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ON PROPERTIES RELATED TO REVERSIBLE RINGS

DA WooN Jung, NaM Kyun KiMm, YANG LEE, AND SUNG JU Ryu

ABSTRACT. We study the connections between idempotents and zero-
divisors in several kinds of ring theoretic properties. We next study sev-
eral ring theoretic properties and examples related to reversible rings.

1. Connections between idempotents and zero-divisors

Throughout this note every ring is associative with identity unless other-
wise stated. Let R be a ring (possibly without identity). Denote the n by n
full (resp., upper triangular) matrix ring over R by Mat, (R) (resp., U,(R)).
Following the literature, we use D, (R) = {(a;;) € Un(R) | all diagonal entries
are equal}. Use e;; for the matrix with (7, j)-entry 1 and elsewhere 0. Z (Z,,)
denotes the ring of integers (modulo n). Let J(R), N.(R), N*(R), and N(R)
denote the Jacobson radical, the prime radical, the upper nilradical (i.e., sum
of all nil ideals), and the set of all nilpotent elements in R, respectively. It is
well-known that N*(R) C J(R) and N,.(R) C N*(R) C N(R). Use I(R) to
denote the set of all idempotents in R.

A ring is usually called reduced if it has no nonzero nilpotent elements. Due
to Lambek [17], aring R is symmetricif rst = 0 implies rts = 0 for all r, s, € R.
While, Anderson-Camillo [4] used the term ZC3 for symmetric. Commutative
rings are clearly symmetric. Reduced rings are symmetric by [4, Theorem
1.3], but there are many kinds of non-reduced commutative rings (e.g., Z,,: for
n,l > 2). Note that a ring R is symmetric if and only if ryry - - - r,, = 0 implies
To()Ta(2) " Tom) = 0 for any permutation o of the set {1,2,...,n}, where
r; € R and n is any positive integer, by [4, Theorem I.1]. Following Cohn [8], a
ring R is reversible if ab = 0 implies ba = 0 for a,b € R. Anderson-Camillo [4]
used the term ZC5 for reversible. Symmetric rings are clearly reversible, but
the converse need not hold by [4, Example 1.5] or Marks [18, Examples 5 and
7). Following to Bell [7], a ring R is said to satisfy the Insertion-of-Factors-
Property (simply, an IFP ring) if ab = 0 implies aRb = 0 for a,b € R. It is
easily checked that reversible rings are IFP. A ring is usually called Abelian if
every idempotent is central. IFP rings are Abelian rings by [21, Lemma 2.7]
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but the converse fail in general. It is well-known that N.(R) = N*(R) = N(R)
for an IFP ring R. We will use freely the facts above.
We first connect idempotents with zero-divisors in reduced rings.

Proposition 1.1. For a ring R the following conditions are equivalent:
(1) R is reduced,
(2) a? € I(R) implies a = a® for a € R.

Proof. (1)=>(2). Let R be reduced. Assume a? € I(R) for a € R. Then
a?(1—a?) = 0 implies (a(1—a?))? = 0 since R is reduced, entailing a(1—a?) = 0.
So a = a®.

(2)=(1). Assume the condition (2). Let a® =0 for a € R. Then a = a® by

the condition, so a = a3 = 0. O

Proposition 1.2. For a ring R the following conditions are equivalent:
(1) R is a reduced ring of characteristic 2;

(2) a? € I(R) implies a € I(R) for a € R.

Proof. (1)=(2). Let R be a reduced ring of characteristic 2. Assume a® € I(R)
for a € R. Then a?(1 — a?) = 0. But since R is of characteristic 2, we get

0=a*(1—-a*) =d’(1—a)(l+a)=a*(1—-a)l—a)=a*1—a)’

Since R is reduced, we have (a(1 —a))? = 0, entailing a(1 —a) = 0. So a = a®.

(2)=(1). Assume the condition (2). Let a® =0 for a € R. Then a = a® by
the condition, so a = 0. Assume on the contrary that the characteristic of R is
not 2.

If the characteristic of R is zero, then Z C R and (—1)?> = 1 € I(R) but
—1 ¢ I(R), a contradiction to the condition (2).

Next if the characteristic of Ris n > 3, then Z, C Rand (n—1)? = (-1)? =
1€ I(R) but n —1 ¢ I(R), a contradiction to the condition (2). O

The following argument elaborates Proposition 1.2.

Remark 1.3. (1) Let R be a ring of any characteristic and a € R. Assume
that R satisfies the condition that a? € I(R) implies a € I(R). Then R being
reduced can be shown by Proposition 1.1.

(2) If the characteristic of a ring R is a prime p > 3, then (14+a)? =1+a
for any a € R by help of [13, Exercises 3.1.10(e)].

We next connect idempotents with zero-divisors in reversible rings.

