′
j+z



(
m∧
i=1

f (ai)

)
∧

(
m∧
i=1

g (bi)

)
∧ n∧

j=1

f
(
a

′

j

) ∧
 n∧

j=1

g
(
b
′

j

)

 ∧ 0.5

≥ {f (a) ∧ g (x1a) ∧ g (x2a)} ∧ 0.5 because a+ ax1a+ z = ax2a+ z

≥ {f (a) ∧ g (a) ∧ 0.5} ∧ 0.5

= {f (a) ∧ g (a) ∧ 0.5}
= (f ∧0.5 g) (a) .

So (f �0.5 g) ≥ (f ∧0.5 g).
(2) ⇒ (3) This is obvious because every (∈,∈ ∨q)-fuzzy h-quasi-ideal is an

(∈,∈ ∨q)-fuzzy h-bi-ideal.
(3) ⇒ (1) Let f be an (∈,∈ ∨q)-fuzzy right h-ideal and g be an (∈,∈ ∨q)-

fuzzy left h-ideal of R. Since every (∈,∈ ∨q)-fuzzy right h-ideal is an (∈,∈ ∨q)-
fuzzy h-quasi-ideal, so by (3) we have (f �0.5 g) ≥ (f ∧0.5 g). But by Lemma
3.20, (f �0.5 g) ≤ (f ∧0.5 g). Hence (f �0.5 g) = (f ∧0.5 g) for every (∈,∈ ∨q)-
fuzzy right h-ideal f of R, and every (∈,∈ ∨q)-fuzzy left h-ideal g of R. Thus
by Theorem 3.21, R is h-hemiregular.

Similarly we can show that (1)⇔ (4)⇔ (5).
(1) ⇒ (6) Let f be an (∈,∈ ∨q)-fuzzy right h-ideal, g be an (∈,∈ ∨q)-

fuzzy h-bi-ideal and h be an (∈,∈ ∨q)-fuzzy left h-ideal of R. Since R is h-
hemiregular, so for any a ∈ R there exist x1, x2, z ∈ R such that a+ax1a+z =
ax2a+ z. Thus we have

(f �0.5 g �0.5 h) (a)

=
∨

a+Σm
i=1aibi+z=Σn

j=1a
′
jb

′
j+z



(
m∧
i=1

(f �0.5 g) (ai)

)
∧

(
m∧
i=1

h (bi)

)
∧ n∧

j=1

(f �0.5 g)
(
a

′

j

) ∧
 n∧

j=1

h
(
b
′

j

)

∧0.5

≥ {(f �0.5 g) (a) ∧ h (x1a) ∧ h (x2a) ∧ 0.5}
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≥ {
∨

a+Σm
i=1aibi+z=Σn

j=1a
′
jb

′
j+z



(
m∧
i=1

f (ai)

)
∧(

m∧
i=1

g (bi)

)
∧ n∧

j=1

f
(
a

′

j

)∧ n∧
j=1

g
(
b
′

j

)


∧ 0.5 ∧ h (x1a) ∧ h (x2a)

≥ {f(ax1) ∧ f(ax2) ∧ g(a) ∧ h (x1a) ∧ h (x2a) ∧ 0.5}
≥ {f(a) ∧ g(a) ∧ h (a) ∧ 0.5} = (f ∧0.5 g ∧0.5 h) (a).
Thus (f ∧0.5 g ∧0.5 h) ≤ (f �0.5 g �0.5 h).
(6)⇒ (7) Obvious.
(7)⇒ (1) Let f be an (∈,∈ ∨q)-fuzzy right h-ideal, and h be an (∈,∈ ∨q)-

fuzzy left h-ideal of R. Then
(f ∧0.5 h) = (f ∧0.5 R∧0.5 h) ≤ (f �0.5 R�0.5 h) ≤ (f �0.5 h).
But (f �0.5 h) ≤ (f ∧0.5 h). Hence (f �0.5 h) = (f ∧0.5 h) for every (∈,∈ ∨q)-

fuzzy right h-ideal f and for every (∈,∈ ∨q)-fuzzy left h-ideal h of R. Thus
by Theorem 3.21, R is h-hemiregular.

