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ON HARMONIC CONVOLUTIONS INVOLVING
A VERTICAL STRIP MAPPING

RAJ KUMAR, SUSHMA GUPTA, SUKHJIT SINGH, AND MICHAEL DORFF

ABSTRACT. Let fg = hg+gg and Fy = Hq + G, be harmonic mappings
obtained by shearing of analytic mappings
hg + gs = 1/(2isinf3) log ((1 + 2"/ (1 + ze_i6)> ,0< B <™

and Hy+ Gq = z/(1 — z), respectively. Kumar et al. [7] conjectured that
if w(z) = €270 € R, n € N) and wa(2) = (a — 2)/(1 —az), a € (—1,1)
are dilatations of fz and Fy, respectively, then F%fz € S?_I and is convex
in the direction of the real axis, provided a € [(n —2)/(n + 2),1). They
claimed to have verified the result for n = 1,2, 3 and 4 only. In the present

paper, we settle the above conjecture, in the affirmative, for 8 = 7/2 and
for all n € N.

1. Introduction

Let H be the class of all complex valued harmonic functions f defined in
the unit disk F = {z : |2| < 1} and normalized by the conditions f(0) = 0
and f,(0) = 1. Such harmonic mappings can be decomposed as f = h + g,
where h is known as the analytic and ¢ the co-analytic part of f. A harmonic
mapping f = h 4+ 7 defined in E, is locally univalent and sense-preserving if
and only if h’ # 0 in E and the dilatation function w, defined by w = ¢'/}/,
satisfies |w(z)| < 1 for all z € E. We denote by Sy the class of all univalent
and sense-preserving harmonic mappings in H. Function f = h+7 in the class
Sy has the representation

(1) f(z):z+2anz”+zgn2” for all z in E.

n=2 n=1
The class of functions of the type (1), with b3 = 0, is a subset of Sy and will
be denoted by SY here. Further, let Ky (respectively, K%) be the subclass of
S (respectively, S%) consisting of functions which map the unit disk E onto
convex domains. A domain D is said to be convex in the direction ¢, 0 < ¢ < T,
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if every line parallel to the line through 0 and e'® has either connected or
empty intersection with ID. In particular, a domain convex in the direction
of the real axis is denoted by CHD. Clunie and Sheil-Small [1] introduced a
method, known as ‘shear construction or shearing’, for constructing a univalent
harmonic mapping associated with a pair of analytic mappings . They proved:

Theorem A. A locally univalent harmonic mapping f = h+g in E is a
univalent mapping of E onto a domain convex in a direction « if and only if
h — e?®g is a conformal univalent mapping of E onto a domain convex in the
direction of a.

Although, harmonic mappings are close relatives of conformal mappings,
but their behavior is different, in many ways, than that of conformal map-
pings. For example, the boundary correspondence which holds in the confor-
mal case fails in the harmonic case. Therefore several researchers investigated
subclasses of harmonic mappings that map E onto some specific domains. In
particular, Hengartner and Sobber [5] investigated the subclass, Sy (FE,Q), of
harmonic mappings in Sy, which map E onto the horizontal strip domain
Q= {w: [Im(w)| < n/4}. Using a rotation and a composition on the mappings
of the class Sy (E, ), Doff [2] defined, analogously, the family, Sy (E,Qg), of
harmonic mappings in S, which map E onto asymmetric vertical strip do-

mains
p—m B
Qg = : R
8 {w ssmp < W <5aE
7/2 < < 7. Each fzs = hg+gs € Su(E,Qg) has the form
1+ ze )

1
2 h = 1 .
@ 8+ 98 = Sising 8 (1 ¥ ze P
Convolution (or Hadamard product) of two analytic functions f(z) = z 4+

Yoo panz™ and F(z) = z+ Y 2, Ap2", is denoted by f* F, and is defined as
(f+«F)(z) =2+ Z anAnz".
n=2

In case of harmonic mappings, f(z) = h+7 = 2+ ey anz™+> oo byZ" and
F(z)=H+G =2+ ", A4,2"+> > | B,z", we define their convolution as,

(JFF)(=) = (heH)(2) + (ge@) (=) = 2+ 3 anAuz" + 3 5, B,7"

In general, the behavior of the harmonic convolution is not as nice as that of
the analytic convolution. For example, unlike the case of analytic mappings,
convolution of two convex harmonic mappings is not necessarily convex har-
monic. But still, convolutions of harmonic mappings exhibit some interesting
properties. For example, Dorff [3] and Dorff et al. [4] proved that, under some
suitable restrictions on the dilatations, harmonic convolution of two harmonic
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right half-plane mappings is CHD. Li and Ponnusamy [8] extended the results
of Dorff et al. [4] by considering one of the mappings as slanted right half-plane
mapping. Dorff, in the same paper [3], also investigated harmonic convolutions
of a right half-plane mapping with mappings fg € Su(E,Qg), /2 < 8 < 7,
and established the following result.

Theorem B. Let f = h+g € K% withh+g = z/(1 — z). Then fxfs € S% and
is CHD, provided f*fg is locally univalent and sense-preserving in E, where
fﬁ S SH(E,QQ), 7T/2 < pB <.

Later, Dorff et al. [4] proved that the condition, that f*fg is locally univalent
and sense-preserving, can be dropped in some special cases. They proved:
Theorem C. Let fg be as in Theorem B with dilatation gi(z)/hj(2) = etfzm,
0 € R. If Fy = Hy+Go, where Hy+Go = z/(1 — 2) with dilatation Gj(2)/H}(2)
= —z, then Foxfz € S and is CHD for n = 1,2.

For some more relevant and interesting results we refer to some recent papers
of Li and Ponnusamy [9, 10] and that of Li et al. [11].