Proposition 1.4. For a ring R the following conditions are equivalent:
(1) R is reversible;
(2) ab € I(R) implies ba € I(R) for a,b € R.

Proof. (1)=(2). Let R be reversible. Assume ab € I(R) for a,b € R. Then
ab(l — ab) = 0. But since R is reversible, we get 0 = b(1 — ab)a = ba — baba.
So ba € I(R).
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(2)=(1). Assume the condition (2). Let ab = 0. Then ba € I(R) by the
condition, so ba = baba = 0. [l

Corollary 1.5. Let R be a reversible ring. If ab € I(R) for a,b € R, then
ab = ba.

Proof. Let R be a reversible ring and assume that ab € I(R) for a,b € R. Then
ba € I(R) by Proposition 1.4. Then we have

ba = baba = b(ab)a = (ab)ba = ab(ba) = a(ba)b = abab = ab
since R is Abelian. O
We next connect idempotents with zero-divisors in symmetric rings.

Proposition 1.6. For a ring R the following conditions are equivalent:
(1) R is symmetric;
(2) abc € I(R) implies acb = acbecadb for a,b,c € R;
(3) abc € I(R) implies acb = acbbca for a,b,c € R;
(4) abc € I(R) implies acb = acbabe for a,b,c € R.

Proof. (1)=(2). Let R be symmetric. Assume abc € I(R) for a,b,c € R.
Then abe = abcabe yields ab(l — cab)e = 0. But since R is symmetric, we get
acb(1 — cab) = 0, entailing achb = acbcab.

(2)=-(1). Assume the condition (2). We first show that R is reversible. Let
de =0 for d,e € R. Then

ed = led = ledeld =0

by the condition, entailing that R is reversible. Next assume that abc = 0 for
a,b,c € R. Then acb = acbcab by the condition. But abc = 0 yields acbcab = 0
since R is IFP.

The equivalences of the conditions (2), (3), and (4) are shown by help of
Corollary 1.5, noting that abc = bea = cab whenever abc € I(R). O

Let R be a ring and a,b,c € R. Assume that R satisfies the condition that
abc € I(R) implies acb € I(R). Then R is symmetric by a similar method
to the proof of Proposition 1.6. However we do not know whether symmetric
rings yield the condition.

Question. Does a symmetric ring R satisfy the condition that abc € I(R)
implies acb € I(R) for a,b,c € R?

Proposition 1.7. For a ring R the following conditions are equivalent:
(1) R is IFP;
(2) For a,b € R, ab € I(R) implies arb = arbab for all r € R.

Proof. (1)=(2). Let R be a IFP ring. Assume ab € I(R) for a,b € R. Then
ab(1—ab) = 0 yields abr(1—ab) = 0 for all » € R since R is IFP. So arb = arbab
for all r € R.
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(2)=(1). Assume the condition (2). Let ab = 0 for a,b € R. Then for all
r € R arb = arbab = 0 by the condition. O

Proposition 1.8. Let R be a ring. Assume that R satisfies the condition that
ab € I(R) implies arb € I(R) for all r € R, where a,b € R. Then R is IFP.

Proof. Let ab =0 for a,b € R. Then, by assumption, arb € I(R) for all r € R.
Moreover, (barbar)? = b(arbarbarb)ar = b(arb)ar, so barbar € I(R). Thus
arb = arbarbarb = ar(barbar)b = a(barbar)rb = 0 since R is Abelian. O

The converse of Proposition 1.8 need not hold. Let R be a reduced ring.
Then D3(R) is IFP by [16, Proposition 1.2]. And (e1; + ea2 + e33)(e11 + €22 +
es3) = e11 + eaz + e33 € I(D3(R)) but (e11 + e22 + e33)eis(err + eaz + e33) =
e1s ¢ I(D3(R)).

2. Related concepts and examples

Symmetric rings play an important role in noncommutative ring theory as
well as reversible rings. The concept of symmetric rings was introduced by
Lambek [17] to unify sheaf representations of commutative rings and reduced
rings. Prior to Cohn’s work, reversible rings were studied under the names
completely reflexive and zero commautative by Mason [19] and Habeb [11], re-
spectively. Tuganbaev [22] investigated reversible rings in his monograph on
distributive lattices arising in ring theory, using the name commutative at zero
in place of reversible. Recently, various generalized conditions of symmetric
and reversible rings have studied by many authors, and the results obtained
here were applied to many sorts of problems arising in noncommutative ring
theory. In this section, of particular interest will be central symmetric and
central reversible rings. We continue the study of Kafkas et al. [14], providing
more results for the structure. Thus this work can also provide a sort of bridge
between commutative and noncommutative ring theory.

