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OSCILLATION CRITERIA FOR DIFFERENCE EQUATIONS
WITH SEVERAL OSCILLATING COEFFICIENTS

MARTIN BOHNER, GEORGE E. CHATZARAKIS, AND IOANNIS P. STAVROULAKIS

ABSTRACT. This paper presents a new sufficient condition for the oscil-
lation of all solutions of difference equations with several deviating argu-
ments and oscillating coefficients. Corresponding difference equations of
both retarded and advanced type are studied. Examples illustrating the
results are also given.

1. Introduction

Let m € N. Consider the retarded (delayed) difference equation of the form
(Er) Ax(n) + Zpl(n)x(ﬁ(n)) =0, n € Ny,
i=1

where, for all i € {1,...,m}, p; : Ng = R, 7; : Ny — Z such that
(1.1) 7i(n) <n—1, neNy and lim 7;(n) =00
n—o0

and the (dual) advanced difference equation of the form

m

(Ea) Va(n) — Zpi(n)x(ai(n)) =0, neN,

i=1
where, for all i € {1,...,m}, p; : N = R, 0; : N — N such that
(1.2) oin)>n+1, neN, 1<i<m.

Here, as usual, A denotes the forward difference operator and V denotes the
backward difference operator defined by

Az(n)=z(n+1)—z(n) and Vz(n)==z(n)—z(n—-1), necZ.
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Strong interest in (Er) is motivated by the fact that it represents a discrete
analogue of the differential equation (see [4] and the references cited therein)

(1.3) 2(t)+ > pit)n(ri(t) =0, >0,
i=1
where, for all ¢ € {1,...,m}, p; : [0,00) — R is oscillating and continuous and

7i : [0,00) — R is continuous such that

(1.4) 7i(t) <t, t>0 and tlim Ti(t) = o0,
— 00

while (EA) represents a discrete analogue of the advanced differential equation
(see [4] and the references cited therein)

(1.5) 2(t) =Y pit)a(oi(t) =0, t>1,
i=1
where, for all ¢ € {1,...,m}, p; : [1,00) — R is oscillating and continuous and

o; : [1,00) — R is continuous such that
(1.6) oi(t)>t, t>1.

By a solution of (Er) we mean a sequence of real numbers {x(n)}
which satisfies (Egr) for all n € Ny. Here,

n>—w

w=— min 7;(n).
n€Np
1<i<m
It is clear that, for each choice of real numbers c_,,, c—y41, - - ., ¢—1, Co, there
exists a unique solution {z(n)},~_, of (Er) which satisfies the initial condi-
tions z(—w) = c_y, 2(—w+ 1) = c_yt1, --., (—1) = c_1, (0) = ¢p. By a

solution of the advanced difference equation (E5) we mean a sequence of real
numbers {z(n)}, oy, Which satisfies (E5) for all n € N.

A solution {x(n)}n>—w (or {z(n)}nen,) of (Er) (or (Ea)) is called oscil-
latory if the terms x(n) of the sequence are neither eventually positive nor
eventually negative. Otherwise, the solution is said to be monoscillatory. In
the last few decades, oscillatory behavior of all solutions of difference equa-
tions has been extensively studied when the coefficients p;(n) are nonnegative.
However, for the general case when p;(n) are allowed to oscillate, it is difficult
to study oscillation of (Egr) and (Ea). Therefore, the results on oscillation of
difference and differential equations with oscillating coefficients are relatively
scarce. Thus, only a small number of papers is dealing with this case. See,
for example, [2,3,7-9,11-16] and the references cited therein. For the general
theory of difference equations, the reader is referred to the monographs [1,6,10].

For (1.3) with p;(¢) > 0 for all 4 € {1,...,m}, Grammatikopoulos, Ko-
platadze and Stavroulakis [5] established the following theorem.
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Theorem 1.1 (See [5, Theorems 2.5 and 2.6]). Assume that 7; are increasing
forallie{1,...,m},

/ Ipi(s) —pi(s)lds < o0, 1<i,5<m
0
and

t
hrninf/ pi(s)ds =6;, 1<i<m.

70 Jmi)
If, moreover
. L efi “ 1
mm{; T /\G(O,oo)}>1 or ;ﬂi>g,
then all solutions of (1.3) oscillate.

For (1.3) and (1.5) with p;(¢t) > 0 for all ¢ € {1, ..., m}, Fukagai and Kusano
[4] established the following theorems.