Kumar et al. [7] investigated the harmonic convolutions of mapping fz with
mappings F, = H, + G,, where

a—
ith dilatati a(z2) = ——
T, W ilatations wq(z) T
and essentially proved the following result, which generalizes Theorem C:

Theorem D. Let

(3) H,+G,=

Z,aE(—l,l)
z

fs = hp + s,
where hg + g = 1/(2isinB)(log ((1 + ze®) /(1 + ze=")), 0 < B < =, with
95(2)/h5(2) = ez", 0 € R. Then F,xfsz € S% and are CHD, provided a is
restricted in the interval [(n — 2)/(n + 2),1) whenever n =1,2,3 and 4.
Note that for a = 0, the mapping F;, reduces to the mapping Fyy of Theorem

C. At the end of the above paper [7] authors conjectured the following general
result.

Conjecture. Let f3 = hg+gs be as in Theorem D. Then F,%fg € S% and is
CHD for all n € N, provided a € [(n — 2)/(n + 2),1).

In the present paper, we settle this conjecture, in the affirmative, for 5 =
/2.

2. Main results

The following results will be required in proving our main theorem.

Lemma 2.1 (Cohn’s Rule [12, p. 375]). Given a polynomial t(z) = ap+ a1z +
asz% + -4+ apz™ of degree n, let

t*(z) = 2"t (

Q| =

— — — 2 _
) =Qp + Ap_12 + Ap—20z"+ -+ apgz".
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Denote by r and s, the number of zeros of t inside and on the unit circle |z| = 1,
respectively. If |ag| < |an|, then
Ant(2) — aot*(2)

z

tl(z) =

is of degree n — 1 and has r1 = r —1 and s; = s number of zeros inside and on
the unit circle |z| = 1, respectively.

Lemma 2.2 (Schur-Cohn’s algorithm [12, p. 383]). Given a polynomial r(z) =
agp+ a1z + -+ anz™ of degree n, let
Ek T Ay,
Zk T By

where Ay and By are the triangular matrices

My =

apg ai ... Qp—1 an Qp—1 .. Qp—k+1
ap ... Q-2 Ap - Gp—fky2
Ak = . . and Bk =
ag ap,

Then the polynomial r has all its zeros inside the unit circle |z| = 1 if and only
if the determinants My, Mo, ..., M, are all positive.

Lemma 2.3 (Kumar et al. [7]). Let fz = hg + gz be as in Theorem D with
dilatation w = g /. Then w, the dilatation of F,xf3, is given by
(4)

w(z) =

We now proceed to state and prove our main result.

2w(1 +w)(a+ azcos B+ zcos B+ 22) — 2w (1 — a)(1 + 2z cos B + 22)
2(1+4 zcos B+ azcos B+ az?)(1+w) — zw'(1 —a)(1 + 2zcos B + 22) |

Theorem 2.4. Let F, = H, + G, be given by (3) and let fr/2 = hr/o +Gr /o
be the map obtained from (2) with = w/2 and dilatation
w(z) = g;/Q(z)/h;/Q(z) =e%" (@ eR,neN).

Then Fo%fr/o € SY and is CHD for a € [(n —2)/(n+2),1).
Proof. In view of Theorem B, we need only to show that Fy*fr /o is locally
univalent and sense-preserving or equivalently, the dilatation @ of Fy*fr /o
satisfies |0(z)| < 1 for all z € E. Setting w(z) = €?2" and f = 7/2 in (4), we
get
5)  w(z)

o ooin | 2T az" + 124+ an—n)e 22 + L(2a + an — n)e™ "

=2"e , .
1(2a+an —n)ez"t2 4+ 1(2 4 an —n)e?z" + az? + 1

— 20 p(2)
p*(2)
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where

1 . 1 )
6)  p(z)=2""? +a" + 5(2 +an —n)e 2% + 5(2@ +an —n)e "

and p*(z) = 2" 2p (1).
Obviously, if 2z, zo # 0, is a zero of p, then 1/Z; is a zero of p*. Hence, if
1,0, ..., 0o are the zeros of p (not necessarily distinct), then we can write

&(z) = 2"e™ (z-o) (2=02) (2~ anps)
(1—a12) (1 —azz) (1 —apy22)

For |a;| < 1, since (z — «;)/(1 —@;z) maps the closed unit disk onto itself,
therefore to prove that || < 1 in E, we shall show that all the zeros of

polynomial p, i.e., aj,as,...,a,12 lie inside or on the unit circle |z| = 1
for a € ((n—2)/(n+2),1)\{n/(n + 2)} (because, in the case when a =
(n—2)/(n+2), we see from (5) that |&(z)] = | — 2"€?| < 1 and the case

when a = n/(n + 2), where zp = 0 is a zero of p, will be taken up sepa-
rately). To do this, we use Lemma 2.2 on the polynomial p(z) = 2”2 + a2" +
1 (2+an—n)e 22+1 (2a+ an — n) e=" and show that all the determinants
My, k=1,2,3,...,n+ 2, are positive. Here, M}, is obtained by comparing the
polynomial p with polynomial r (with degree n+ 2) of Lemma 2.2 and is given
by

Ek T Ak

T p| k=123.n+2)

M~ |

For entries of Ay, and By we obviously have ag = %(2@ +an —n)e " a; =0,
as = %(2+an—n)e’ze, az=0,..,a,-1=0,a, =a,a,+1 =0, and a,42 = 1.
Since By is a non singular matrix, therefore,

BpT Ay I 0\ (BrT - AxB"AT A
AT By) \-B;'AT 1) 0 By )’
which gives,
EkT Ak

_ =
1.7 B =|BpT — AxB, AT

M, —|

For n = 1,2,3 and 4, as the proof of our theorem follows from the results in [7]
by substituting S = 7/2, so we take n > 5. We consider the following cases.

