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ON DISTANCE ESTIMATES AND ATOMIC
DECOMPOSITIONS IN SPACES OF ANALYTIC FUNCTIONS
ON STRICTLY PSEUDOCONVEX DOMAINS

MILOS ARSENOVIC AND RoMI F. SHAMOYAN

ABSTRACT. We prove some sharp extremal distance results for functions
in various spaces of analytic functions on bounded strictly pseudoconvex
domains with smooth boundary. Also, we obtain atomic decompositions
in multifunctional Bloch and weighted Bergman spaces of analytic func-
tions on strictly pseudoconvex domains with smooth boundary, which
extend known results in the classical case of a single function.

1. Introduction

Throughout this paper H(D) denotes the space of all holomorphic func-
tions on an open set D C C"™. We follow notation from [14]. Let D be
a bounded strictly pseudoconvex domain in C” with smooth boundary, let
d(z) = dist(z,0D). Then there is a neighborhood U of D and p € C*°(U) such
that D = {z € U : p(z) > 0}, |Vp(z)| > ¢ > 0for 2 € 9D, 0 < p(z) < 1
for z € D and —p is strictly plurisubharmonic in a neighborhood Uy of dD.
Note that d(z) < p(z), z € D. Then there is an 79 > 0 such that the domains
D, ={z € D : p(z) > r} are also smoothly bounded strictly pseudoconvex
domains for all 0 < r < rg. Let do, be the normalized surface measure on 9D,
and dV the Lebesgue measure on C". The following mixed norm spaces were
investigated in [14]. For 0 < p < 00,0<¢< 00,6 >0and k=0,1,2,... set

1
ro s q/pdr /a
Ty < / |D°‘f|pd0r> ) hcg<n
o<k 7O oD "
and

1/p
[fllp,0c.5:6 = sup Z (7”6/ |Daf|pd0r) .
oD,

0<r<rg \a|<k
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The corresponding spaces Al = AVI(D) = {f € H(D) : || f|lp.q.5:c < 00}
are complete quasi normed spaées, for }7, q > 1 they are Banach spaces. We
mostly deal with the case k = 0, then we write simply AY? and || f||,.q,5. We
also consider these spaces for p = oo and k = 0, the corresponding space is
denoted by A" = AJ°P(D) and consists of all f € H(D) such that

ro 1/p
1flloc,p.s = (/ (sup |f|)pT5p_1dT) < 0.
0 8D,

Also, for 6 > —1, the space Ag° = A% (D) consist of all f € H(D) such that
I£llag = sup | f(2)]p(2)° < o0,
zeD

and the weighted Bergman space A5 = A§(D) = AP, (D) consists of all f €
H(D) such that

1 lag = < / |f<z>|pp5<z>dv<z>)1/p o

The space of all f € H(D) such that sup.cp |Df(2)|p(z) = || fllg < +oo is
called Bloch space on D and denoted by B. Here Df = (0f/0z,...,0f/0z,).
This space is a Banach space, if one identifies functions which differ by a con-
stant.

The next section is a continuation of our previous work [18] and treats the
following problem: estimate disty (f, X), f € Y where (X,Y) is one of the
following pairs: (Ay?, Ay™) and (A3>", A3°). In both cases we give sharp
results. Techniques used to obtain our results were previously used to study
analogous problems for analytic Besov spaces in the unit ball and polydisc
(see [19], [20]). The literature on the extremal problems in spaces of analytic
functions is extensive, even in the case of the unit disk, a classical exposition
of these problems treated by duality methods developed by S. Havinson, W.
Rogosinski and H. Shapiro can be found in [7].

Now we recall some of the definitions and results from [14].

Definition 1. For e > 0, v € R, 0 < p < o0 and 0 < ¢ < oo mixed norm
double sequence spaces [D:7¢ are defined by: ¢ = (¢ j)ps j=o € (0P if

q/p /4

o0 o0
llellp.g,ve = Z Z|Cm,j|p emvalp

m=0 \j=0
with the usual modification if ¢ = co.

