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THE SEPARABLE WEAK BOUNDED
APPROXIMATION PROPERTY

KEUN YouNG LEE

ABSTRACT. In this paper we introduce and study the separable weak
bounded approximation properties which is strictly stronger than the ap-
proximation property and but weaker than the bounded approximation
property. It provides new sufficient conditions for the metric approxima-
tion property for a dual Banach space.

1. Introduction

Let X and Y be Banach spaces. We denote by B(X,Y") the space of bounded
linear operators from X into Y, and by F(X,Y), K(X,Y), W(X,Y), and
Bs(X,Y) its subspaces of finite rank operators, compact operators, weakly
compact operators, and separable-valued bounded linear operators.

Recall that a Banach space X is said to have the approzimation property
(AP) if there exists a net (S,) C F(X,Y) such that S, — Ix uniformly on
compact subsets of X. If (S,) can be chosen with sup, |[Sa| < 1, then X is
said to have the metric approzimation property (MAP). The following is a long
standing open problem [1].

The Metric Approximation Problem. Does the approrimation property
of the dual space X* of a Banach space X imply the metric approximation
property of X*?

Thanks to Grothendieck, he provides an affirmative answer to the above
problem in the case that X* is separable. Many people in this field have
consider the problem, but not much progress has been obtained (see [3, 8, 9,
12]). The following theorem is the most far-reaching result on this problem.

Theorem 1 ([13, Theorem 5.50]). Let X be a Banach space such that X* or
X** has the Radon-Nikodym property. If X* has the approzimation property,
then X* has the metric approximation property.
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We can have the following natural question from Theorem 1.

Question. What are other non-trivial sufficient conditions which guarantee
the metric approximation property for a dual Banach space X*?

Our aim in this paper is to provide answers to the above question. To do
this, we introduce the separable weak metric approrimation property and study
first a more general concept so called the separable weak A-bounded approxima-
tion property. The separable weak metric approximation property is strictly
stronger than the AP and weaker than the MAP. We need the weak Radon-
Nikodym property. Recall that the weak Radon-Nikodym property is a strictly
weaker property than the Radon-Nikodym property (see [10]).

Our paper is organized as follows. In Section 2, we fix notations and in-
troduce basic facts. In Section 3, we study the separable weak A-bounded
approximation property. Then we provide characterizations of the separable
weak A-bounded approximation property and several properties about this. In
Section 4, we give answers to Question.

2. Preliminaries

A Banach X is said to have the Radon-Nikodjm property if for each finite
measure space (2,2, u) and each p-continuous X-valued countably additive
vector measure F' : ¥ — X of bounded variation, there exists a Bochner
integrable function f : © — X such that F(E) = [, fdu for all E € ¥ (see
[13]). A Banach space X is said to have the weak Radon-Nikodym property
if for each finite complete measure space (2, %, ;1) and each u-continuous X-
valued countably additive vector measure F' : ¥ — X of bounded variation,
there exists a Pettis integrable function f : Q@ — X such that F(FE) = (P)-
J fdu for all E € X (see [11]). Clearly if X has the Radon-Nikodym property,
then X has the weak Radon-Nikodym property but the converse is not true.
For example, JT* has the weak Radon-Nikodym property but does not have
Radon-Nikodym property where JT is the James tree space (see [10]).

Let us fix some notations. We denote by By« (X*,Y™) (By«w(X*,Y)) its
subspace of weak* to weak*(weak) continuous operators. Similarly, we define
Ko (X*,Y*) (K (X*,Y)) and Fp (X*,Y*). Furthermore, we denote by
B(X,Y; ) the space of bounded linear operators T from X to Y satisfying
|T|| < A. Similarly, we define K(X,Y; ) and F(X,Y;\). We denote S, — T
in B(X,Y) by S, — T uniformly on compact subsets of X.

3. The separable weak bounded approximation property

Let X be a Banach space and let 1 < A < co. Let us recall that X is said
to have the A-bounded approximation property (A-BAP) if there exists a net
(S4) C F(X, X) such that sup, |[Sa| < A and S, — Ix.

Definition 3.1. A Banach space X is said to have the separable weak A-
bounded approximation property (s-weak \-BAP) if for every separable Banach
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space Y and T € B(Y, X; 1),
Ix e{SeF(X,X): |[ST[< A} .