Theorem 1.2 (See [4, Theorem 1’ (i)]). Assume (1.4) and that there exists a
continuous nondecreasing T such that 7;(t) < 7(t) <t fort >0,1<i<m. If

t m 1
liminf/ i(s)ds > —,
t—o0 f‘(t) ;p( ) e

then all solutions of (1.3) oscillate.

Theorem 1.3 (See [4, Theorem 1 (ii)]). Assume (1.6) and that there exists a
continuous nondecreasing & such that t < &(t) < o;(t) fort > 0,1 <i<m. If

a(t) m 1

then all solutions of (1.5) oscillate.

In the same paper [4], the authors also studied the oscillating coefficients
case and established the following theorems.

Theorem 1.4 (See [4, Theorem 3’ (i)]). Assume (1.4) and that there exists a
continuous nondecreasing T such that ;(t) < 7(t) <t fort > 0,1 <i < m.
Suppose moreover that there exists {t(n)}, oy such that lim, . t(n) = oo,
[7"(t(n)),t(n)] are disjoint for all n €N,
and
pi(t) >0 forall te U [7"(t(n),t(n)], 1<i<m.
neN
If there exists a constant ¢ such that

m

/(t) Zpi(s)ds >c> é forall te U [?”_1(t(n)),t(n)} :

neN
then all solutions of (1.3) oscillate.
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Theorem 1.5 (See [4, Theorem 3’ (ii)]). Assume (1.6) and that there exists a
continuous nondecreasing & such that t < 5(t) < o;(t) fort > 0,1 < i < m.
Suppose moreover that there exists {t(n)}, .y such that lim, . t(n) = oo,

[t(n),6™(t(n))] are disjoint for all n €N,

and

pi(t) >0 forall te|]J[t(n),6"(tn)], 1<i<m.
neN
If there exists a constant ¢ such that

5(t) m
/t Zpi(s)ds >c> é forall te U [t(n), 5" (t(n))] .

i=1 neN
then all solutions of (1.5) oscillate.

For (Er) and (Ea) with p;(n) > Oforalli € {1,...,m}, Chatzarakis, Pinelas
and Stavroulakis [3] established the following results.

Theorem 1.6 (See [3, Theorems 2.1 and 2.2]). Assume (1.1) and that 7; is
increasing for all i € {1,...,m}. If

lmsupd" 3 pi) > 1,

— N
"0 iS1 j=r(n)

where T(n) = maxi<i<m 7i(n), n € Ny, or

n—oo

m m n—1
1
1.7 li i 0 d liminf i) > —,
(1.7) im sup iglp (n)>0 an imin g E pi(j) .

=1 j=ri(n)
then all solutions of (ERr) oscillate.

Theorem 1.7 (See [3, Theorems 3.1 and 3.2]). Assume (1.2) and that o; is
increasing for all i € {1,...,m}. If

m o(n)

limsup D pi() > 1,

n—oo .
=1 j=n

where o(n) = minj<;<m 0;(n), n €N, or

m m Ui(n)
1
(1.8) lim sup g pi(n) >0 and liminf E E pi(d) > -,
n—oo 4 n—oo < . e

i=1 i=1 j=n+1

then all solutions of (Ea) oscillate.

For equations (Er) and (Ep) with oscillating coefficients, very recently,
Bohner, Chatzarakis and Stavroulakis [2] established the following results.
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Theorem 1.8 (See [2, Theorem 2.4]). Assume (1.1) and that, for all i €
{1,...,m}, 7 is increasing and there exists n; : N — N such that lim;_, o n;(j)
= o0 and

(1.9)

pe(n) =0 forall ne () |JIr(r(ni()),m()NNp #0, 1<k<m,

i=1 | jeN
where
(1.10) T(n) = max 7i(n), n € Np.
If, moreover
m n(j)

(1.11) limsup» > pilg) > 1,

I =1 =7 (n(3))
where n(j) = min{n;(j) : 1 <i < m}, then all solutions of (Er) oscillate.

Theorem 1.9 (See [2, Theorem 3.4]). Assume (1.2) and that, for all i €
{1,...,m}, o; is increasing and there exists n; : N — N such that lim;_, o 1;(j)
= o0 and

(1.12)

pe(n) =0 forall ne ()4 JmiG),ol@m@)NNy #0, 1<k<m,

i=1 | jeN
where
(1.13) o(n) = \in oi(n), neN.
If, moreover
m o(n(j))
(1.14) limsup Y > pilg) > 1,
IO =1 g=n(j)

where n(j) = max {n;(j) : 1 <i < m}, then all solutions of (Ea) oscillate.