Following Kafkas et al. [14], a ring R is called central symmetric if for any
a,b,c € R, abc = 0 implies bac belongs to the center of R. Commutative rings,
reduced rings and symmetric rings are clearly central symmetric. One may
suspect that central symmetric ring property is left right symmetric. However
we answer this question negatively in the following two examples. Use Z(R)
to denote the set of all centers in R.

Example 2.1. Let Zs be the field of integers modulo 2 and A = Zy{(a,b) be
the free algebra generated by noncommuting indeterminates a,b over Zs. Let
I be the ideal of A generated by

a®b, b%a, abab, baba and rirarsrars,

where r1,7r9,73,74,75 € R and set R = A/I. We identity every element of
A with its image in R for simplicity. We have aab = 0, but (aba)a # 0 and
a(aba) = 0, entailing aba ¢ Z(R); hence R is not the right version of central
symmetric.
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We will show that R is central symmetric. Let «, 8,7 € R. Then «, 8 and
~ can be express as in the following forms:

a=ap+ fi(a) + g1(b) + aga(b) + bfa(a) + abfs(a) + bags(b),
B = Bo + hi(a) + ki(b) + aks(b) + bha(a) + abhs(a) + baks(b)

and v =0+ li(a) + m1(d) + ama(b) + bla(a) + abls(a) + bams(b),
()

where ag, 80,7 € Zs, fi(x), gi(x), hi(x), ki(z),l;(x), mi(z) € Zo(x) for all 4,5
and the constant terms of f;(x), g;(x), hi(x), ki(x ,ll(z) m;(z) are all zero. Now
suppose oy = 0. Then

0= apy
= apBoyo + {aoBoli(a) + aoyohi(a) + Boyofi(a) + aphi(a)li(a)
+ Bofi(a)li(a) +yofi(a)hi(a) + fi(a)hi(a)li(a)} + {aoBomi(b)

+ aoy0k1(b) + Bovog1(b) + aoky (b)m1(b) + Bogi(b)mi(b) + vog1(b)k1(b)
+ g1(0)k1(b)my1(b)} + {aoBoama(b) + agyoaka(b) + Boyoage (D)
+ aphi(a)mi(b) + agakz(b)mi(b) + Bofi(a)mi(b) + Boagz(b)m (D)

(b

+ 70 f1(a)k1(b) + v0ag2(b)k1(b) + fi(a)ky (b)m1(b) + aga(b)ki(b)ma (D)}
+ {aofobla(a) + apyobha(a) + Bovobfa(a) + aok:(b)li(a) + agbhe(a)li(a)
+ Bog1(b)li(a) + Bobfa(a)li(a) + 091 (b)hi(a) + yobf2(a)hi(a)
+ g1(b)hi(a)li(a) + bfa(a)hi(a)li(a)} + {aoBoabls(a) + cpyoabhs(a)
+ Boyoabfs(a) + aghi(a)bla(a) + agakz(b)ly(a) + agabhs(a)li(a)

+ ﬂofl (a)blg ((1) + ﬂoQQQ (b)ll(a) + ﬂoabfg(a)ll (a) + ’}/Ofl (a)bhg (a)

+ y0ag2(b)hi(a) + yoabfs(a)hi(a) + fi(a)ki(b)li(a) + fi(a)bha(a)li(a)

+ ag2(b)hi(a)li(a)} + {aoBobams(b) + coyobaks(b) + Boyobags(b)

+ aok1 (b)ama (b) + apbha(a)my (b) + apbaks(b)mi(b) + Bog1(b)amz(b)

+ Bobf2(a)mi(b) + Bobags(b)mi(b) + vog1(b)aka(b) + vobf2(a)k:(b)

+ Y0bags(b)k1(b) + g1(b)h1(a)ma(b) + g1(b)akz(b)ma (b)

+ bfa(a)k1(b)ma(b)}-
So we obtain ag = 0, By = 0 or 9 = 0 since agByyo is unique in the expansion
of af.

If g = 0, Bo = v0 = 1, then fi(a)+ fi(a)li(a)+hi(a) f1(a)+hi(a) f1(a)li(a)
= 0, entailing fi(a) = 0. Similarly, g1(b) = bf2(a) = aga(b) = abfs(a) =
bags(b) = 0. Thus a = 0. Similarly, if 8y =0, ag = 70 = 1, then g = 0. Also,
ifv=0,a0=0=1,theny=0

Case 1. ap=fp=0and v =1.
We have
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aky (b) + agz(b)k1(b) + aki(b)mi (b) + agz(b)k1(b)m(b) = 0;

bhi(a) + bfa(a)hi(a) + bhi(a)li(a) + bf2(a)hi(a)l(a) = O;
abhs(a) + abhi(a) + abfs(a)hi(a) 4+ abli(a) + abha(a)li(a) + abhi(a)li(a) = 0;
bakz(b) + baky (b) + bags(b)k1(b) 4+ bamy (b) + baks(b)my(b) + baky(b)m1(b) =0

Then k1 (b) = hi(a) = bha(a) = li(a) = akz(b) = my(b) = 0. Thus fay =
abhs(a) fi(a) + baks(b)g1(b) € Z(R).