Clearly this definition applies also in the case where the range of indices is
m > 0,0 < j < jn. Note that these spaces depend on 3 parameters, namely
p, q and €”.
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Lemma 1 ([14]). Let dx be Koranyi pseudodistance in D, let Bk ((,¢€) be the
Koranyi ball centered at ¢ of radius € > 0. Then for each n >0 and 0 < e <1
there exist 0 < ng < m <n and a sequence {am.;}, m=0,1,...,57=0,...,Jm
of points in D such that:

Unm,j Br(am.j, md(am.j)) = D,
B (am,j,m0d(am,;)) N Br(am o, nod(ame j1)) # 0 if and only if
m = mlaj = j/ap(am,j) =™,

Let us call such a system of points in D an 79-n; lattice in D. These lattices
play an important role in investigation of spaces of analytic functions on D and
operators acting on them. As an example of such applications in the case of
the unit ball in C™ see [17]; we note that these results on Lusin’s area operator
acting on weighted Bergman spaces can be extended to the present context
using recent results from [1].

Theorem 1 ([14]). Let {am ;} be an no-m lattice in D, as in Lemma 1. Let
us set, for a double sequence ¢ = {cm i}, m >0, 0 <j < jn:

Ts(c) = Z ZchK"HJrs’S(am,j,z), z€D.

m=0 j=0

For s > 0/p this operator is continuous and onto from I} to ALI(D).

We refer reader to [14] for definition of kernels K"+ 15:5((, 2).

Clearly, the above theorem is a result on atomic decomposition of the spaces
ALH(D). It is a natural question to generalize this result to the multifunctional
setﬁting.

We define, for m € N, 0 < p1,...,pm < 00, a1, ...,Qy > —1 the weighted
multifunctional Bergman space MAs (D) = MAsa, p = (p1,--.,Pm), & =
(a1,...,qu,) as the space of all m-tuples (f1,..., fim) of holomorphic functions
in D such that

(Fiyeeos fm)pa = / L1 1£:(2)1P7 p(z) = DOFDFET 25 gy (2) < oo
D

In the third section we generalize Theorem 1, in the special case of weighted
Bergman spaces, to the case of multifunction spaces over strictly pseudoconvex
domains. For the case of the unit ball in C", see [11]. Moreover, we prove an
atomic decomposition theorem for multifunctional Bloch space M B(m) con-
sisting of all m-tuples (f1,..., fm) of functions analytic in D such that

(Fis-eos fn)MB(m) = sup IV(fi--- fm)(2)ld(2) log ™™ % < 00,

generalizing a classical result (m = 1) on atomic decomposition of Bloch func-
tions, see [5].
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We use common convention regarding constants: letter C' denotes a constant
which can change its value from one occurrence to the next one.

2. Distance estimates in AY?(D) and A§° (D) spaces

Our proofs are heavily based on the estimates from [3], where more general
situation was considered.

Since |f(z)|P is subharmonic (even plurisubharmonic) for a holomorphic f,
we have AP(D) C A (D) for 0 < p < o0, sp > n and t = s. Also, A?(D) C
AL(D) for 0 < p < 1 and A2(D) C A}(D) for p > 1 and t sufficiently large.
Therefore we have an integral representation

(1) f(2) = /D JOK (=) )dV(E), feAXD), =D,

where K (z,€) is a kernel of type t, that is a smooth function on D x D such
that | K (z,€)| < C|®(z,&)|~ 1+ where ®(z,£) is so called Henkin-Ramirez
function for D. Note that (1) holds for functions in any space X that embeds
into Al. We review some facts on ® and refer reader to [16] for details. This
function is C* in U x U, where U is a neighborhood of D, it is holomorphic
in z, and ®(¢,¢) = p(¢) for ¢ € U. Moreover, on D x D it vanishes only
on the diagonal (¢, (), ¢ € dD. Locally, it is up to a non vanishing smooth
multiplicative factor equal to the Levi polynomial of p. From now on we work
with a fixed Henkin-Ramirez function ®. We are going to use the following
results from [3] and [2].