An interesting question then arises whether there exist the analogues of (1.7)
and (1.8) for (Er) and (E) in the case of oscillating coeflicients. In the present
paper, optimal conditions for the oscillation of all solutions of (Er) and (Ea)
are established and a positive answer to the above question is given. Examples
illustrating the main results are also given.

2. Retarded equations

In this section, we present a new sufficient condition for the oscillation of all
solutions of (Er) under the assumption that the sequences 7; are increasing for
alli e {1,...,m}.
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Theorem 2.1. Assume (1.1) and that, for alli € {1,...,m}, 7; is increasing
and there exists n; : N — N with lim,;_, o n;(j) = oo,

(2.1)

pe(n) =0 forall ne ()4 mEmG)),m@NNy #0, 1<k<m,
i=1 | jEN

and

(2.2) hmsuprz )>0 forall ne ﬂ U 7i(7i(ni(5))), ni(§)] NN
i=1 | jen

n—o00
=1

If, moreover

m nr(]) 1

1
2. lim inf (q) > -
(2:3) minfy Y pile) >

i=1 g=7i(n:(j))
then all solutions of (ERr) oscillate.
Proof. Assume, for the sake of contradiction, that {z(n)}, > _,,

positive solution of (Er). Then, in view of (2.1), it is clear that there exists
jo € N such that

is an eventually

(24) pr(n)>0 forall ne ﬂ 7i(1i(n:(Jo))),mi(Go)] NN, 1 <k <m,
i=1

(2.5) x(rk(n)) >0 forall ne ﬂ [1i(m:(ni(Jo))),mi(Go)] NN, 1<k <m,
and

(2.6) Z pi(q) > é + €0

z(n+1) - sz 7:(n)) <0

for all n € N~ [7:(7:(n:(jo))), ni(jo)] N N. This guarantees that the sequence
z is decreasing on (-, [7i(7(n:(jo))), ni (jo)] N N. Set

. n;(jo)—7i(ni(jo))+1
. ni(jo) — 7i(ni(jo)) ) .
2.7) bi(n; = - , 1<i<m.
@) bl = (s
Clearly
1 . 1 .
(2.8) 1 < bi(n;(jo)) < e 1<i<m
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Let

(2.9) d=1+ ee.

Combining (2.6), (2.8) and (2.9), we obtain
n(jo)— m_ nijo)—1

m )—1
pi(q) pi(q)
22 haGy 2 2 2 e

b; ;
=1 g=7;(n;(jo)) i=1 g=T;(n;(jo))

m ni(jo)—1

DS pi<q>>e(§+go) _ds 1,

=1 g=7;(n:(jo))

m  ni(jo)—1
i(q)

(210) > ey

= mritmton P00
Since {z(n)},s _,, is decreasing on ;2 [7i(7;(ni(jo))), ni(jo)] NN, clearly
(2.11) %21 1<i<m.
By (ERr), we have

(o) +1) . <~ (o £ (1 (0))
(212) oGy LT 2P T
On the other hand,
) P D)
a(ri(ni(jo))) 11 z(A)

A=T7i(ni(jo))
ni(jo)—1 m

z(7i(A))

- (1.2’”“) 20 )

A=T7i(ni(jo))

n;(jo)—1 m
- ' (1 - zpi@)) |
A=T;i(ni(jo)) i=1
(2 13) M < "i(ﬁ_l 1— ip.()\)
’ ZC(TZ(nz(JO))) h A=Ti(ni(jo)) i=1 ' '

By using (2.13) and the well-known arithmetic-geometric mean inequality, we
find

z(ni(jo)) m(ﬁ_l 17ip.(>\)
z(7;(ni(jo))) ~ ’

A=Ti(n:(jo)) =1
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m n;(jo)—1 ni(jo)—7i(ni(Jo))

< |1- - Z Z Pi(A)

i(jo) = 7i(ni(jo)) i=1 A=7;(n;(jo))

ie.,

z(n;(jo))