3.25. Lemma [21]

A hemiring R is h-intra-hemiregular if and only if f ∧0.5 g ≤ f �0.5 g for
every (∈,∈ ∨q)-fuzzy left h-ideal f and for every (∈,∈ ∨q)-fuzzy right h-ideal
g of R.

3.26. Theorem

The following conditions are equivalent for a hemiring R :
(1) R is both h-hemiregular and h-intra-hemiregular.
(2) f ∧ 0.5 = f �0.5 f for every (∈,∈ ∨q)-fuzzy h-bi-ideal f of R.
(3) f ∧ 0.5 = f �0.5 f for every (∈,∈ ∨q)-fuzzy h-quasi-ideal f of R.

Proof. (1) ⇒ (2) Let f be an (∈,∈ ∨q)-fuzzy h-bi-ideal of R and x ∈ R.
Since R is both h-hemiregular and h-intra-hemiregular, there exist elements
a1, a2, pi, p

′
i, qj , q

′
j , z ∈ R such that

x+
∑n

j=1(xa2qjx)(xq′ja1x)+
∑n

j=1(xa1qjx)(xq′ja2x)+
∑m

i=1(xa1pix)(xp′ia1x)

+
∑m

i=1(xa2pix)(xp′ia2x)+z =
∑m

i=1(xa2pix)(xp′ia1x)+
∑m

i=1(xa1pix)(xp′ia2x)
+
∑n

j=1(xa1qjx)(xq′ja1x) +
∑n

j=1(xa2qjx)(xq′ja2x) + z

(As given in Lemma 5.6 [28])
(f �0.5 f)(x)
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=
∨

x+Σm
i=1aibi+z=Σn

j=1a
′
jb

′
j+z



(
m∧
i=1

f (ai)

)
∧

(
m∧
i=1

f (bi)

)
∧ n∧

j=1

f
(
a

′

j

) ∧
 n∧

j=1

f
(
b
′

j

)

 ∧ 0.5

≥



 n∧
j=1

f (xa2qjx)

 ∧
 n∧

j=1

f
(
xq′ja1x

)∧ n∧
j=1

f (xa1qjx)

 ∧
 n∧

j=1

f
(
xq′ja2x

)

∧

(

m∧
i=1

f (xa1pix)

)
∧

(
m∧
i=1

f (xp′ia1x)

)
∧(

m∧
i=1

f (xa2pix)

)
∧

(
m∧
i=1

f (xp′ia2x)

)
 ∧ 0.5

≥ min{f(x), 0.5} ∧ 0.5 = f(x) ∧ 0.5.
This implies that f �0.5 f ≥ f ∧ 0.5.
On the other hand if x+ Σm

i=1aibi + z = Σn
j=1a

′
jb

′
j + z, we have

f(x) ∧ 0.5 ≥ min{f(Σm
i=1aibi), f(Σn

j=1a
′
jb

′
j), 0.5} ∧ 0.5 by (5′′)

≥ min{

(
m∧
i=1

f(aibi)

)
,

(
m∧
i=1

f(a′jb
′
j)

)
, 0.5}

≥ min{

(
m∧
i=1

f(ai) ∧ f(bi)

)
,

(
m∧
i=1

f(a′j) ∧ f(b′j)

)
, 0.5}

because f is an (∈,∈ ∨q)-fuzzy h-bi-ideal of R.
Thus
(f �0.5 f)(x)

=
∨

x+Σm
i=1aibi+z=Σn

j=1a
′
jb

′
j+z



(
m∧
i=1

f (ai)

)
∧

(
m∧
i=1

f (bi)

)
∧ n∧

j=1

f
(
a

′

j

) ∧
 n∧

j=1

f
(
b
′

j

)

 ∧ 0.5

≤ f(x) ∧ 0.5.
Consequently f ∧ 0.5 = f �0.5 f .
(2)⇒ (3) This is straightforward because every (∈,∈ ∨q)-fuzzy h-quasi-ideal

of R is an (∈,∈ ∨q)-fuzzy h-bi-ideal of R.
(3) ⇒ (1) Let Q be an h-quasi-ideal of R. Then CQ is an (∈,∈ ∨q)-fuzzy

h-quasi-ideal of R. Thus by hypothesis
CQ ∧ 0.5 = CQ �0.5 CQ = CQ � CQ ∧ 0.5 = CQ2 ∧ 0.5.