If A = 1, then we say that X has the separable weak metric approximation
property. Also we say that X has the separable weak bounded approximation
property (s-weak-BAP) if X has the s-weak A\-BAP for some A.

Let us start with following simple observations. Given two properties Pj
and P», P > P, means that P; is stronger than Ps.

Proposition 3.2. We have A-BAP > s-weak \-BAP. Furthermore, we obtain
that s-weak BAP is strictly stronger than AP.

Proof. First we show that A-BAP > s-weak A\-BAP. Suppose that X has the
A-BAP. Let Y be a separable Banach space and T € B(Y, X;1). Then there
exists anet (S,) C F(X, X;\) such that S, — Iy. Then we have [|[S,T|| < A,
hence X has the s-weak \-BAP.

For s-weak BAP > AP, it is clear. Finally, let X be the Figiel and Johnson
space (see [4]). Then X is a separable Banach space and has the AP, but it
does not have the BAP. Hence we have

Ix ¢ F(X,X;\)
for all A > 1. Since X is separable, X does not have the s-weak BAP. (I

Remark 3.3. We do not know whether the s-weak BAP and the BAP are
different properties. We conjecture that they are.

We now are going to investigate the characterization of the s-weak \-BAP. To
obtain this characterization, we need following lemmas. Recall that X is the
Davis-Figiel-Johnson-Pelczynski construction where K is a closed absolutely
convex subset of Bx (see [8]).

Lemma 3.4. Suppose that (V,7) is a locally convex space and x € V. If C is
a balanced convex subset of V', then x € c’ if and only if for every f € (V,7)*

|f(x)] < sup|f(y)]-
yeC

Proof. By continuity the “only if” part is clear. To show the “if” part, suppose
to the contrary that z ¢ C". Then, by the separation theorem, there exist
f e (V,r)* and t € R such that Ref(x) >t > Ref(y) for all y € C. Since C is
balanced,

|f(x)] >t > supRef(y) = sup |f(y)].
yel yeC

This completes the proof. (I

Lemma 3.5. Let K be a closed absolutely convex subset of Bx and Z be Xk .
Then for every Banach space Y

F(ZY)c{8T:S€ FX, V),
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where J : Z — X is the identity embedding.

Proof. Let T = >} _, ¢r()yxr € F(Z,Y) and € > 0. We may assume that
Souey llyell = 1. Since J** : Z** — X** is injective, we have J*(X*) = Z*.
Then there exist z7,...,2; € X* so that

llox = I (@p)] < e
for k=1,...,n. Consider S =", z;(-)yx € F(X,Y). Then we obtain

17531 = | S rme— S eid O = | S erCm— 3 Faiom <
k=1 k=1 k=1

k=1

Hence T € {SJ: S € F(X,Y)}. O

Lemma 3.6 ([8, Theorem 2.2]). If T : Y — X is separably valued, then there
erists a separable Banach space Z = Xg, R:Y — Z, and J : Z — X so that
T =JR, Ry =Ty for every y € Y, J is the inclusion map, and ||T| = ||R|,
7]l =1 where K is T(By(0,1/||T]])).

Theorem 3.7. Let X be a Banach space and let 1 < A\ < oo. The following
are equivalent.
(a) X has the s-weak \-BAP.
(b) For every separable Banach space Y, we have
B(Y,X;1) C FY,X; N .
(¢c) For every Banach space Y and T € Bs(Y, X;1), we have

Te{ST:ScF(X,X):|[[ST| <)} .
(d) For every Banach space Y and T € Bs(Y, X;1), we have

Ix e {Se F(X,X): ST <A} .

Proof. (a)=(b) and (d)=-(a) are clear.

(b)=(c) Let Y be a Banach space and let T' € Bg(Y, X;1). By Lemma 3.6,
there exist a separable Banach space Z, R:Y — Z, and J : Z — X such that
T = JR, Ry = Ty for every y € Y, J is the inclusion mapping, ||T|| = ||R],
and ||J]| = 1. By the assumption, we have

JeF(Z,X;N) .