Lemma 2. Assume K(z,&) is a kernel of type t, t > —1.
a) For 0 < r <1y we have

| IOl () < Clotc) +7)7 " ceD.
b) Assume o > 0 satisfies 0 —t —1 < 0. Then we have
[ IKGOl @av ) < (o) e D,

For part a) of the above lemma see Corollary 3.9. of [3], for part b) see [2].
We note that the same estimates are valid if K is replaced by K (z,¢) = K(C, ).

The estimates of such type for strictly pseudoconvex domains have a long
history, the basis for such results were constructive methods in several complex
variables, namely integral representation formulas developed by Henkin and
Ramirez around 1970. E. Ligocka obtained an important factorization theorem
for the weighted Bergman kernel, see [13], building on the previous work by
Kerzman and Stein, see [8]. Then, using results from [13], P. Ahern and R.
Schneider obtained estimate contained in Lemma 2, which is of vital importance
for our work. For further results in this directions see [2], [4] and recent papers

1], [6].
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Each of the embedding results we cite below poses the corresponding problem
of distance estimates, and in each of these cases we provide at least a partial
answer. In most cases we provide two-sided estimates.

Proposition 1 ([14]). If 0 < pp < p1 < 00, 0 < g < o0, 60,6, > 0 and

n+dy _ n4s, s >
S s ghen AZH(D) = AD(D),

As a special case of the above proposition we have the following result.

Lemma 3. If0<p <1 and a > —1, then
1
AR(D) s AY(D),  p="T1FC gy,
b
Equivalently:

n+

/Wﬂﬂwa 7Y () < C|F|| 4z, F € H(D).
D

Proposition 2 ([14]). If0 < p <00, 0 < q < q1 <00, d >0 and k =
0,1,2,..., then Ag;g” (D) — Ag;]? (D).

In particular, A(ls’p — Atls’oo. This result motivates the following problem:
Estimate the distance from a given function f € Aé’oo to A};’p . The solution

to this problem is given in the following two theorems. We set, for ¢ > 0 and
0> 0:

Lol = {rem)sr® [ iflao, =},

D,

Theorem 2. Let 1 <p<oo,d>0and f € A};’OO(D). Set
(2) s1(f) = dist g1, (£, A57),

(3) 52(f):inf{€>01/01XL€,5(f)(T)% <00}-

Then s1(f) =< s2(f).

Proof. Assume s3(f) < s1(f). Then there are € > ¢; > 0 and f; € Ay such
that ||f — fill1,p,6 < €1 and

ro dr
(4) /O XL.s()(r)— = +00.

r

Therefore we have

ﬁ/ uwmzﬁ/ WMFVM)M/ f = fildox
oD, oD, 0<R<rg ODgr

27“6/ |f|do, — €1
oD

o
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for every 0 < r < rog. Hence the following estimate from below

(5) 7“‘5/ |f1|daT2r6/ |fldo, — €1 > € — €.
D aD,.

r

holds for every r € L. s(f). However, this implies:

o dr ro P dr
(6*61)1’/ Xr.s(5) (1) — </ (7’5/ |fl|d0r) —
0 0 8D, r

= |IfIIF

which contradicts (4). Hence we proved s1(f) < sa(f).

Next we prove sa(f) < Cs1(f). Let us choose f € A(ls’oo and fix an € > 0
such that the integral appearing in (3) is finite. Since A(ls’oo < A}, we can use
integral representation (1) for function f:

2) = / FOK (200 Qx5 (0(O)AV Q)
D

\D,0 < 00,

4 /D FOKOp QN = xo (0 0NV Q)

= fi()+ D(2),

The proof will be completed once we show the following two estimates:
(6) [fillps < Cllf 100,65

(7) 1f2ll1,00,6 < Ce.