Case 2. Bg=7v=0and a9 = 1.
We have

hi(a)li(a) + fi(a)hi(a)l(a) =
k1 (b)m1(b) + g1(b)k1(b)m1(b) = 0;
amy (b) + aka(b)m1 (b) + aky (b)m1(b) + aga(b)k1(b)ma (b) = 0;
bly(a) 4 bha(a)li(a) + bhi(a)li(a) + bfa(a)hi(a)li(a) = 0;
ablz(a) + abli(a) + abhg(a)li(a) + ably(a) + abha(a)li(a) + abhy(a)li(a) = 0;
bama(b)+bamy (b)+baks(b)m1(b) +bamy(b)+baka(b)my(b)+baky(b)m(b) = 0.
Then my(b) = l1(a) = bl2(a) = amg(b) = 0. Thus fary = 0.
Case 3. ay =7 =0and By =1.
We get Bary = 0 by a similar to the computation in Case 2.
Case 4. a9 =0, fp =0 and y9 = 0.
We have
fil@)hi(a)lh(a) = g1(b)k1(b)ma (D) = 0;
aky (b)m1(b) + aga(b)k1(b)ma (b) = 0;
bhi(a)li(a) + bfa(a)hi(a)li(a) = O;
ably(a) + abha(a)li(a) + abhi(a)ly(a) = 0;
bamy (b) + baka(b)m1(b) + baky(b)m1(b) = 0.
Then ! (a) and mq(b) = 0. Thus Bay = 0.

Summarizing, we now have Say € Z(R) in any case, concluding that R is
central symmetric.

Example 2.2. Let Zs be the field of integers modulo 2 and A = Zs{a,b) be
the free algebra generated by the noncommuting indeterminates a,b over Zs.
Let I be the ideal of A generated by

ab?,ba?, abab, baba and rirorsrars,

where r1,7r9,73,74,75 € R and set R = A/I. We identity every element of
A with its image in R for simplicity. We have abb = 0, but b(bab) # 0 and
(bab)b = 0, entailing bab ¢ Z(R); hence R is not a central symmetric ring.
However R is the right version of central symmetric by a similar method to the
computation in Example 2.1.
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Due to Examples 2.1 and 2.2, a ring R are will be called right central sym-
metric if abc = 0 implies acb € Z(R); and left central symmetric if abc = 0
implies bac € Z(R). It is also obviously that commutative rings, reduced rings
and symmetric rings are both left and right central symmetric. As a general-
ization of reduced rings, a ring is called central reduced [1] if every nilpotent
element is central. Central reduced rings are left central symmetric by [14,
Lemma 2.5]. We can obtain that central reduced rings are also right central
symmetric by applying the method of [14, Lemma 2.5].

Lemma 2.3. If a ring R is a central reduced ring, then it is right central
symmetric.

Proof. We apply the proof of [14, Lemma 2.5]. Suppose abc = 0 for a,b,c € R.
Then, for all » € R, (bcra)? = (bera)(bera) = 0 so bera is central since R is cen-
tral reduced. And (crasb)? = (crasb)(crasb) = cras(bcra)sb = cra(bera)ssb =
0 and hence crasb € Z(R) for any r,s € R. So (acb)* = a(cbacb)a(cbach) =
aa(cbach)? = 0 and thus acb is central. O

Let R be a right central symmetric ring and a,b,c € R. Then we have the
following: (1) abc = 0 = acb € Z(R); (2) la(bc) = abc = 0 = beca € Z(R), so
bebea = beabe = 05 and (3) 1(ab)e = abe = 0 = cab € Z(R), so ccab = cabe = 0.

A ring R is called central reversible if for any a,b € R, ab = 0 implies
ba is central in R by [14]. Clearly left or right central symmetric rings are
central reversible for rings with identity but the converse need not hold by [14,
Example 2.8]. Also reversible rings are obviously central reversible. We now
give an example to show that there exists a central reversible ring which is not
a reversible ring.

Example 2.4. Let R be a commutative and reduced ring. Note that Z(Ds(R))

a0 a ap by ¢
= {(8%0) |a,a€R}. Next, suppose that ABC = 0 for A = (glaoidi),
a ai

as bs co a3z b3z c3
B = 0 a2 d2 and C = 0 a3 ds S Dg(R) Then aiazas = aiagbs +
00 a2 0 as

00
a1bzas + brazas = aiasds + aijdsas + diazas = 0. So ACB = (885) €

Z(Dg (R)), where 8 = ajazco+a1bzds+braszds +aicsas+bidzas+ciazas. Thus
D3(R) is right central symmetric and so central reversible. Since ezze;z = 0
but ejsea3 = e13 # 0, D3(R) is not reversible and hence is not symmetric.