Case 1. When 1< k < n andn > 5 is odd. In this case Ay and B, are
the following k x k matrices;

apg a1 a2 e Q-1 an 0 as e 0
0 ap aj cee Qk—2 0 an 0 e 0
Ak — 0 0 apg ... QAakg—3 — 0 0 ag ... 0 and



110 R. KUMAR, S. GUPTA, S. SINGH, AND M. DORFF

Gni2 Apyl Gn o oo Q(ny2)—k4l 10 a 0

0 an+2 anJrl R a(n+2)_k+2 0 1 0 0

B = 0 0 Apt+2 oo Gn42)—k+3 | = 0 0 1 0
0 0 0 e Tpio 0 0 0 ... 1

So, By — ABr A, = (C1C5C5 -+ Ch_oCir_1Cy), where Cy, 1 < i < k, are
the following column matrices;

1-— aoao — 62(*0,0/0 + ag) 0
0 1 —apag —62(—(1&0-0-&2)
a — agas 0
Cl == : 3 CQ — : 9
0 0
0 0
0 0
—ao(—aap + az) + aaz(—aap + az) (*G)% [=ao(—aap + az) + aas(—aap + az)]
0 0
1 — agdy — G2(—aap + az) (—a) 5" [~To(—aaq + as) + af@s(—aaq + as)]
Cy = - , Cho = 5 7
0 1 — ag@p — a2(—aag + az)
0 0
0 a — agae
k=3, _
.0 (—a) = (—=@o(—aao + az))
(—a) = [~@o(—aaq + a3)] I
0 (=a)™ = (—ao(—aag + az))
Ck,1 = and Ck = :
0 (—ap(—aap + az))
1 — agpayg 0
0 1 — agag

Now, by setting the values of coefficients ag, a2 from the polynomial p, we have
(a) 1 —aoag — @z(—aap + az) = in(2 —n+2a+an)(1 — a)(2 — a),
(b) —do(—aag + az) + a@z(—aag + az) = tn(2 — n+ 2a + an)(1 — a)?,
(c) —ao(—aag +az) = $(n —2a — an)(2 —n+ 2a + an)(1 — a),
(d) a—apaz = in(2 —n+2a+an)(1—a),
(e) 1—aoao = 3(n+2)(2—n+2a+an)(l - a).
If we write, L, = (3)" n""2(2 = n+2a+an)"(1 — a)",r € N, then

k-3

(2—a) 0 (1-a)?® ... . 0 (—a) = (n—2a—an)
0 (2—a) 0 .. (=a)" = (n—2a—an) . 0
N

0 0 0o ... 0 (n+2)
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(2—a) 0 (1—a)?
0 (2—-a) 0
0 0 3-2a
= Lk . : . )
0 0 0
0 0 0

=Li(n+k—-1(n+k+1).
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k-3

0 (—a) = (n—2a—an)
(7(1,)%(117 2a — an) 0
0 2(701)% (71722i;an)
% 0
2 R n+k+1
0 T GoDe
2 2

As Ly, is positive for a € ((n —2)/(n+2),1)\{n/(n+2)}, so My, is positive in

this case.
Case 2. When 1< k < n andn > 5 is even. In this case
ap ai; ap Ap—1 an 0 as 0
0 ay a1 ap—2 0 ay O 0
Ak — 0 0 an Af—3 — 0 0 an 0 and
0 0 0 agp 0 0 0 ag
An42 anJrl Qp, a(n—i—2)—k—i—1 10 a 0
0 @ni2 Tuia A 12)—ky2 010 0
By = 0 0 U2 A(py2)—k+3 | = 0 0 1 0
0 0 0 [ 0 0 O 1
so, By — AgBi A, = (C1C5Cs5 -+ C_yCr_1 Cy). Here
1 *aoagfag(*aa0+a2) 0
0 1 *50&0*52(*&&0%‘&2)
a — aga 0
Cl = : ) CQ = )
0 0
0 0
0 0
—ag(—aag + az) + aaz(—aag + az) . 0
0 (*G)%(*En(*aao + az) + adz(—aag + az))
1 — agap — az(—aap + az) 0
C3 = : y Cr—2 = : )
0 1 — ap@y — a2(—aap + az)
0
0 a — apasg
(—a)"=" (~@o(—aap + az)) 0
e (—a) "= (—ao(—aap + a2))
(—a)™= (—ap(—aap + az)) 0
Ck,1 = and Ck =
0 (—ap(—aag + az))
1-— a()a(] 0
0 1 —apao
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Therefore,
(2—a) 0 (1—a)?
0 2—-a) 0
0 0 0
0 0 0
(2—a) 0 (1—a)?
0 (2-a 0
0 0 3272:,
=Ly :
0 0 0
0 0 0
= Ly(n+k)(n+k),
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k—4

(—a)™= (n—2a—an) 0
0 (7a)%(n72a7an)
(—a)¥(n—2a—an) 0
(n+2) 0
0 (n+2)
(—a)¥(n—2a—an) 0
-0 (—a)%(n—Za—an)
2(—a)'" (n2aan) 0
(= s ey 0
: : +k
0 iy
2 2

which is positive for a € ((n —2)/(n +2),1)\{n/(n+2)}.
Case 3. When k=n+1 and n is an odd positive integer. We have,

ag ap Go an a 0 as ... a
0 ap ai Ap—1 0 aq 0 0
An+1 — 0 0 an Ap—2 _ 0 0 ag ... 0 and
0 0 O ao 0 0 O ao
An+42 Enﬂ En 52 1 0 a 62
0 Tpio Gnit s 010 0
Boi=| 0 0 Tnyo as | [0 01 0
0 0 0 Tpio 000 ... 1

Thus, B,y — A1 Byt Anyy = (C1CsCh - - Cp1CnCryiy), where

1-— (lga() - 62(—(1(10 + (12) — a(—(loag + a) 0

(—a)%(—aao + az)
a — apasg

Gy

—a(—aap + az)
0
(—aap + az)

—ap(—aag + az) + aaz(—aag + az)
0
1 — apap — az(—aap + az)
C3 = :
0
0
0

1-— apag — ﬁg(faao + ag)
0

) Cy

0

0

0

—as(—apaz + a)
a7 [~@o(—aap + az) + a@a(—aag + az)]

) Chn-1= 5
1 — aga@y — Gz(—aap + az)
0
a — apasg
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n—3

(—a) = (—ao(—aap + a2)) —Eéo(—aoﬁz +a)
s (—a) “z [—ao(—aag + az)]
(—a)™= (~ao(—aag + az)) 0
Cn = : and Cpy1 = :
0 (—ao(—aap + az))
1-— apag 0
0 1 — apag

If C; is the j*" column of FnTH — An+1B;i1ZnTH, then the entries of C; (j =
2,3,...,n —2) and C,, are identical to those of the corresponding columns of