By Lemma 3.5, we have

F(Z.X:\) C{ST: S € F(Z,X); ST < AL,

hence we obtain

JEF(Z, XN ={ST:5€ F(X,X)[[SI[ <.
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Then there exists a net (S,) in F(X,X) such that sup, ||SoJ|| < A and
SaJ — J. For every compact K C Y

sup ||SaTy — Ty|| = sup ||SaJ Ry — JRy|| — 0.
yeK yeK

Further, for every a

15T = sup [[Sa Ryl < [[Sa || sup [[Ry|l < A[IR]| = AT < A.
yeK yEBy

Hence we have

T e{ST:S e F(X,X),[ST[[< A} .

(¢)=(d) Let Y be a Banach space and T be in Bg(Y, X;1). Let (z,) and
(z) be sequences in X and X*, respectively, so that > > | [lzk|/||z,| < oc.
We may assume that for every n ||z,| <1, z, = 0and Y, ||z} || < co. Now
let

K = abconv{(z,)>, UT(By)}.

Since K is a separable subset of X, by the factorization lemma [8], there exists
a Banach space Z such that the identity embedding J € Bs(Z, X), ||J|| < 1,
and K C J(Bz). By the assumption (c), we have

(3.1) Je{SJ:SeF(X,X),||[ST]| <A cB(ZX).
Since ), z} (-)x, € (B(Z,X),7)*, by (3.1) and Lemma 3.4, we obtain

n=1 n=1
< sup{ foL(SJ:cn)

= sup{ in(Smn)
< sup{ 295;(59%)

:S € F(X,X), IS8T < A}

LS € F(X,X), 18] < )\}

.S € F(X,X),||ST| < )\}

because ||ST|| < ||SJ||. Since {ST : S € F(X,X),||ST| < A} is a balanced
convex subset of B(Z, X), Lemma 3.4 implies

Ix e{SeF(X,X): |[ST[< A} .

Using Theorem 3.7, we have the following corollary.

Corollary 3.8. Let X be a Banach space and let 1 < X\ < oo. The following
are equivalent.
(a) X has the s-weak A\-BAP.
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(b) For every Banach space Y, for every operator T € Bs(Y, X) with ||T| =
1, and for all sequence (z) C X, and (yn) C Y with > >~ ||} |||lyn]l < oo,
one has the inequality

[>T ()
n=1

Proof. (a)=(b) Let Y be a Banach space and T be in Bg(Y, X) with |T|| = 1.
Take (z7) C X*, and (y,,) C Y with Y07 [|2}||[|lyn]| < co and let e > 0. We
choose N € Nsuch that > _ v [lz;|/lynl < €. By the assumption and Theorem
3.7, we can choose S € F(X,X) such that ||[ST|| < X and |z}|||[ST (yn) —
T(yn)|| <e/N foralln=1,2,...,N. We obtain

’Zz T(yn) <’Zz ST (yn)

<| S0 w5T ()
n=1

<A ‘Zw ST (yn)|-

||ST||<1 SE]—' X,X)

+ > 23 llyal

n>N

JF}Z:L' S(yn) — 5T (yn)

+ 2¢.

Hence we have

‘ZzTyn ’ZxSTyn

=A ‘Zx ST (yn)|-

||ST||<1 Se]—‘(X X)

(b)=(a) Let Y be a Banach space and T be in Bg(Y, X) with ||T'|| = 1. By
Theorem 3.7, we are enough to show

T e{ST:5€e F(X,X),[[ST[< A} .

Take (23) C X*, and (ya) C ¥ with 7, [l ||yl < o0. By the assumption
(b), we have

||ST||<A Se]—‘(X X)

xr T(y ‘ ‘ ST (yn)
‘Z |ST||</\ SE]—'XX Z

Since Y, zh()yn € (B(Y,X),7)* and {ST : S € F(X,X),||ST|| < A} is a
balanced convex subset of B(Y, X), by Lemma 3.4, we obtain

T e{ST:S e F(X,X),[ST[[< A} .
This completes the proof. (I

Let us consider the trace mapping V from the projective tensor product
X*®,Y to F(Y, X)* defined by

V(u)(T) = trace(Tu), u € X*®,Y, T € F(Y,X).
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This means that if u ="} @y, with > [|a}|/||yn]| < oo, then
(Vu)(T) =Y a3 (T (yn)-

It is well known that
IVull < ullz,u € X*@Y.