Above example also means that right central symmetric need not be sym-
metric. However central reversible and IFP are independent of each other by
the following.

Example 2.5. Let K be a field and R = K{a,b, ¢ | ab, bac — cba, ara, brb, cre)
for all 7 € R. Then, clearly R is not IFP. We claim R is right central symmetric.
Note that every element of R can be written uniquely in the form ay + aja +
asb+ azc+ agac+ asba+ agbc+ arca+ agcb+ agacb+ agbca+ a1 cba, o; € K.
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Let fgh = 0 with f = ap + a1a + asb + aszc + agac + asba + agbec + arca +
agcb+ agach+ ajgbea + agicba, g = Bo+ Bra+ Bob+ Bsc+ Baac+ Bsba+ Bgbe+
Brea + PBscb + Boach + Brobca + Br1cba, and h = vg + v1a + Y2b + 3¢ + yaac +
vsba + ysbc + y7rca + vygeb + yoach + y1pbca + 11 cba. Then we have the following
system of equalities:

0
1

(0) aoBoyo = 0;

(1) a1B070 + aoB1y0 + @Boyr = 0;

(2) 26070 + aoB2v0 + @By = 05

3) asfBovo + aoBsv0 + aoBoys = 0;

(4) a4Bov0 + aoBayo + aoBoys + a1B3v0 + 1803 + apfrys = 05
(5) a5 P00 + aoB570 + @ Boys + a2B170 + a28071 + apBey1 = 05
(6) a6Bo0 + aoBev0 + @ Bove + a2f370 + a2B07s + o2y = 0;
(7) azBo0 + aoBrv0 + @oBoyr + asfivo + aszfori + aoBzy = 0;
(8) asBovo + aoBsvo + @oBoys + asB2y0 + azfoye + aoBszy2 = 0;

a11 8070 + @oB11v0 + @oBori1 + asBiyo + asBoy1 + ofs1
+ azBs570 + asBoys + of3ys + asfeyr + a2Bav0 + a28074
+ apB2vs + asB370 + asBovs + P73

(11) + azB173 = 0.

And the center of R is {ko + ksba + kgacb + kigbca + ki1cba | k; € K}
obviously. From (0), (1), (2) and (3), fhg = ksac+ ksba + kebc + krca+ kscb +
kgach + kipbca + ki1cba where ky = asv0Bo + aoyaBo + @oyoBa + a1v380 +
17003 + @183, ke = a6Y0Bo + @o¥6Bo + 2oY0Bs + a¥3Bo + Y0 B3 + apy2Bs,
k7 = azv0B0 + aov7Bo + aovoB7 + azyifo + aszyofi + aoysbi, ks = asyofo +
@o¥8fBo + aov0Ps + azy2fo + asvoB2 + aoy3PBe. From (0), ag =0 or fy = 0 or
Yo = 0.

Case 1. If oy =0, then ky = k¢ = k7 = ks = 0 by (4), (6), (7) and (8). So
fhg € Z(R).

Case 2. If ag # 0,80 = 70 = 0, then B1v3 = Bay3 = B371 = B372 = 0 by
(4), (6), (7) and (8). So k4 = k¢ = k7 = ks = 0 and hence fhg € Z(R).

Case 3. If ap # 0,60 # 0 and 79 = 0 or avg # 0,79 # 0 and By = 0, then
by (0)~ (11), h =0 or g = 0, respectively. So fhg =0 € Z(R).

Thus R is cental right symmetric, so R is central reversible though but IFP.

Example 2.6. We refer the argument in by [5, Example 4.10]. Let K be a
field. Then R = K({a,b | ab = 0) is IFP by [5, Example 4.10]. However ba = 0
and (ba)a # 0 = a(ba), entailing ba ¢ Z(R); hence R is not central reversible.
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Following Agayev et al. [2], a ring R is called central semicommutative if for
any a,b € R, ab = 0 implies arb is a central element of R for each r € R. It
is clear that every IFP ring is central semicommutative. By [2, Lemma 2.6]
central semicommutative rings are Abelian and also by [14, Proposition 2.16]
every left central symmetric ring is Abelian. In the following we prove that
central reversible rings are Abelian.

Lemma 2.7. If a ring R is central reversible, then R is Abelian.

Proof. Let €2 =e € R, r € R. Then we get the following computation.

e(l—er=0=(1-erec Z(R) = 0=c(l —e)re = (1 — e)re? = (1 — e)re;
(1—e)er =0=er(l—e) € Z(R) = 0= (1—e)er(l—e) = er(1—e)? = er(1—e).
Thus we get er = ere = re. So R is Abelian. O

The following example shows that Abelian rings need not be central re-
versible. This implies that the converse of Lemma 2.7 need not hold.