FkT — AkBk_lsz in Case 2. However, the entries of Cy, C),—1, and C),41 are
different. We split C, C),—1 and C), 41 in the following way:

Ci=F+G +H, Co1=F,1+Gn_1, Cpy1 = Fp1 + Gy,

1 — agag —62(—aa0 + ag),O,a — agpas, 0, .. .,0),

0,(—a)">" (—aag + a2),0, (—a) "= (—aao +a2),0. .., (—aag + az)),
—a(—agpaz + a),0,0,...,0);

(
(
(
FT | =(0,(~a)"* [~@(—aao + a2) + a@z(—aag + a2)], 0,
()T
(
(

—a) 7 [—ap(—aag + a2) + atz2(—aag + a2)],0...,a — agaz),

2(70‘062 + a),0,0, e 70)a

n—3 n—3

0,(—a)" = [—ag(—aag + a2)],0,(—a) = [—ap(—aap + a2)],0,
...,1—@050) and

GT, | = (~ao(~aoaz + a),0,0,...,0).

Now

By i1 — Ani1 Byt Ay 1| = [C1Ca - CoCna|

= |F1Cy- - Fy 1 CoFir|+|G1Co - By Cp Fra |+ | H1 O -+ - B 1 Cr Fy g
+|F1Cy - Fry 1 ChGri | +|G1Cy - - - Fry 1 Ch G |+ |H1Co -+ - B 1CL G|
+|1Cy - Gpo1 Cp Frg1 | +|G1Co - - - G 1 Cp Frga |+ |H1Co -+ - Gy 1 C By |
+|F1Cy - Ge1 CnGrga | +1G1Cs -+ - Grm1 Cr Gy 1 |+ H1Co -+ - G 1 Cr Gt 1|

Out of these twelve determinants, only four, given in Table 1, are non-zero.
Adding all these determinants we get

—T 1 =T
M1 = |Bn+1 - An+1 Bn+1 An+1|

=Lp18n>0forac ((n—2)/(n+2),1)\{n/(n+2)}.
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Case 4. When k =n+ 1 and n is an even positive integer. Here
ap a1 a an a 0 az a
0 ap aj An—1 0 aq 0 0
AnJrl — 0 0 an Ap—2 — 0 0 aq 0 and
0 0 O ag 0 0 0 ag
Ap+2 Apt1 Gn Qs 1 0 a as
0  Tni2 Gnia as 0 1 0 0
Boyi = 0 0  Tpyo a | 10 0 1 0
0 0 0 Upt2 0 0 O 1
One can verify that
— 1 =T
B,y —An1B, 1A, = (C1CC5 -+ - Cp1C,Crya).
Here
1 — ag@p — a(—aag + az) — a(—agaz + a) + (—a)? (—aag + az)
0
a — agas + (7(1)%2 (—aap + a2)
Cy = :
—a(—aag + az)
0
(—aap + a2)
0 —ao(—aag + az) + aaz(—aay + az)
1-— apag — 62(*0,&0 + ag) 0
0 1 — agag — 62(*0/(10 + ag)
CQ - 9 C3 = .
0 0
0 0
0 0
0"z [—ao(—aag + az) + atz(—aag + az)] — G2 (—ao@s + a)
0
oz [—ao(—aap + a2) + aaz(—aap + as)]
Cn—l — : )

1 —agag — 62(—0,0,0 + ag)
0

a — 0,052
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nd 0 (*‘1)%2 (—@o(—aap + a2)) — ap(—aoas + a)
(=a)™= (=do(—aag + az)) 0
0 (—a)*=" (—do(—aap + az))
Cn - a'nd Cn+l = :
0 (=@o(—aap + a2))
1- apao 0
0 1 —apap

We split C1, C,,—1 and Cjp41 in the following way (entries in the remaining

columns will be identical to those of the corresponding columns of EkT —
AkBlzlsz in Case 1).
Ci=F+Gi+Hi, Coor =Foo1+Gro1, Cogr = Fogr + Gog,

where
F' = (1 — apao — a2(—aag + az),0,a — apaz,0,...,0),
Gf = ((—a)? (—aag + a2),0, (—a)nTi2 (—aag + a2),0...,(—aag + az)),
HT = (—a(—ap@z + a),0,0,...,0);
Fan1 = ((—a) T [—Go(—aao + az) + ads(—aap + a2)], 0,
(—a)"=" [~do(—aao + as)
+ aag(faao + (IQ)], 0... , a4 — a062>,
GZ—l = (=a2(—apaz + a),0,0,...,0);

n—2 n—4

(
Fr = ((=a)"2 [~@o(—aao + a2)],0,(=a) "2 [~ao(—aag + a2)],0,
., 1 —agag) and
G}, = (—ao(—ao@s + a),0,0,...,0).
As in Case 3,
M1 = |C1Cy -+ - CpCrota]
= |F1Cy- - Fy 1 CoFr | +|G1Co - By Cp Fpiq |+ | H O - - - B o1 Cr Fy g
+|F1Cy - Fry 1 ChGrg | +|G1Cy - - - Fry 1 Ch G |+ |H1Co -+ - B 1 CL Gy |
+|F1Cy - G 1 CpFr1 | +|G1Cy -+ - Gy o1 Cp a4+ | H1Co -+ - Gy 1 Cr By |
+|F1Cy - Gpe1 CnGrga | +1G1Cs -+ - Grm1 Cr Gy 1 |+ |H1Co -+ - G 1 Cr Gt |
Out of these twelve determinants, only seven given in Table 2, are non-zero.

Adding values of all these determinants we see that,
when n/2 is odd:

M1 = Lp18n(l —cosf) >0 for 6 # 2mm, m € Z and

when n/2 is even:

M1 = Lpt18n(1+cosf) >0 for 0 # (2m+ 1), m € Z.
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Cases for 0 = 2mm and 0 = (2m + 1)7 will be considered separately in the

later part of this proof.