Applying the trace mapping, Grothendieck [5] proved that a Banach space
X* has the A-BAP if and only if, for every Banach space Y, the trace mapping
Vi X*®,Y — F(Y,X)* satisfies ||u|» < A|Vul| for all u € X*®,Y. On the
other hand, Lima and Oja [9] showed that a Banach space X* has the AP if
and only if, for every separable reflexive Banach space Y, the trace mapping
Vi X*®,Y — F(Y,X)* satisfies |lullx < A|Vul| for all u € X*®,Y. The
following theorem provides some relation between the s-weak \-BAP and the
trace mapping.

Theorem 3.9. Suppose that for every separable Banach space Y, the trace
mapping V : X*@,Y — F(Y, X)* satisfies |[ull« < M|Vul|| for allu € X*®,Y.
Then X has the s-weak \-BAP.

Proof. We are enough to verify condition (b) of Corollary 3.8. Let Y be a
Banach space and T be in Bg(Y,X) with |T|| = 1. Take (z}) C X*, and
(yn) C Y with 307, ||z} ||[lyn]| < co. We may assume that ||y,|| =1, n € N.
Let K = T'(By). By Lemma 3.6, there exists a separable Banach space Z = X
so that J : Z — X is the inclusion mapping and K C J(Byz). Let z, € Bz be
such that T'(y,) = J(z,),n € N. Put

u:ZzZ@zn e X*®. 2.

n

Consider the trace mapping V : X*®,Z — F(Z, X)*. Since Z is separable, by
the assumption, we have |ju||, < A|Vul|. By Lemma 3.5, we obtain that

F(Z,X;1)c{SJ:Se F(X,X),[|ST| <1}
Note that ||ST|| < ||SJ]| for all S € F(X, X) because T'(By) C J(Bz). Then

we have

1> @nTya)l = 1) 23J (20)| = [trace(Ju)|

< [l
< lullx

<AV(u)|| =X sup |trace(Su)
SeF(Z,X;1)

<A sup [trace(SJu)|
[SJlI<1,SEF(X,X)

<A s S
IST|<1,SeF(X,X) ,,—1
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=) sup 1> ST (y)|

IST|I<1,5€F(X,X) 1
< AV (). O

Corollary 3.10. Suppose that for every separable Banach space Y, the trace
mapping V : X*®,Y — F(Y,X)* is isometric. Then X has the s-weak MAP.

Also we have the following proposition.

Proposition 3.11. Let Z be an 1-complemented subspace of X. If X has the
s-weak \-BAP, then Z has the s-weak A\-BAP.

Proof. Let Y be a separable Banach space and jz be the inclusion mapping
from Z into X and P be the norm 1-projection from X into Z and T be in
B(Y,Z). By the assumption, there exists a net (T,) C F(X,X) such that
sup,, |TajzT|| < X and T, — Ix. Put S, = PT,jz. Then a net (S,) is in
F(Z,Z) and we obtain

1SaT|| = [[PTajzT|| < | TajzT| < A

for all . Finally we are enough to show that S, — I. Let K be a compact
subset of Z and & > 0. Then there exists 3 such that sup,c [[Tajz(y) —
Jjz(W)|l < & whenever a = 8. Let a = B. Since Pjz(y) =y for all y € Z, we
obtain

sup [1Sa(y) — yll = sup |PTojz(y) — Piz(y)|l < sup [|Tajz(y) —jz(y)|l <e.
yeK yeK yeK

This means that S, — Iz. So we have
I €e{SEF(Z,Z): |[ST[< A},
hence Z has the s-weak A-BAP. O

Recall that X* is an 1-complemented subspace of X***. Thus we have the
following corollary.

Corollary 3.12. If X*** has the s-weak A\-BAP, then X* has the s-weak \-
BAP.

It is useful to extend the notion of the s-weak \-BAP with conjugate oper-
ators as follows.