Example 2.8. Let Z be the ring of integers and let

R:{(g g) |a—bECEO(mod2)}.

Then, by [15, Example 13], R is Abelian. Since ($23)(29)=0and (39)(83) =
(38) ¢ Z(R), R is not central reversible.

By a simple computation we can prove that central left or right symmetric
rings are central semicommutative.

Lemma 2.9. If a ring R is central right (resp., left) symmertic, then R is
central semicommutative.

Proof. First suppose that R is central right symmertic and let ab = 0 € R.
Then abr = 0 implies arb € Z(R) for all » € R since R is central right symmer-
tic. And suppose that R is central left symmertic and let ab = 0 € R. Then
rab = 0 implies arb € Z(R) for all r € R since R is central left symmertic. O

In Example 2.6 R is IFP but not central reversible and hence there exists
a central semicommutative ring which is not a central right (resp., left) sym-
mertic rings. But we do not answer whether central reversible rings are central
semicommutative. So we remain this note by raising the following question.

Question. Are central reversible rings central semicommutative?

We will use the following terminology and notation for adjunction of 1,
due to Dorroh [9]. If T is a ring without identity, its Dorroh extension is
T' = Z&T (as additive groups) with multiplication defined by (ny,t1)(na, t2) =
(ning,tita + nite + noty). The property that T' be reduced (i.e., contain no
nonzero nilpotent elements) is clearly preserved by Dorroh extensions. But,
by [18, Example 2], neither symmetric nor the IFP condition is preserved by
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Dorroh extensions. So we may suspect that if T is central right (resp., left)
symmetric, then the Dorroh extension T =7 ®T is central right (resp., left)
symmetric. But the following example eliminates the possibility.

Example 2.10. Let T be as in Example 2.21 In the Dorroh extension T =
Z&T, we have afy = (1,a)(0,a)(0,a +b) = (0,0) and 74 = (1,a)(0,a +
b)(0,a) = (0,a+b) ¢ Z(T"). Thus T is not right central symmetric.

The following result is a direct consequence of simple computations.

Lemma 2.11. The classes of central reversible and central right (resp.,left)
symmetric rings are closed under subrings and direct products.

Next one may suspect that a ring R is central reversible if and only if R[z]
is cenrtal reversible. However the following example erases the possibility.

Example 2.12. We refer the argument in by [16, Example 2.1] and [12, Exam-
ple 2]. Let Zs be the field of integers modulo 2 and A = Zs[ag, a1, az, by, b1, ba, ]
be the free algebra of polynomials with zero constant terms in noncommuting
indeterminates ag, a1, as, bg, b1, ba,c over Zy. Note that A is a ring without
identity and consider an ideal of the ring Zs + A, say I, generated by

aobo, agbr + a1bo, agbz + a1by + azbo, ar1bz + azby, azba, agrbo, azrbs,

boao, bo(ll + blao, bo(lg + b1a1 + b2a0, b1a2 + b2a1, b2a2, boTao, b27’(12,

(ap + a1 + az)r(bg + b1 + ba), (bg + b1 + ba)r(ap + a1 + az), and rirarsrars,
where 7,71,72,73,74,75 € A. Then clearly A% € I. Next let R = (Zy + A)/I
and consider R[z] = (Zy + A)[z]/I[z]. Notice that (cag + ca1x + cazx?)(by +
bix +bax?) € I[z], but (bg + b1+ baz?)(cap + carr + cazz?) ¢ Z(R[z]) because
bocay + bicag is not central; hence R[z] is not central reversible.

Next we show that R is central reversible. We call each product of the
indeterminates ag, a1, as, bg, b1, b2, ¢ a monomial and say that a is a monomial
of degree n if it is a product of exactly n number of indeterminates. Let H,
be the set of all linear combinations of monomials of degree n over Z,.

Now set fg € I with f,g € R, to see that R is central reversible. We may
write f = a+ fi+ fo+ fs+ fat+ f5, 9 = B+91+92+ 93+ 94+ g5 for o, f € Zs,
J1.91 € Hi, f2,92 € Ha, f3,93 € H3, fa,94 € Hy and [f5, g5 € I since H; C I for
i > 5. Consider that Z(R) = {y+ ha + hs | v € Za,ha € Hy, hs € I} by the
definition of I. Then we obtain fg = af + (ag1 + f18) + (ag2 + frg1 + f28) +
(agz+ fig2+ fog1 + f38) + (ga + f193 + fog2 + f3g1 + faB) +h € I with h € I,
soa=0or f=0.