Case 5. When k =n+ 2 and n is odd. In this case,

T

— 1 =T
Bois = Apsa B A = (C102C;5

Here
1 — ag@p — as(—aap + a2) — a(—apaz + a)
n—1
(—a)" = (—aag + az)
a — agag
n—3
—a) 2 (—aagp + a:
(=a) = ( ~ad0 2) e
0
(—aap + az)
0

—ag(—aag + az) + adz(—aag + az)
0
1 — apap — EQ<7aa0 + az)
0

(—a)

o _ (~a)
0
0
0

a z [—ap(—aap + az) + adz(—aag + az)]
—as(—apaz + a)
[=ao(—aag + az) + aaa(—aag + az)]
0

n=5

a 2
y Cn1 =
1 — ap@p — az(—aap + az)

0
a — agas

(—a)"=" (~To(—aaq + az))
7630(7(1062 + a)
(—a)"% (=ay(—aao + a2))
0
Chya = .
(*Eo(*a;m +az))
0
1 — apap

T Cn—lcncn-l-lcn—i-Q)-

(7(/L)TLTJrl (—aag + a2)
1 — aglp — Gz(—aag + az) — a(—ao@: + a)
(—0)*= (—aa + a»)
a — apaz

—a(—aap + as)
0
(—aap + a2)

—az(—apaz + a)
(=ao(—aap + az) + ad@a(—aap + az))

2

%(—60(—(1@0 + az) + aaz(—aag + az))
. )
0
a — apasg
0

760(7@0&2 + (l)

(=a)"=" (=ao(—aag + az))
i 0

(*G)?(*ﬁo.(ﬂwo +az)) and

0
1 —apay
0

If C; (j = 1,2,...,n+ 2) are the columns of EnTH — An+2B;iQZnT+2, then
we split C1,Co,Cr—1,C,, Cry1 and C,y2 as under (entries in the remain-
ing columns will be identical to those of the corresponding columns of EkT —
AkBk_lsz in Case 1).
Ci=F+G+H, Co=F+G+Hy Cpy =Fy 1 +Groy,
Cpn=F,+Gp, Cht1 = Fni1+ Gy and Cpipo = Frgo + Gugo,
where,
Fl' = (1 — agap — @2(—aap + az),0,a — agas,0, . ..,0),

GT = (0,(—a)" (—aag + a2),0,(—a)"T (—aao + a2),0..., (—aag + as),0),
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HI = (—a(—agaz + a),0,0,...,0);
FI' = (0,1 = apap — @a(—aag + as),0,a — apas, 0, . . . ,0),
Gt = ((- a)"f( aag + az),0, (—a) "7 (—aag + a2), 0,
(—a)" T ( aag + az2),0...,(—aap + a2)),
Hy = (0,—a(— a0a2+a) 0,0,...,0);
FI | =(0,(— a) 2 [ ao(—aag + az) + aaz(—aag + a2)], 0,
(—a) 7 [ ao(—aag + az) + aaa(—aap + a2)],0...,a — apas, 0),
Gl | = (—ay(— aoag—l—a) 0,0,...,0);
FT' = ((—a)"7 [ ao(—aag + az) + aaz(—aap + a2)], 0,
(— a)n2d[ ao(—aag + az) + aaz(—aag + a2)],0...,a — apaz),
GT = (0, —aa(— a0a2+a) 0,0,...,0);
Fily = (0,(=a) T [o(~aag + a2)],0, (~a) T [0 (~aao + a2)], 0,
.., 1 —apap,0),
Gl = (—@o(—ao@z + a),0,0,...,0) and

(—

FL, = ((—a)" [~ao(—aag + a2)],0, (—a) "% [~aGo(—aap + as)], 0,
(— a)nf[ ao(—aag + a2),0,...,1—agpap),

GZ—FQ = (O, —ao(—aoag + a),0,0, .. .,0).

As a consequence of above splitting of columns, M, 1o can be written as a
sum of 144 determinants out of which 123 vanish and values of remaining 21
non-zero determinants are listed in Table 3. Adding all these determinants we
get

—T 1 =T
Mo =|B, 15— An+2Bn41>2An+2|
= L,42[8(1 4 cos20)] >0 for 0 # (2m + 1)%, m € Z.

The case when 6 = (2m + 1) will be considered separately.
Case 6. When k =n+ 2 and n is even. In this case,
T

— 1 =T
B o — An+23ni2An+2 = (C105C5 - Cp—1C, Cri1Chia).
Here

CT = (1 — apdp — @a(—aag + az) — a(—ag@s + a) + (—a) % (—aag + as),0,
(a — agaz + (—a)an2 (—aap + a2),0,...,0,(—aag + az2),0) ;

CI = (1 - apap — @a(—aag + as) — a(—apaz + a) + (—a)% (—aag + a2),0,

— n=2

a—agaz + (—a) 7 (—aao + az),...,—a(—aao + a2), 0, (—aap + a2)) ;
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Cg = (760(7&&0 + (IQ) + aag(faao + ag), 0, 1— aoao - 62(7(1(10 + ag), 0,
...,0,0,0);

n—4

((—a) 2 [—ao(—aap + a2) + aaz(—aag + a2)] — G2(—apaz + a), 0,

(—a)%ﬁ [—ao(—aag + a2) + aaz(—aap + a2)],0,...,0,a — apaz,0) ;

n—4

cT = (0, (—a) 2 [—ao(—aag + a2) + aaz(—aag + az)] — az(—apaz + a),0,

(—a)%ﬁ [—ao(—aag + a2) + aaz(—aap + a2)], ...,
1 — agap — a2(—aag + a2),0,a — apas);
CT, 1 = ((—a)*= [a@o(—aao + az)] — @ (—aoas + a),0,
(fa)%4 [—ap(—aap + a2)],0,...,0,1 — apao, 0.) and
CT\y = (0,(—a)™= [~@(—aap + as)] — @ (—aoaz + a),0,
(

—a)"T [~@(—aag + as)],. .., [~do(—aao + a2)],0, 1 — aodo).