Since, by Proposition 2, we have ||fi|l1,p.5 < C|fill1,1,5 it suffices, in proving
estimate (6), to assume p = 1. Set L = L, 5(f). We have, using Lemma 2 and
Fubini’s theorem:

ihthas= ([ 1A ) 91y
—/0 (/E,D (/ () (C)XL(p(C))IdV(C)) dUT(z)) P~y
/ Ol ©xele / / K (2,0)|do (2)r* = drdV (¢)

<c /D FOIPOxe(p(0)) /D |K<z,<>|p6-1dv<z>dv<o

<c /D FO1(Ox(p(O)aV (©)

ro dr
< Ol flhces / o)

0 'S
S Oe||f||1,oo,6-
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Next we prove estimate (7). For 0 < r < r¢g we have, using Fubini’s theorem,
Lemma 2 and definition of the set L = L s:

o / F2(2)don(2)
<7 /BD / FOK (2 Ol O — xe(p(O)dV (¢)do (2)
=0 [ 1R Ol = xulole))] [ 1K Oldo ()av (0

r

<ar [ +p<<>>‘t‘1[1 ~xe(e(Nav(e)

/ /aDR'f +R)t+1 (1= x1(R)dor(Q)dR

< Cer® /TO LdR
S e

< Ck,
and the proof is complete. (I

The next theorem complements the previous one, it deals with the case
0<p<1.

Theorem 3. Let 0<p<1,6>0,t>5—1 andeA(ls’oo. Set
(8) 51(f) = dist 1. (f, ApP)

and

1 1 t_(sd p
(9) 52(f)inf{e>0:/0 </O XLé,é(f)(T)ﬁ> ppé—ldp<oo}.

Proof. We rely on the method used in [20] to prove an analogous result in the
one dimensional setting. Inequality $2(f) < 51(f) is proved by a standard
argument, as in the previous theorem. Let us prove the estimate §;(f) <
C35(f). We choose f € Ay and € > 0 such that the integral in (9) is finite.
Set L = L. s(f) and use the same decomposition f(z) = f1(z) + f2(z) as in the
proof of Theorem 2. Again we have to prove estimates (6) and (7).

We fix 0 < R < rg and obtain, for z € 0Dg:

h2) < C / TR /6 QUK G Oldoyar

r

Integration over dDpg yields, with help of Lemma 2 and Fubini’s theorem:

/ |fa(2)ldom(2)
ODgr
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<c /Oro[lm(r)]rt /6 Q[ 1K Qldon(z)dordr

" ¢ Lf (O]
< /0 [1—xr(r)]r /BDT derdT

0 Tt_6
< -
= 6/0 (R + )1
< CeR™°,

where we also used definition of the set L = L. 5(f). This proves estimate (7).
Finally we prove (6), again using Fubini’s theorem and Lemma 2:

111 .

= /O ret ( / |fl|d0r)pdr

<o f e </6D [ XD O 2. 0lav Q)i ) ar
<o [ wewr [ o) /a K. Qldo ()i, (QaR) dr
s [Tor ([Tamme s [ o) o

To To Rt—(S p So1
p —
< Cllf”l,oo,&/o (/0 XL(R)WCZR) P~ dr
A o

Proposition 3. If 0 < p < oo and § > 0, then AP — A°.

This is a well known result, a simple proof can be based on monotonicity of
Moo (f,r) = supgp,_|f| on 7 € (0,70).

Again, in order to formulate the corresponding distance result we need the
following notation:

Ee,é(f)={0<7“<7“027“62%1>|f|26}.