Definition 3.13. A dual space X* of a Banach space X has the s-weak A-
BAP with conjugate operators if for every separable Banach space Y and T €
Bs(Y, X*;1),

Ix- €{S*: 8 € F(X,X),[[ST| < A},
that is,

Ix- € {S€ Fpr (X5, X*) : |[ST| < N} .
If A =1, then we say that X™* has the separable weak metric approximation
property with conjugate operators.
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Lemma 3.14 ([2]). For every Banach space X,
-
F(X*, X") C Fur(X*,X7) .

Furthermore, for each X\ > 0,

F(X* X5 N) C For (X5, X550
Using the above lemma, we obtain the following relation.

Proposition 3.15. We have A\-BAP > s-weak A-BAP with conjugate operators
> s-weak \-BAP > AP in dual Banach space.

Proof. For s-weak A-BAP with conjugate operators > s-weak \-BAP, it is clear.
We show that A-BAP > s-weak \-BAP with conjugate operators. Suppose that
X* has the A-BAP. Let Y be a separable Banach space and T € B(Y, X*; 1).
By the assumption and Lemma 3.14, we have

Ix~ E]:w*(X*,X*;)\)

Since ||T|| < 1, we obtain

Ix- € {S€ Fpr (X5, X*) : |[ST| < N} . 0

Also we provide the following corollary which is similar to Corollary 3.8.

Corollary 3.16. Let X be a Banach space and let 1 < X\ < oo. The following
are equivalent.

(a) X* has the s-weak A-BAP with conjugate operators.

(b) For every Banach space Y and T € Bs(Y,X*;1),

T €{ST:S€ Fup-(X*, X*), ST < \} .

(¢) For every Banach space Y, for every operator T € Bs(Y, X*) with ||T|| =
1, and for all sequence (") C X, and (y,) CY with >~ [|[25*||||lyn|| < oo,
one has the inequality

1D @ T (ya)l < A sup | > @ ST (ya)l-
n=1

ISTII<1,S€Fu« (X*,X*) 5

Proof. (a)<(b) Since Fy«(X*, X*) is a balanced convex subset of B(X*, X*),
by the proof of Theorem 3.7((c)=-(d)), it is clear.
(b)<(c) It comes from the proof of Corollary 3.8. O

Remark 3.17. We do not know whether the s-weak A-BAP with conjugate
operators, the s-weak A-BAP and the AP are different properties in dual Banach
spaces. We conjecture that they are. However, if X* has the Radon-Nikodym
property, then these properties are same.
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Let us consider a Banach space Y and take T € Bg(Y,X*). We define
Fr(Y,X*) by
FrV, X*)={S"T:Se F(X,X)}.
Clearly, Fp(Y,X™*) is a subspace of F(Y,X™*). Then we consider the trace
mapping V from X**®,Y to Fr(Y, X*)*, defined by

V(u)(S*T) = trace(S*Tu), u € X*®,Y, S*T € Fr(Y, X*).
This means that if u = )", =" @y, with > |lz5*||[|yn| < oo, then

(Vu)(S*T) = Y a7 (ST (yn))-

We observe that ||[Vu|| < |Jul| for all u € X**®,Y. Also we define Wy from
X*&.Y to B(X,X)* by

Wr(w)(R) =« (BT (ya)),

whenever u =Y 7" @ y, with >°  [|z*||||yn| < co and R € B(X, X).
The following theorem provides relations between s-weak A-BAP with con-
jugate operators and the trace mapping.

Theorem 3.18. Let X be a Banach space and let 1 < \ < o0.
(a) For every Banach space Y and T € Bg(Y, X*;1), the trace mapping

VX0, Y — Fr(Y,X)*
satisfies ||ullx < M|Vul| for all u € X*®,Y.

(b) X* has ‘the s-weak A\-BAP with conjugate operators.
(c) For every Banach space Y and T € Bg(Y, X*;1), there exists an one-to-

one operator
o Fr(Y, X)* — B(X, X)*
such that |®]] < A\, ®(f)(R) = f(R*T) for all f € Fr(Y,X)* and all R €
F(X,X), and ® oV = Wy, where V : X**®,Y — Fr(Y,X)* is the trace
mapping.
Then we have (a)=(b)=(c).