As in the last case, here we split the columns Cy, Cy, Cp—1, Cp, Cpy1 and
ChioasCr =F1+G1+Hy, Co=F+Ge+Hsy, Chon =F, 1+Gp_1, C,, =
Fn + Gn, Cn-‘,—l = Fn-‘,—l + Gn-‘,—l and Cn_;,_g = Fn+2 + Gn+2, where

n—4

a
FT = (0, (—a) 2z [—aog(—aap + a2) + aaz(—aap + a2)], 0,

n—=6

—a) 7z [—ap(—aag + a2) + adz2(—aag + a2)],0...,a — apaz),
GT = (0, —@z(—agaz + a),0,0,...);
T = ((—a)™ [=@o(—aao + a2)], 0, (—a) "> [~@o(—aao + a2)], 0,
...,1 —aoao,O),

G£+1 = (=ap(—apaz + a),0,0,...,0) and

3
N

FI' = (1 — agao — @a(—aag + az),0,a — agds, 0, .. .,0),
GT = ((—a) % (—aag + as),0, (—a)nTJ(—aao +a2),0...,(—aap + az),0),
HT = (—a(—ap@y + a),0,0,...,0);
FF' = (0,1 = apdp — @a(—aag + as),0,a — apas, 0, . . . ,0),
G3 = (0,(~a)¥ (~aao + a2),0,(~a) " (~aap + a2),0,
(—a)nTJ(—aao +a2),0,...,(—aag + az2)),
HI = (0, —a(—agas + a),0,0,...,0);
FT = ((—a)%4 [—ao(—aag + a2) + aaz(—aap + a2)], 0,
(7(1,)%*6 [—ao(—aag + a2) + ag@z(—aap + a2)],0...,a — apas,0)
GL_| = (=@(—apaz + a),0,0,...);
(
(
(
(
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n—2 n—4
Fuiy = (0,(=a) = [~ao(—aag + a2)],0, (—a) "= [~@o(—aao + a2)},0,
n=6. _ —
(—a)™= [—ag(—aap + a2)],0,...,1 — agap),
GZ—}-Q - (07 760(70’062 + a’)a 07 Oa RS 0)
In this case, M,,+2 is a sum of 144 determinants out of which only 49, listed in
Table 4, are non-zero. Adding values of all these determinants we obtain that,
when n/2 is odd:
—T 1 =T
Mn+2 = |Bn+2 - An"l‘QBn-il-QAn-‘rQl
= Lpi2[16(1 — cos0)?] >0 for @ # 2mm, m € Z and
when n/2 is even:

Mo = Lyy2[16(1 4+ cos0)?] >0 for  # (2m + 1)wr, m € Z.

Now we settle the particular cases. First consider the case when k =n + 1 or
k=n+ 2 and n is even.

1. When 6 = 2m + 1)m, m € Z, and n/2 is also even. In this case the
polynomial p given in (6) reduces to:

1
2—5(2a+an—n)

p(z) = 2" 4 az" — % (24an—n)z
=+ +(a—1)z2"?—(a—1)2"""+ -+ (a—1)2°

— %(2a+an—n)]

(2% +1)q(2).

It suffices to show that zeros of ¢ lie inside or on |z| = 1. Since |3 (2a+an—n)| <
1, whenever a € ((n —2)/(n+2),1)\{n/(n+2)}, by applying Lemma 2.1 on
q, after comparing it with ¢, we get

0(2)
_ nq(z) — aoq*(z)
z
1
=(1-a)(1+ 5(2a+ an —mn))z {(1 + 5)2"72 — A 2 1}
1
=(1-a)(1+ 5(2& +an —n))zri(z),
where, 71 (2) = (1 4+ %)2z" "2 — 2" 42770 — o 4 22— 1.

The number of zeros of ¢; inside the unit circle is one less than the number
of zeros of ¢ inside the unit circle and so the number of zeros of r; inside the
unit circle is two less than the number of zeros of ¢ inside the unit circle. As
1 < 1+ n/2, therefore by applying Lemma 2.1 again on r; we get

q2(2) = Z%[(Q + 3)27174 =202 22 ] = am(2).
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The number of zeros of o inside the circle |z| = 1 is four less than the number
of zeros of ¢ inside the unit circle. Similarly using Lemma 2.1 on r5 we have,

q3(z) = z(1 + g)[(S + g)z"_6 A L L |
Continuing in this manner we derive that
(2)
— . {()\ N g} {(A+ g)zn72A 209D L (C)ML2 (71)/\}

=zra(2),A=2,3,...,(n/2-1).

The number of zeros of r) inside the unit circle is 2\ less than the number of
zeros of ¢ inside the unit circle and in particular, for A = (n/2 — 1),

Gnj2-1(2) = (n = 3){(n — 1)z — 1},

which has (n — 2) less number of zeros inside the unit circle than the number
of zeros of ¢ inside the unit circle. But the zeros of g,/_1 are £(n — 1)~1/2
which lie inside the unit circle |z| = 1. Consequently, all the zeros of ¢ lie inside
|z] = 1.

2. When 0 = 2mm, m € Z, and n/2 is odd. In this case the polynomial

p(z) = (z* + n(2),

where
n(z) = (2 +D)["+(a—1)2"2—(a—1)z""* 4+ —(a— 1)22+%(2a+an7n)].

Proceeding on the same lines as above we see that all the zeros of p lie inside
or on the circle |z| = 1.

Next we consider the case when kK = n+ 2, n is odd and 0 = (2m + 1)7/2,
m € Z.

(i) Ifn=4u+1,u=1,2,3,...; in this case p(z) = (z +4)((2) and ((z) =
2 — izt (a—1)2" 1t —i(a—1)z""2 = (a—1)2"+ -+ £(2a+an—n) +
1(2a+an —n).

(ii)) f n = 4u — 1, u = 2,3,4,...; in this case p(z) = (¢ — i)&(z), where
E2)=2" iz 4 (a—1)2" T 4i(a—1)2""2 - (a—1)2"3 —i(a—1)z""* +

4 i(2a+an —n) — 1(2a+ an —n).
Again proceeding as above we conclude that all the zeros of p lie inside or on
the circle |z| = 1.

Lastly, we take up the case when a = n/(n + 2). In this case

n+2,2i0 (n+2)2" +nz" "> +2¢ 7] 2,210 B(z)

w(z) ==z

2etzn 422+ (n+2) | B*(z)’

where 3(z) = (n + 2)2" +nz""2 + 2¢~%. To prove that |©(z)| < 1 in F, it
suffices to show that all the zeros of 3 lie inside or on |z| = 1. The repeated
application of Lemma 2.1 (as in the exceptional cases discussed above) allows
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us to conclude that this is in fact true. We skip the details for want of space.
This completes the proof. O

TABLE 1. Values of non-zero determinants in Case 3.