Theorem 4. Let 6 >0, 1 <p<oo and f € AF®. Set

(10) l1(f) = distag (f, A7)
and
. ro d
(11) lg(f):1nf{e>0:/0 Xie,a(f)(r)% <oo}.
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Proof. Let us assume [;(f) < l2(f). Then there are 0 < €; < ¢ and f; € A7
such that ||f — f1HA§o < ¢€; and

1
dr
(12) /O XL () = o
Next we obtain, using || f — fi[laz < €1 the following inequality:

P& =1 (2) = 1°1f (2) = fu(2)]| 2 7°|f(2)] =€, 2 €D
Hence, for 7 € L s(f) we have

r‘ssup|f1| > r‘ssup|f| —€1 > €— €1,
oD, oD,

or, equivalently,

r supyp, |1
Xisn() S ——
But this combined with (12) leads to a contradiction with f; € A3™": it suffices
to raise both sides of the above inequality to p-th power and integrate over
0 < r < ro with respect to the measure dr/r.

Next we prove lo(f) < ClLi(f). We fix f € A% and choose ¢ > 0 such

that the integral appearing in (11) is finite. Since A < A}, we can use
representation formula (1) as in the proof of Theorem 2

9= [ HOKEOA O, OV (Q
/ FOEEOMON = Xp, ) (pENIV Q)
= f1(2) + fa(2).
Again, it suffices to prove the following two estimates:
(13) [f2llag < Ce,
and
(14) [fillazer < C|[fllage.

Let us choose z € dD,, 0 < r < ry. Set L = I~,E75(f). Then we have, using
Fubini’s theorem and Lemma 2:

£ < [ 1FOKEOR O = xo(eNavV(©)
< 7] IHOKEORD - xp(mldra(c)ir

<e / R~ 5/ ¢)|dordR
ODgr

70 Rt~ é
—_d
), G

IN
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< Cer™?,

which proves estimate (13).

Due to embedding A;O’l — AP p > 1, in proving estimate (14) we can
assume that p = 1. Let us fix an 0 < R < r¢p and z € 0Dpg. Using Fubini’s
theorem and Lemma 2 we obtain:

A <C / / ONNE (=, Oldon (Or'x (R)dr

< Cllfllax / /6 (2 Qlda (O g (r)dr

" xg(r)dr
§C|f|Ag°/0 (RL‘FW.

Hence we proved that

sup [11(2)] < C’|f|A§c/0 ’ (XL(T)dr

z€0D R+T)6+1 .

Another application of Fubml’s theorem gives

|l < C||f||Aoo/ / 5+1R5 'R
0 dr
Sy A
0 T
and the proof is complete. ([

Let us add two one-sided estimates of distances, both of them follow easily
from sharp results on distances from [18] and embedding results from [14], in
particular Corollary 2.8. Let us set, for ¢ > 0 and s > —1:

0us = 00s(f) = {2 € D 1E)ple) = o).
Proposition 4. Let 0 <p<q<1, sq>mn, tg = S+Z+1 and f € A®(D). Set
— dista (f, AZP )

sq—n

and

wsz{oo: /D ( / |K<z,<>|pf—s<<>dv<o> p<z>sq-"—1<z>dV(z><oo},

where K is a Bergman kernel of type t, t > tg. Then we < Cw;.

Proposition 5. Let ¢ > 1, p < q < o0, s¢ > n and tg = max(s, ”Lq“) Set,
for f € AZ®(D):
wy = dist s (f, Ag;]p n)

and

wgmf{oo: /D ( /Q |K<z,op”<odv<o> p(z>sq“<z>dwz><oo},
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where K is a Bergman kernel of type t, t > tg. Then wo < Cw;.

We note that ALY, = ALY, see [14].
3. Atomic decompositions and embeddings in multifunctional
spaces

In this section we obtain embedding results for multifunctional spaces and, as
corollaries, atomic decomposition results for such spaces. We need the following
lemma which is contained in Corollary 3.5 from [3].

Lemma 4 ([3]). Let0<p<1l,s>-1,r>0andt=p(s+n+1)—(n+1).
Then we have

/D|f(§)||‘i)(z,E)Ird(E)st(Q ! < C/DIf(E)Ipl‘i)(z,§)|”7d(€)th(€)-

Clearly this lemma is also valid if |<i>|T is replaced by K, where K is a kernel
of type r > 0. Also, d can be replaced by p since d(&) =< p(&).