Proof. (a)=(b) The proof is similar to the proof of Theorem 3.9. We are
enough to verify condition (c) of Corollary 3.16. Let Y be a Banach space
and T be in Bg(Y, X*) with |T| = 1. Take (zX*) € X**, and (y,) C Y
with Y07 |25 [lyn]| < co. We may assume that |ly,| = 1, n € N. Let
K =T(By). As in the proof of Theorem 3.9, there exists a separable Banach
space Z = X so that J : Z — X is the inclusion map and K C J(Byz). Let
zn € Bz be such that T(y,) = J(z,),n € N. Put

u = Zz:;* ®zn € X*Q,Z.

n
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Consider the trace mapping V : X**®,.Z — F;(Z,X)*. Then we have |jul|, <
A|Vul|. Note that

Fi(Z,X*1)={S"J:S € F(X,X),||S*J|| <1}.

Then we have
1> @ T(ya)l =1 a5 J(20)] = |trace(Ju)
n=1 n=1

< MMullx < flulle < AV ()]

=) sup [trace(S* Ju)|
5*JEF(2,X*;1)

<h s > ar stz

IS*T|<1,5€F(X,X) =%

= sup |Z$**S* (n)]

IS*TI<1,5€F(X,X) 7]

(b)=(c) Let Y be a Banach space and T be in Bg(Y, X*;1). Let us take
a net (S,) C F(X,X) such that S¥ 5 Ix« and ||S*T| < 1. Since (S:T) C
Br,(v,x+)+, which is weak™ compact, after passing to a subnet, we may assume
that lim,, f(SAT) exists for all f € Fr(Y, X*)* (see [6]). For each R € B(X, X)
and f € Fr(Y,X*)*, we define fr: Fr(Y,X*) = F by fr(S*T) = f(R*S*T).
It is well defined because SR € F(X, X) for all S € F(X, X). Also, it is easy to
check that fr € Fr(Y, X*)*. Then we can define ® : Fr(Y, X*)* — B(X, X)*
by

(@)(R) = lim fr(S3T) = lim £ (R*S:T)

for each R € B(X,X) and f € Fr(Y,X*)* because lim,, f(S:T) exists for
every f € Fr(Y,X*)*. Since ||SET|| < A for all o, we obtain || @[ < A.

Now we claim that ®(f)(R) = f(R*T) for all f € Fp(Y,X*)* and all R €
F(X,X). Let f bein Fp(Y,X*)*, Rin F(X,X) and € > 0. Since R is a finite
rank operator, R is represented by R = Y ;_, z}(-)zx where (z;) C X and
(z3) C X*. We may assume that >, ||zx]| = 1. Since S — Ix-, there
exists 8 such that if o »= 3, then

I3 () —ail < e
forall k =1,2,...,n. Let us fix @ > 8. Then we have

[R*SST — R°T|| < |[R*S, — R¥||

n
sup IIZS* i)z (xx) = ) aia” (x|
k=1

T*EBx*

n
< D ISalad) = zillllarl < e
k=1
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This completes our claim. Furthermore, we observe that ® is an one-to-one
operator.

Finally, we show that ® o V = Wr, where V : X**®,Y — Fr(Y, X)* is the
trace mapping. Let u = z** ® y € X**®,Y and R € B(X, X). Then we have

®(Vu)(R) = lim(z™* @ y)(R*S;T)
= lim 2™ (R*S.T(y))
=" (R"T(y)) = Wr(u)(R). O

Remark 3.19. We do not know whether (a), (b) and (c¢) in Theorem 3.18 are
equivalent. We conjecture that they are.

4. Answers to Question

In this section, we give answers to Question as mentioned in Introduction.
For this work, we need the following representation of the dual space of a
compact operator space.

Theorem 4.1 ([7, Theorem 3.5]). Let X and Y be Banach spaces such that
X** orY* has the weak Radon-Nikodjm property. Then, for all ¢ € K(X,Y)*,
there exist a sequence (((x})**);n)oL, in X** and a sequence (((y]")*)it)oe
m Y™ such that

¢, fnlggoz (T ("))
for ol T € K(X,Y), and

hmsulel )™ < Mol

Theorem 4.2 ([7, Corollary 4.4]). Suppose that X* or Y* has the weak Radon-
Nikodjym property. Then, for all ¢ € Kyww(X*,Y)*, there exist a sequence
(((@P)*)im)ee, in X* and a sequence (((y))*)in)oe, in Y™ and

7 n=1 n=1

¢, fnlggozyl i)")

for all T € Ky»(X*,Y), and

hmsupZH @) < llell-

The following theorem provides one sufficient condition which guarantees
the metric approximation property for a dual Banach space as mentioned. We
modify the proof in [12, p. 326].