Determinant Value
‘FlEZ e anlEnFn+l‘ Ln+l (27l + 1)2]
|HiEy -+ Fo 1 EpFoya| | Lnsa[—a(2n+1)(2n — 1))
G1Ey- Fy 1EnGrit| | Lt %(Qn —1)(n+1)(2a+ an — n)]
G1Ey- - Gpo1EnFria| | Lt %(Qn —1)(n—1)(n —2—an)]

TABLE 2. Values of non-zero determinants in Case 4.

Determinant Value

when n/2 is odd when n/2 is even
|[FiEy - Fy_1EyFoqq| | Lnga 2n(2n +2)] Lyq1[2n(2n + 2)]
F\Ey--Fy 1E,Grii| | Lua[€7(2a + an — n)n?] Lyi1[—€7(2a + an — n)n?
F1By Gy 1EyFrsi| | Lnsa[e®(n —an —2)n(n + 2)] | Lyp1[—e?(n — an — 2)n(n + 2)]
Gr\Ey - Fy 1 EnFoa] | Luga[—e 7dn] Lys1le”"4n]
|G1Es - Gp1EnFpiq] | Lygiln(n — 2)(n — an — 2)] Lysi[n(n—2)(n —an — 2)]
|G1E;s - - Fuo1 B G| | Lusa[(2a + an — n)n?] Ly+1[(2a + an — n)n?]
[Hi By - Fr1EnFogal | Lnga *“(2”)2] Lypt1 *a(Q’”')z]

TABLE 3. Values of non-zero determinants in Case 5.

Determinant Value
[F1Fy - Fro1 FpFrs1 Frss| | Lnsa |20+ 1)(2n + 3)]
[FiFy - B 1 B G Gogal | Lnv2 [S i n%(n — 2a — an)?]
|V Fy - By 1GrGry1 Frgo| | Lypgo [—5 < Hn(n +2)(n —2a —an)(n — 2 — an)]
|V Fy - G FyFri1Grgo| | Lpgo [—5 n(n +2)(n —2a —an)(n — 2 — an)]
FiFy - Gy 1GuFui1 Futal | Luga [ (n +2)%(n — 2 — an)?]

4
4

PGy Foy 1 B P 1 Gogo L2 7%('” —2a — (lTl)(Q’VZ — 1)(7’1 + 3)]
FiGy - Fo 1GnFpp1Foga] [ Lug2 [5(n =2 —an)(2n—1)(n + 1)]
|[FiHy - Fy1 Fo o1 Fogo| | Loga[—a(2n —1)(2n + 3)]

G\Fy - Fy 1 FuGugi Fogal | Loy [—3(n—2a —an)(2n+ 1)(n + 1)]
G1F2 c G71—1F71E7.+1Fn+2 Ln+2 %(7 —2— [ln)(zn + 1)(7l — 1)]
GlGZ o 'F71—1F71E7,+1Fn+2 Ln+2 4672

GG+ Fy 1 FyGn1 Gl | Luia [

(n —2a —an)?(n? — 1)]
G1Ga - By 1 GG Frga| | Lo )
G1Ga - G 1 Fo o1 G| | Lo

(n—2a—an)(n —2 —an)(n —1)%
7(n—2a—an)(n—2 —an)(n—3)(n+1)]

G1Gy- - Guo1GpFyi1Frya| | Lpto i n—2—an)?(n—3)(n—1)]
G1Hy- - F 1 F,Gri1Frya| | Lnto éa(n —2a—an)(n—1)(2n + 1)]
G1Hy Gy 1FoyFos1Fpio| | Luy2[—3a(n —2 —an)(n — 3)(2n + 1)]
‘HlFQ c Ez,—lEz,F7L+1Fn+2‘ Ln+2 7(1(277/ + 1)2]

H\Gy- Fy 1 FFyy1Gpia| | Lnto %a(n —2a—an)(n+1)(2n —1)]
H\Gy - Fy 1GpFpi1Fogol | Lyga|— 2a(n —2—an)(n—1)2n—1)]
[HiHy  Fy 1 FyFy 1 Foga| | Lug2 [a2(2n + 1)(2n — 1)]
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TABLE 4. Values of non-zero determinants in Case 6.