Theorem 5. Let p = (p,...,p) where 0 < p < o0, B; € R, aj > —1 and
fi € H(D) for 1 < j <m. Assume (f1,..., fm) € MAsa(D), 370, B; > —1
and the following representation holds:

1

(1) Al o) = C [ p@)F T ] 22V (o)

forall z; € D, 1 < j < m, where K; is a kernel of type n+:n—+ﬁj -—n-—1

1 < j <m, holomorphic in z € D. Set § = # Z;":l B;. We also assume that

7

min;B; > m(n+1+maxa;)/p—(n+1) for 0<p<I,
J

min;B; > m(n+1 +mjaxaj)/p+ B+n+1)/g—(n+1) for p>1,

where q is the exponent conjugate to p. Then we have the following estimate:
m

(16) [L150%, < CU-os fmpa
j=1

Proof. Let us assume 0 < p < 1. We apply Lemma 4 to an analytic function
f(z) = f1(2) - - fm(z) that appears in (15) and obtain:

[T G < C/ [T @Kz 20 p7 (2)dV (2),
k=1 D p=1
where 7 = p(8+mn+1) — (n+1). This estimate and Fubini’s theorem give

I1 [ P vz
k=1L
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= /D.../DH|fk(zk)|pHpak(zk)dV(zl)...dV(zm)

< C/ / / H | fe(2)[P| K5 (2, 20) [P 0" (2) [T o™ (z)aV (z1) - - - AV (zn)

k=1

— c/ H Fe(2)IPp" / / K (2, )P Hpak AV (1) -+ AV (5)dV (2).

Note that |Kg(z, zk)[? is a kernel of type W’Jri;fﬁ’“) —n — 1, therefore m-fold
application of Lemma 2 gives

H / [zl ™ (21)dV (i) / TT ()l pm s 0+ S ok ) (),

D=1

which is (16).
Now we consider the case 1 < p < co. We again have, using assumption
(15) and Fubini’s theorem:

H/ | fi(20)[Pp** (21)dV (2k)

k=1"D

= / / H|fk(2k)|pHpak(zk)dv(zl)"'dv(’z”)
D D g1 k=1

o1l /D ()P0 (2 AV ()

IN

< C/D---/Dlp(zl,...,zm)Hpo"“(zk)dV(zl)---dV(zm),

k=1

where

I(z1,. .. 2m /H|fk |H|Kkzzk|p() V(2), 21,...,%m € D.

k=1

Let us set Ay + ur = 1, 1 < k < m, where positive numbers Ay and pi will
be chosen later. Using Holder inequality we get:

m r/q
(a1, 2m) < ( /D [ iz <z,zk>|pﬂ<z>dv<z>>
| TP TLKE Gl Glavee)
D=1 k=1
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Applying again Holder inequality for m functions we obtain with help of Lemma
2:

/ H |K 3 (2, 25) | pP (2)dV (2) < ﬁ (/ KT (2, 500 (2)dV (= )>1/m

s +1+B n+ +8
n
H o (2).

Note that conditions n+1+5 < g (n+1+ﬁk), 1 < k < m, ensure applicability
of Lemma 2. Let us set

D (n—i—l-ﬁ-ﬁ
vp=—|—m—
m q

We combine the above estimates and use m times Lemma 2:

11 / i (z) P (2)dV ()

k=1"D

cf - o) [ T fe@P TTIEP (2200 (2)aV (2)
Joroe o It [T o LT e e

dV(z1)-+-dV (zm)

<c [ TTin@Pae ave),
D=1

where

| /\

—,uk(n—l—l—l—ﬁk)), k=1,...,m.