Theorem 4.3. Let X be a Banach space and let 1 < X\ < oo. Suppose that
X** has the weak Radon-Nikodjym property. If X* has the s-weak \-BAP, then
X* has the \-BAP.
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Proof. Let Ix« be the identity operator and K be a compact subset of X and
let € > 0. Consider the seminorm

p(A) =sup{||Az*| : 2" € K}, Ae B(X",X")
and put

C={5:5eF(X*X"), p(§—1Ix-)<e/2}.
Since X* has the AP, C' is a nonempty convex subset of F(X*, X*). Let us fix
0 > 0 such that

h\ j_ 5(5/2 +p(Ix)) < e/2.

Then we are enough to show that C' N (X + &) Br(x+ x+) # 0. Suppose to the
contrary that

CN(1+98)Brx»x~ =0
By the separation theorem, there exists ¢ € F(X*, X*)* such that [|¢]] = 1
and

A+ 6 = sup{Re¢(A) : [|A]| < A+ d} < inf{Reg(A) : A € C}.

By Theorem 5.1 and the Hahn-Banach theorem, there exist a sequence

(7)) )n
in X* and a sequence (((«")**)7)o%,in X** such that

(6.7) = lim > (@)™ (T((F))

for all T € F(X*, X*) and

limsup Y || (@) (|| (=) || < [|¢]l-
=1

Denote by C the closed absolutely convex hull in X* of the separable set
{((@%)Zﬁ)?f:l} By the factorization lemma [8], there exists a Banach
space Z, which is a linear subspace of X*, such that the identity embedding
J : Z — X* is a separable valued operator and ||J|| < 1. Also we have

(z7)"
{(§mw
1)l
Since X* has the s-weak \-BAP, there exists S € F(X*, X*) such that ||SJ|| <
Aand p(S — Ix+) <e/2. Since S € C, we obtain

A+8 < |p(S)|.

Put ((20)i2)e, C Bz such that (27)* = ||(«]")*||J(2}) for all ¢,n. Then we
have

)iz )nz1t € J(Bz).

mMn

6(8)] = lim >~ (a)""(S(a7)")
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Mn

= | Jim ) @) (ST

< 18| timsup > | (@)1 (23|
=1

<ol <A+,

which is a contradiction. O

We also give another sufficient condition which guarantees the metric ap-
proximation property for a dual Banach space. The proof is similar to Theorem
4.3. We just replace F(X*, X*) by Fyu«(X*, X*) and apply Theorem 4.2.

Theorem 4.4. Let X be a Banach space and let 1 < \ < oo. Suppose that
X* has the weak Radon-Nikodym property. If X* has the s-weak \-BAP with
conjugate, then X* has the A\-BAP.

Remark 4.5. Recall Theorem 1 in Introduction, that is, if X* has the AP and
the Radon-Nikodym property, then X* has the MAP. Hence, to verify that our
sufficient conditions are non-trivial, we need to check whether our conditions
implies conditions of Theorem 1. Fortunately, we can provide the negative
answer to the above question. Indeed, we consider the dual of James tree space
JT*. As we know, JT* has the s-weak MAP with conjugate operators. On
the other hand, JT** and JT™ have both the weak Radon-Nikodym property
but JT* does not have the Radon-Nikodym property. Hence, our sufficient
conditions are non-trivial.

We finally present the following interesting problems.

Problem 1. If X* has the s-weak MAP, then does X* has s-weak MAP with
conjugate operators?

Problem 2. If X* has the AP and weak Radon-Nikodjym property, then does
X* has s-weak MAP?

If Problem 1 had an affirmative answer, then we would improve Theorem
4.4. In addition, if Problem 1 and Problem 2 had an affirmative answer, then
we would improve Theorem 1 in Introduction.
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