Case 1. If a = 8 =0, then fig1 € I and figs + fog1 € I. By Claim 1
and Claim 2 of [16, Example 2.1], we get g1 f1 € I and g1f2 + gof1 € I. Thus
9f € Z(R).

Case 2. If a=0,6=1and f; =0, then fo € I and fog1 + f3 € I ; hence
fs€l. Thus gf € Z(R).



ON PROPERTIES RELATED TO REVERSIBLE RINGS 257

Case 3. If a=1,8=0and g; =0, then g5 € I and g3 + fig2 € I: hence
g3 € I. Thus gf € Z(R).
So gf € Z(R) for each situation. Therefore R is central reversible.

For any polynomial f(z) in R[x], let C}(,) denote the set of all coefficients of
f(x). R is called Armendariz [20, Definition 1.1] if whenever any polynomials
f(z),g9(x) € R[z] satisfy f(x)g(x) = 0, then ab = 0 for each a € Cy(,) and
b € Cy(z). Every reduced ring is Armendariz by Armendariz [6, Lemma 1].

Lemma 2.13 ([3, Proposition 1]). Suppose that R is an Armendariz ring. If
fi,-.-, fn are such that f1--- f, =0, then ay - - - a,, = 0 where a; is a coefficient
of fi-
Proposition 2.14. Let R be an Armendariz ring.

(1) R is central reversible if and only if R[x] is central reversible.

(2) R is central right (resp., left) symmetric if and only if R[x] is central
(resp., left) symmetric.

Proof. Tt suffices to show the necessity.

(1) Assume that R is central reversible. Let f(x)g(z) = 0 for f(z),g(z) €
R[z]. Then ab = 0 for any a € Cy(,),b € Cy(y). Since R is central reversible,
ba € Z(R). This yields that g(z)f(x) € Z(R) and thus Rx] is central re-
versible.

(2) Assume that R is central symmetric. Let f(z)g(xz) = 0 for f(x), g(x),
h(z) € R[z]. Then abc = 0 for any a € Cj;),b € Cypy and ¢ € Cpy) by
Lemma 2.13. Since R is central right(resp., left) symmetnc acb € Z(R) (resp.
bac € Z(R). This yields that f(z)h(z)g(x) € Z(R) (resp., g(z)f(z)h(z) =0
and thus R[z] is central right (resp., left) symmetric.

)

This example also provides a counterexample to a conjecture that if a ring
R is central reversible, then R/T is also central reversible for any ideal I in R.
In Example 2.12, (Zy + A)[z] is a domain so central reversible clearly, but the
factor ring (Zg + A)[z]/I[x] = R[] is not central reversible.

Proposition 2.15. (1) Let R be a ring. Then eR and (1 —e)R are central re-
versible for some central idempotent e of R if and only if R is central reversible.

(2) Let R be a ring and A be a multiplicatively closed subset of R consisting
of central reqular elements. Then R is central reversible if and only if A'R
is central reversible.

(3) Let R be a ring. Then eR and (1 — e)R (resp., Re and R(1 —€)) are
central right (resp., left) symmetric for some central idempotent e of R if and
only if R is central right (resp., left) symmetric.

(4) Let R be a ring and A be a multiplicatively closed subset of R consisting
of central reqular elements. Then R is central right (resp., left) symmetric if
and only if AT R (resp., RA™! is central right (resp., left) symmetric.

Proof. For the proofs (1), (2), (3) and (4), it suffices to show that the necessities
by Lemma 2.11.
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(1) Let ab = 0 for a,b € R. Then eab = 0 and (1 — e)ab = 0. So we have
eba € Z(eR) and (1 —e)ba € Z((1 — e)R) by hypothesis. Hence, for any r € R,
ebaer = ereba and (1 —e)ba(l —e)r = (1 —e)r(1—e)ba and so bar = rba. Thus
ba € Z(R) and therefore R is central reversible.

(2) Let af = 0 with a = v~ ta, 8 = v 1b,u,v € A and a,b € R. Since A is
contained in the center of R, we have 0 = a8 = (u"ta)(v™1b) = u~tv~tab and
ab = 0. But R is central reversible by supposition, so ba € Z(R) and we have
Ba = (v71b)(u"ta) = v u"tha € Z(A7LR); hence A~ R is central reversible.

(3) Let abe = 0 for a,b,c € R. Then eabc = 0 and (1 — e)abec = 0. So we
have eachb € Z(eR) and (1 — e)achb € Z((1 — e)R) by hypothesis. Hence, for
any r € R, eacber = ereach and (1 — e)acb(l — e)r = (1 — e)r(1 — e)ach and
so acbr = racb. Thus acb € Z(R) and therefore R is right central symmetric.
And the proof of left vision is similar to the right vision.