NE

0=05+ (ak+(n+1)+Vk_p)\k%+ﬁk)

k

Il
-

NE

B+

m
Do
k=1

as required. It is easily seen that all the applications of Lemma 2 can be
justified by a judicious choice of A\ and pug. (I

(an+ 2 (ZEEL2 — pp(n+ 1+ Bi) ) — pAEEEBE 44 1)

b
Il
—

It is natural question to ask if an analogue of the estimate (16) is valid for

general ]3 = (pla s 7pm)
Using Theorem 1 we immediately obtain the first part of the following corol-
lary.

Corollary 1. Assume, in addition to the assumptions of Theorem 5, that none
of the functions f; is identically zero and assume
nmax(p, 1) + maxay + 1

) .

b>
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Let Ky i, be the Bergman kernel of type b for AY, . Then there is a sequence a;
of points in D such that each of the functions fi admits atomic decomposition:

(17) fr(z) = ch-k)K@k(z,aj)a k=1,....,m.

Jj=1

Moreover, ||c®||;p < 1 fellaz, -
Conversely, if each of the functions f1,..., fm has representation as in (17),
then we have:

(fla---afm NeY H‘f]”ig]

Proof. We prove the second statement by induction on m. The m = 1 case
follows from [14], Theorem 4.1. Let us assume the statement is true for m — 1
functions. Using the following well known estimate:
_ntlta
[f() < Cllfllazd(z)""7—,  z€D,
valid for « > —1 and 0 < p < oo we obtain, using inductive hypothesis, the
following estimate:

(fro s fm)pa = / H fr(z 2)=DEHDEET a5 g7 ()
D k=1
< Csup |fm(Z)|pd(z)"+1+o‘m
zeD

H fr(z (m 2)(n+1)+3270 O‘JdV( )

k=1

J,

m—1
< Clfllyy, T 15l -
k=1

O

Note that the above corollary is a direct generalization of Theorem 1 to the
multifunctional weighted Bergman space case.

Now we turn to atomic decomposition of multifunctional Bloch space.
Lemma 6 below is, in the case D = B™ C C™ contained in [11] and, for strictly
pseudoconvex domains but without logarithmic factor, in [1].

Lemma 5. Leta>0,t>s>0 and A > 0. Then

A ) A A
/ /(7“ +x+ |y|) " %2 log® —dydx < COr*~ tlog r > 0.
o Jr

Proof. We integrate at first with respect to y € R and obtain

A A
I(A,a,t,s):/ /(7’+:c+|y| 125 Jog® —dyd:r
o JR
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A A
§C/ (r+x)" "1zt log® —dm
0

Lemma 6. Let K be a kernel of type t and let 0 < s < t. Set Dy = diam(D).
Then, for every k € N we have the following estimate:

, Dy C
18 / K(z,n)||d(n)® logt —=dV (n) <
18 [ 1K G log* o dv ) < g
Proof. We follow the method used to prove Theorem 2.7 from [1], which is
closely related to arguments from [6] and we refer the reader to these two
papers for more details. First, for every zg € 9D there is a neighborhood U of

2o and a complex coordinate system ¢ = (¢1,...,¢,) : U — C™ such that
(19)

—(n+1+t)
K (z,w)| <C (P(Z) + p(w) + |p1 (2 |+Z|¢k (w)] )

for all z,w € U. Using a standard compactness argument and smoothness of
the kernel K in both variables inside D, we can localize our problem near z,
i.e., it suffices to prove that

C . Do
@) [ IRl ogt Thavin) < T logt 22

Set U = ¢(U N D). We use the coordinate system ¢ = (¢1,...,¢,) in the
change of variables formula and (19) to obtain

/ K (2, m)||d(n)* log" =2V (n)
UnD

d(n)
—(n+1+1)
<C . (p(z)—i—p( + |p1(2) |+Z|¢k (n)] )
d(n)* logk%d\/( )

—n—1—t
D
<C/ < n) + |z — 771|+Z|Zk_77k| ) d(n)®log k—OdV( ),

k=2
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where p = po ¢~!. Using another change of variables, see [1], one estimates
the last integral by a constant multiple of

n —(n+1+4t) D
1= / p(z) + x4+ [yl + D wel” 2* logh =2 dws - - - dw, dady,
w k=2 r

where W = [0,dg] x R x C"~1. Using arguments from [1] and the previous
lemma one arrives at the desired estimate (18). O