—(n4(jo)—T7i(ni(jo)))
ni(jo)
> |1- _ Z Z pi(A)
nz(]O) Tz n; ]0 =1 A=1, (m: (jo))
In view of
pp
1l—y)< ——MMM— A 11 1
y(1-y) S TT orall ye€(0,1) and pé€N,

inequality (2.14) gives
(2.15) x(Ti(”z‘(_Jo)))

z(n;(jo))

m  ni(jo)—1 . . 1 (jo)—7i(ni(jo))+1
n;(Jo) — Ti(ny +1
> Z Z pi(A) < (]0) ( (]0)) ) )

i=1 A=7;(n; (jo)) ni(jo) — 7i(ni(jo))
Combining (2.15), (2.7) and (2.10), we obtain
m "1(.70) 1
1'(7_1 ni(jo)) pi(N)
2.16 > - > d.
(3:16) x(mi(jo)) zgk (z:( bi(ni(jo))
v Ti (Mg JO))

Similarly,

2(n:(jo)) ’“(ﬁ“ 20+ 1)

m A=Ti(ni(jo)) (V)
n;(jo)—1 m
z(7i(A))
g <1_ZW) PPy
A=7;(ni(jo)) i=1
n;(jo)—1 m
< H <1 - dZPi()\)>
A=T;(n;(jo)) i=1
m n;(jo)—1 ni(jo)—7i(ni(Jo))
=" DI D Y
[ (]0 - Tz Uz .]0 i=1 A=7;(n;(jo))
Therefore

:C(Tz n; jO > di nl(-]i) ! pl()\) > d2
Ca(i(i) T oy bi(ni(i0)
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Applying this procedure k times, we obtain

z(1i(ni(jo))) _ &
(2.17) 7:0(7”(],0)) > d”.

On the other hand, since (2.2) holds, there exists a subsequence of integers
6(n;(jo)) such that

lim > pi(0(ni(o))) = ¢ > 0.
=1
By (2.12), we have

z(ni(jo) +1) _ | Zpl ni jo))fc(n( ni(jo)))

2(ni(jo)) Pt z(ni(jo))

ie.,

:C(T(nz ]0

,CC ni ;pz 2 .70

where 7 is defined by (1.10). Thus
(

2(r(0(ni (o)
2(0(n: (o)) 2

3

ie.,
z(7(6(ni(jo)))) 1 1
- < m . <-< o0,
z(0(ni(jo))) > iz Pi(0(ni(do))) ~ ¢
i.e., liminf, % exists. This contradicts (2.17). O

A slight modification in the proof of Theorem 2.1 leads to the following
result about retarded difference inequalities.

Theorem 2.2. Assume that all conditions of Theorem 2.1 hold. Then
(i) the difference inequality

m

Az(n) + sz(n)z(ﬂ(n)) <0, neNg

=1

has no eventually positive solutions;
(ii) the difference inequality
m
n)+ Y pi(n)z(ri(n)) =0, neN

has no eventually negative solutions.
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3. Advanced equations

Oscillation of all solutions of (Ej) is described by the following result. Note
that the proof is an easy modification of the proof of Theorem 2.1 and hence
is omitted.

Theorem 3.1. Assume (1.2) and that, for alli € {1,...,m}, o; is increasing
and there exists n; : N — N with lim;_, n;(j) = oo,

(3.1)
pe(n) >0 forall ne ﬂ U i(7),0i(oi(n(HN]NN S £ 0, 1<k<m,
i=1 | jeN

and
(3.2)

hmsuprz >0 forall ne€ ﬂ U ni(4), oi(o3(ni(4)))] NN
n—o00 i=1 | jen
If, moreover

m oi(ni(j

(3.3) hjrgggfz Z pi(q 1,

i=1 g=n;(j)+1

then all solutions of (Ea) oscillate.

A slight modification in the proof of Theorem 3.1 leads to the following
result about advanced difference inequalities.

Theorem 3.2. Assume that all conditions of Theorem 8.1 hold. Then
(i) the difference inequality

— Zpl(n)x(al(n)) >0, neN

has no eventually positive solutions;
(i) the difference inequality

- Zpi(n)z(oi(n)) <0, neN

has no eventually negative solutions.