(4) The proof of left version by [14, Proposition 2.25]. And the proof of right
version is similar to the left version. g

The ring of Laurent polynomials in z, coefficients in a ring R, consists of
all formal sums Z?:k m;x* with obvious addition and multiplication, where
m; € R and k,n are (possibly negative) integers; denote it by R[z;x~1].

Lemma 2.16. For a ring R, R[z] is central reversible (resp., central right
(resp., left) symmetric) if and only if R[x;x 1] is central reversible (resp., cen-
tral right (resp., left) symmetric).

Proof. For the proof, it suffices to show the necessity by Lemma 2.11. Let
A = {1,x,2% ...} then clearly A is a multiplicatively closed subset of R[z]
consisting of central regular elements. Since R[z;x~!] = A~'R[z], it follows
that R[z;x~1] is central reversible by Proposition 2.15(3). O

Proposition 2.17. Let R be a ring and suppose that Z(R) contains an in-
finite subring whose nonzero elements are reqular in R. Then the following
statements are equivalent:

(1) R is central reversible (resp., right central symmetric).

(2) R[] is central reversible (resp., right central symmetric).

(3) R[z;x~1] is central reversible (resp., right central symmetric).

Proof. By Lemma 2.11 and Lemma 2.16, it suffices to show (1) = (2). It is
well-known that R[z] is a subdirect product of R's, under given conditions.
Thus R[z] is central reversible by Lemma 2.11. O

Proposition 2.18. Given an Armendariz ring R, the following conditions are
equivalent:

(1) R is central reversible;

(2) R[] is central reversible;

(3) Rl[z;x1] is central reversible.
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Proof. By Lemma 2.11 and Lemma 2.16, it suffices to show (1) = (2). Let
f=>"aint, g= >0 bjz? be the polynomials in R[z] such that fg = 0.

Then since R is Armendariz, each a;b; = 0; but R is central reversible so
bja; € Z(R) for all i,j. Consequently we obtain gf € Z(R[z]) and Rz] is
central reversible. O

Proposition 2.19. Given an Armendariz ring R, the following conditions are
equivalent:

(1) R is central right (resp., left) symmetric;

(2) R[z] is central right (resp., left) symmetric;

(3) R[z;x1] is central right (resp., left) symmetric.

Proof. By Lemma 2.11 and Lemma 2.16, it suffices to show (1) = (2). Let
f=Yrgaat, g=3_obja’ and h = S k_o ckz¥be the polynomials in R[z]
such that fgh = 0. Then since R is Armendariz, each a;bjc;, = 0; but R is
right central symmetric so a;cib; € Z(R) for all i, j, k. Consequently we obtain
fhg € Z(R|z]) and R|x] is right central symmetric. O

A ring R is usually called (von Neumann) regular if for each a € R there
exists b € R such that a = aba.

Proposition 2.20. Given a reqular ring R, the following conditions are equi-
valent:
(1) R is reduced,
(2) R is symmetric;
(3) R is reversible;
(4) R is IFP;
(5) R is Abelian,
(6) R is central reversible;
(7) R is central right (resp., left) symmetric.
Proof. The equivalence relation from (1) to (5) are shown by [10, Thoerem
3.2]. (3) = (6), (2) = (7) and (7) = (6) are obtained from definitions. And
(6) = (5) is true by Lemma 2.7. O

But, for rings without identity, these are no longer true, as illustrated by
the following examples.

Example 2.21. Let S = {a,b} be the semigroup with multiplication a? =
ab = a, b = ba = b. Put T = F,S, which is a four-element semigroup ring
without identity. Then T is symmetric but not reversible by [18, Example
1]. Moreover Z(T) = {0} and hence T is also right central symmetric. And
a(a+b)=0but (a+bla=a+b¢ Z(T). So T is not central reversible.

Let R be a ring and n be a positive integer. Following the literature, define

Nn(R) ={A € Uy(R) | each diagonal entry of A is zero}.
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Example 2.22. Let R be any ring. Nj(R) is both left and right (central)
symmetric for all k = 2,3. For, ABC =0 for all A, B, C' € Ni(R) when k =2
or k=3.

N4(R) is also both left and right (central) symmetric. For, ABC' = ey
(with @ € R) for all A, B, C' € N4(R), and so (ABC)D =0 = D(ABC) for
all D € Ny(R).

However N;(R) is neither left nor right central symmetric for j > 5. For,
eage1zeszs = 0 and ejzezqeas = 0, but e1zea3e34 = €14 is not central in N;(R) as
can be seen by ej4e45 = €15 and egze14 = 0.

Example 2.23. Let R be any ring. Note that (§ 0 1) (§ é §) = 0. But we

have (§ é §) (§ § (1)) # 0. So N3(R) is not reversible. But N3(R) is central

reversible, since ABC = 0 for all A, B, C € N3(R).
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