Determinant Value
when n/2 is odd when n/2 is even
[FLFs - Fy 1 FoFpy1 Frygol L2 [(2n+2)7] L2 [(2n+2)?]
w w0
2 Iy 1 b 2|—%5(n—2a—an)n(2n + 2|5 (n—2a —an)n(2n +
|FiFy - F 1 Fo g1 Gl Lnio[—5( 2 )n(2 2)] Lo [ ( 2 )n(2 2)]
7
|F\Fy - Fy 1 F, G Frgol Ly 2[5 (n —2a — an)n(2n + 2)] L2 [S(n— 2a — an)n(2n + 2)]
1y By 1 FuGrii Gy nio [ (n — 2a — an)®n i [S0 (n — 2a — an)?n?
FLF; - Fa1 FaGuiiG Lot |5 (n—2 22 Ltz |5
|F\Fy - Fy Gy Fr1 Frgol L2 [%(’!’l*2*@”)(2’”‘#2)(”4»2)] L2 [*i"(n727tm)(2n+2)(n+2)]
|F1Fy - Fro_1GrGrg1 Frgol Lpto[-5-(n—=2a—an)(n =2 —an)(n+2)n] | Lny2 [~ (n—2a—an)(n—2—an)(n+2)n]
- =
[F1 Py - G 1 F ot Freo Lata [ (n =2~ an)(2n + 2)(n + 2)] Lt [=5-(n =2~ an)(2n +2)(n + 2)]
|F1Fy - Gu1 FrFr1 G| Lyt [-5—(n—2a—an)(n—2—an)(n+2)n] | Lny2 [~ (n—2a—an)(n -2 —an)(n+2)n]
e 3 , i 5 -
Pl G 1GrFug1 Fogol Ltz [S-(n— 2 —an)*(n + 2)°] Lnya [S(n — 2 —an)?(n + 2)7]
PGy F 1 Fp Py Frool Lot [—2e77(2n + 2)] L2 [2e77(2n + 2)]
Fi\Gy- - Fy 1 FFyi1Ghyo Lyt [—(n—2a—an)n(n +1)] Lyt [—(n—2a—an)n(n+1)]
FiGy- - Fyo 1 FnGra Fuyol L2 [(n —2a — an)n] Lotz [(n — 2a — an)n]
o o @ 5
|F1Gy - Fy 1 F G Grss| Lpyo [’T(n — 2a — an)*n?) Lo [7%(71 — 2a — an)*n?)
[F\Gy - Fuo1GnFoy1 Fuyol Lyia[(n—2—an)(n—2)(n+1)] Lyia[(n—2—an)(n—2)(n+1)]
w 7
|F1Gy - Fo o1 GG Fryss| Lyio[-5(n—2a—an)(n —2—an)(n —2)n] | Lyy2 [ (n — 2a — an)(n — 2 — an)(n — 2)n]
|F\Gs - Gy Fyy Frg 1 Frgo Lyi2[—(n—2—an)(n+2)] Lyy2[—(n—2—an)(n+2)]
7 W
|F1Gy- G 1 Fyy Fr 1 Grs| Ly2[—5(n—2a—an)(n—2—an)(n+2)n] | Ly [FT(Un —2a—an)(n — 2 —an)(n + 2)n|
F1G2 - Gp1GpFrog1 Fryol Lis2 S (n =2 — an)?(n — 2)(n + 2)] Liya -5 (n =2 — an)?(n — 2)(n + 2)]
FiHy - Fy 1 FyFo1 Fagol Lnto f4d7l(n +1)] Lyio [—4an(n+1)]
1Hy - Fo 1 FoGri1 Fuys w2 [€%a(n — 2a — an)n’ nt2 [—ePa(n — 2a — an)n’
FiHy - Fy 1 F,Gui F, L 0 2 2 L “ 2 2
Fy\Hy Gy 1 FyFyi Frypol Lo [—€Pa(n —2 — an)n(n + 2)] Lyi2[e%a(n — 2 — an)n(n + 2)]
G Py Py 1 FoFryr1 Frgal Toio =4 P (n+1)] Lnia e (n+ 1]
- Fy 1 FoFo1 Gyl Ly 42 [(n —2a — an)n] Ly 42 [(n —2a — an)n]
By 1 B Gapi Fugol Lni2[—(n—2a—an)n(n+1)] Lny2[—(n—2a—an)n(n+1)]

e 1‘%,—11‘¥an+1Gn+2\

Lyio [%(n — 2a — an)*n?]

Lo [—#(n — 2a — an)*n?

s P 1 G Fag1 Byl

Lyia[—(n—2—an)(n+2)]

Lypio[—(n—2—an)(n+2)]

B 1GGng Fgol

Lyio [—%(n —2a—an)(n—2—an)n(n+2)]

Lo [%(n —2a—an)(n — 2 —an)n(n + 2)]

Gt F Pyt By

Lps2[(n—2—an)(n—2)(n+1)]

Lpy2[(n—2—an)(n—2)(n+1)]

G By Fr1 Gyl

Lo [— "; (n—2a—an)(n—2—an)n(n —2)]

Ly [4-(n — 2a — an)(n — 2 — an)n(n — 2)]

Gn1 G P Fraol Lnsa [5-(n =2 — an)*(n +2)(n — 2)] Ly (n—2—an)*(n +2)(n - 2)]
1 B Fg1 ool Lz [4e 7 Lo [4e™%7

P 1 B PGl Lyi2]e 7 (n — 2a — an)n] Lnto [~ 7(n — 2a — an)n]

1 Fy G ol Lytole ™(n —2a— an)n| Lyto|—e (n—2a— an)n|

B 1 Fy G 1 Ggol

Lny2 [5(n — 2a — an)*n?]

Lny2 [ (n — 2a — an)*n?]

Fu 1 G B 1 Fosol

Lyi2[—e P(n—2—an)(n —2)]

Lniole ™ (n—2—an)(n — 2)]

B 1GnGogi Fogol

L2 [—1(n—2a—an)(n — 2 — an)n(n — 2)]

J 7%1(71 —2a—an)(n— 2 —an)n(n — 2)]

Gl 1“n,+1l“n+2\

Lyio[—e (n—2—an)(n —2)]

G 1 FnFuy1 Gyl

L2 [—1(n—2a—an)(n — 2 — an)n(n — 2)]

Lyi2[e (n—2—an)(n —2)]
)

Lnj2[-1(n—2a—an)(n — 2 — an)n(n — 2)]

G 1GnFoy1 Fogol

Lot2[3(n =2 —an)’(n — 2)7]

Lot2[3(n—2—an)(n —2)7]

B By By B

Lo [4e™an]

L2 [—4e Pan]

B 1 By G Pl

L2 la(n —2a — an)n?]

Ly, 42 [a(n — 2a — an)n?]

G FnFuyi Fugol

Ly 2 [—a(n —2 —an)n(n — 2)]

L2 [—a(n —2 —an)n(n — 2)]

e 1“7;—11‘%1“”“1“,&2\

L2 [—2an(2n + 2)]

L2 [—2an(n + 2)]

CFy P B Gyo

Lyi2[ePan?(n — 2a — an)]

Lnto [—ePan?(n — 2a — an)]

Fn 1 G Fng P

Lo [—ePan(n +2)(n — 2 — an)]

Lyi2 [e%an(n +2)(n — 2 — an)]

P B oo

Lo [4e™Pan]

L2 [—4e Pan]

< Fy 1 FyFo 1 Gro

L2 an*(n — 2a — an)]

L2 [an*(n — 2a — an)]

B 1 G Py Fol

Ly 2 [—an(n —2)(n — 2 — an)|

L2 [—an(n —2)(n — 2 — an)|

Py 1 FuFog1 Fogol

L2 [4a*n7]

Ly 12 [4a*n?]
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