Theorem 6. Let fi, € H(D), 1 < k < m, assume none of the functions f; is

identically zero in D and (f1,..., fm)MB(@m) < 00.

a) Assume there are constants 3; ; > 0 and kernels K; (¢, z) of type %JFB”
—n—1,1 < 4,5 < m such that for all i = 1,...,m we have an integral
representation:

Vi) [ £i(z)
i
(21) y m
1ymogo
=C; / V(f1-- fm)(2)p(z)m 2= P [ Kz, 2)av (2) |
D

j=1

where z; € D for j =1,...,m. Then we have f; € B(D) for each 1 < j <m.

b) Assume there are constants 3; ;> 0 and kernels K, (¢, z) of type MmTJrﬁ”

—n—1,1 < 4,57 < m such that for oll i = 1,...,m we have an integral
representation:
(22)

Vfilz) [T fizi) = Ci/ V(fi- fm)(2)p(2) 7 23500 T] Koz, 2)dV (),
i#i b i=1
where z; € D for j =1,...,m. Then we have f; € B(D) for each 1 < j <m.

We note that conditions (21) and (22) coincide for m = 1 and are satisfied
for any f € B. Indeed, if f € B(D), then Vf € A°(D) — Al(D) and we can
use the Bergman representation formula for Vf.

Proof. Let us prove that f; € B, under assumptions in a). Using (21) we
immediately obtain:

VAT 1)l

=2

< C(fur s )i ( /D log™"! %d(zr“mlm HlKl,j<zj,z>|dv<z>> .

J=1
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Using Holder inequality for m functions and the previous lemma we obtain:

1/m

Vf1<z1>f[2fj<zj> <o(f |K1,1<z,z1>|md<z>ﬁlvl-1dv<z>)Um

ﬁ</D e )d( )ﬁl’j1|K11j(z,zj)lmdv(z)>l/m

—1/m —1/m D
< Cd(z)~Y H d(z;)" Y™ log d(;)’
j=2 J

and this clearly gives |V fi(w)| < Cd(w)™!, and therefore f; € B. Similarly
one proves f; € B for all j > 2.

Next, let us prove f; € B assuming (22). Now we have, using Fubini’s
theorem:

VA GO Gl

=2

m—1 Do

<C </ |K1,1(2a21)|md(z)51‘11dV(Z)>1/m

H</ g Do a0V )

H zjlogd =)’

d(z) = P T 1Ky (25, 2)|dV(2)
j=1

and this, as in part a), suffices. ([l

Atomic decomposition of B(D) was obtained in [5]. The first part of the
following corollary generalizes this result to the multifunctional Bloch space on
D and, moreover, follows immediately from it, in view of the above embedding
theorem.

Corollary 2. Assume, in addition to the assumptions of the above theorem,
that b > n and that {a; ;} is an no-m lattice in D. Then for everyk =1,...,m
there is a bounded double sequence {cfj} such that

b

(23) fk(Z)ZZCfM, zeD, 1<k<m,
v ’JKaﬁj,z) - =
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where K is a kernel of type b —n — 1. Conversely, if fi € H(D), 1 < k <m,
and every fi admits representation as in (23), with a bounded double sequence

{Cﬁj}7 then (fla" afm)MB(m) < 0.

Proof. Let us prove the second statement. We have f € Bforallk=1,...,m
and therefore we have the following growth estimate:

|fr(2)] < C| fillslog d(z)~"
for 0 < d(z) < 1. Hence

_ 1om 1
(f1,---, fm)MB(m) = Sgg IV(f1-.. fm)(2)]d(2)log d(z)
- 1
< Csup > |Vfil(2) [T 1£i(z)[1og" ™ T
S = ik (2)
<C T 15
k=1 O
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