Then it follows Q = Q2. Hence by Lemma 2.15, R is both h-hemiregular
and h-intra-hemiregular.
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3.27. Theorem

The following conditions are equivalent for a hemiring R:
(1) R is both h-hemiregular and h-intra-hemiregular.
(2) f ∧0.5 g ≤ f �0.5 g for all (∈,∈ ∨q)-fuzzy h-bi-ideals f and g of R.
(3) f ∧0.5 g ≤ f �0.5 g for every (∈,∈ ∨q)-fuzzy h-bi-ideal f and every

(∈,∈ ∨q)-fuzzy h-quasi-ideals f of R.
(4) f ∧0.5 g ≤ f �0.5 g for every (∈,∈ ∨q)-fuzzy h-quasi-ideal f and every

(∈,∈ ∨q)-fuzzy h-bi-ideals f of R.
(5) f ∧0.5 g ≤ f �0.5 g for all (∈,∈ ∨q)-fuzzy h-quasi-ideals f and g of R.

Proof. (1) ⇒ (2) Let f and g be (∈,∈ ∨q)-fuzzy h-bi-ideals of R and x ∈ R.
Since R is both h-hemiregular and h-intra-hemiregular, there exist elements
a1, a2, pi, p

′
i, qj , q

′
j , z ∈ R such that

x+
∑n

j=1(xa2qjx)(xq′ja1x)+
∑n

j=1(xa1qjx)(xq′ja2x)+
∑m

i=1(xa1pix)(xp′ia1x)

+
∑m

i=1(xa2pix)(xp′ia2x)+z =
∑m

i=1(xa2pix)(xp′ia1x)+
∑m

i=1(xa1pix)(xp′ia2x)
+
∑n

j=1(xa1qjx)(xq′ja1x) +
∑n

j=1(xa2qjx)(xq′ja2x) + z

(As given in Lemma 5.6 [28])
(f �0.5 g)(x)

=
∨

x+Σm
i=1aibi+z=Σn

j=1a
′
jb

′
j+z



(
m∧
i=1

f (ai)

)
∧

(
m∧
i=1

g (bi)

)
∧ n∧

j=1

f
(
a

′

j

) ∧
 n∧

j=1

g
(
b
′

j

)

 ∧ 0.5

≥



 n∧
j=1

f (xa2qjx)

 ∧
 n∧

j=1

g
(
xq′ja1x

)∧ n∧
j=1

f (xa1qjx)

 ∧
 n∧

j=1

g
(
xq′ja2x

)

∧

(

m∧
i=1

f (xa1pix)

)
∧

(
m∧
i=1

g (xp′ia1x)

)
∧(

m∧
i=1

f (xa2pix)

)
∧

(
m∧
i=1

g (xp′ia2x)

)
 ∧ 0.5

≥ min{f(x), g(x), 0.5} ∧ 0.5 = f(x) ∧0.5 g(x).
This implies that f �0.5 g ≥ f ∧0.5 g.
(2)⇒ (3)⇒ (5) and (2)⇒ (4)⇒ (5) are clear.
(5) ⇒ (1) Let f be an (∈,∈ ∨q)-fuzzy left h-ideals of R and g be an

(∈,∈ ∨q)-fuzzy right h-ideal of R. Then f and g are (∈,∈ ∨q)-fuzzy h-bi-
ideals of R. So by hypothesis f ∧0.5 g ≤ f �0.5 g but f ∧0.5 g ≥ f �0.5 g
by Lemma 3.20. Thus f ∧0.5 g = f �0.5 g. Hence by Theorem 3.21, R is h-
hemiregular. On the other hand by hypothesis we also have f ∧0.5 g ≤ g�0.5 f .
By Lemma 3.25, R is h-intra-hemiregular.
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