4. Examples

The significance of the results is illustrated in the following examples. It is
also demonstrated that the oscillation conditions of Theorems 2.1 and 1.8 and
of Theorems 3.1 and 1.9 are independent.
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Example 4.1. Consider the retarded difference equation

(4.1) Az(n) +pi(n)x(n —2) + p2(n)x(n —3) =0, n € Ny,
where
(n) = _ cos = and (n) = _ sin L peN
P evve) e P e+ vE) e "

Here, 71(n) = n — 2 and 72(n) = n — 3. Observe that for
n(j) =12j+15, jeN,
we have pi(n) > 0 for all n € A, where
A= nEmG),m@ NN = [12j + 11,125 + 15] N N.
JEN JEN
Also, for
na(j) =12 +18, jeEN,
we have pa(n) > 0 for all n € B, where
B = | [r(r2(n2(5))), n2()] NN = _J [12j + 12,125 + 18] NN,
JEN jEN
Therefore
pi(n) >0 and py(n) >0 forall neANB=|J[12j+12,12j+ 15]NN.
jEN
Now, for all n € AN B, we have

1
lim sup Z pi(n) = V3 >0

n—oo ] 2 + \/_)
and
ni(j)—1 12j+14 125417
lim inf Z > pilg)=liminf | > pi@+ D pale)
Jmee i a=7i(ni(4)) I =12 113 q=12j+15
1 s T
:72 (2+\/§) -(cos€ +cos§)
+71 -(sinﬁ—i—sinQ—ﬂ—i—sinS—ﬂ)
2(2+V3) 2 3 6
1 1 1
72(2+\/§)'(2+\/§) 5 e’

ie., (2.2) and (2.3) of Theorem 2.1 are satisfied, and therefore all solutions of
(4.1) oscillate.
On the other hand, by (1.10), it is obvious that 7(n) = n — 2. Also,

n(j) =min{n;(j): 1<i<2}=12j+15, jeN.
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Observe that p1(n) > 0 for all n € A" = A and pa(n) > 0 for all n € B’, where

B = [r(r(n2(4))), na ()] NN = | [12j + 14,125 + 18] NN,

jEN jEN
Therefore
pi(n) >0 and py(n) >0 forall neA'NB = | J[12j+ 14,125 + 15]N.
JEN
Now,
2 n(j) 12j+15 12j+15
lim Supz Z pi(g) = limsup Z p1(q) + Z p2(q)
I ST =1 (n(5)) IO | g=12j+13 q=12j+13
- 1 s s s
= m (congrcosg +cos§)
1 . . .
+ m : (smg +s1n§ +s1n§)
1
T 2(2+43) (+v5) =3

i.e., (1.11) of Theorem 1.8 is not satisfied.

Example 4.2. Consider the advanced difference equation

(4.2) Va(n) —pi(n)z(n+1) —p2(n)z(n+3) =0, neN,
where
() = — A paln) = == sin T neN
n) = ———="cos an n)=———-sin—, neN.
& 5+3 b2 5+v3 6

Here, o1(n) =n+ 1 and o2(n) = n + 3. Observe that for
ni(j) =12j+11, jeN,
we have pi(n) > 0 for all n € A, where
A= J @) or(er(n()] NN = | J [12j + 11,125 + 13] N N.
JEN JEN
Also, for
na(j) =12j+12, jeN,
we have pa(n) > 0 for all n € B, where
B = | [n2(4), o2 (02(n2())] NN = ] [12j + 12,125 + 18] N N.
jEN JEN
Therefore

pi(n) >0 and pa(n) >0 forall neANB = [12j+12,12j+ 13]NN.
jEN
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Now, for all n € AN B, we have

2
1+V3
limsup » pi(n) =
oo ; () 2(5+V/3)
and
2 oi(ni(f))

liminf} > pig)

i=1 g=n;(j)+1

125+12 125+15
.
minf | > pi+ Y, p(0)
q=12j+12 q=12j+13

1 ( 0+_7T+.7T+.7T) 1>1
— in—+sin-+sin-)=->-
5+\/§coss(3535226,
ie., (3.2) and (3.3) of Theorem 3.1 are satisfied, and therefore all solutions of
(4.2) oscillate.

On the other hand, by (1.13), it is obvious that o(n) = n + 1. Also,

n(j) =max{n;(j): 1<i<2}=12j+12, jeN.
Observe that pi(n) > 0 for all n € A’ = A and pa(n) > 0 for all n € B’, where
B = [n20i), o(o(na())] NN = | [12) + 12,125 + 14] NN.

jEN jEN
Therefore
pi(n) >0 and py(n) >0 forall neA'NB = | J[12j+ 12,125 + 13]N.
jJEN
Now,
2 o(n(4)) 125413 125+13
limsup » Y pi(g) =limsup | > pilg)+ Y. pa(q)
IO =1 g=n(j) J7o0 | g=125+12 q=12j+12
1 ™ . .
= m . (cosO—i—cosE —|—sm0+s1ng)
_34V3  0ssis<l,
2(5 ++/3)
i.e., (1.14) of Theorem 1.9 is not satisfied.
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