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EXISTENCE RESULTS FOR NEUTRAL FUNCTIONAL
INTEGRODIFFERENTIAL EQUATIONS WITH INFINITE
DELAY IN BANACH SPACES

S. CHANDRASEKARAN* AND S. KARUNANITHI

ABSTRACT. This paper is concerned with the existence of mild solutions for
partial neutral functional integrodifferential equations with infinite delay in
Banach spaces. The results are obtained by using resolvent operators and
Krasnoselski-Schaefer type fixed point theorem. An example is provided
to illustrate the results.
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1. Introduction

The aim of this paper is to establish the existence results for the following
neutral functional integrodifferential equations with infinite delays:

%{x(t) -9 (t,wt, /Ot a(t, s, ajs)d3> }

t
= Ax(t) +/ B(t — s)xz(s)ds + f (t,:rt,/
0 0
xo = ¢ € By, (2)
where A is the infinitesimal generator of a compact, analytic resolvent operator
R(t),t > 0 in a Banach space X, a: D x B, = X, g: Jx B, x X =» X, k:
DxBp— X and f:Jx B, x X — X are given functions, where B, is a phase

space defined later and D = {(¢,s) € I x J: s <t}.0 < t1 <tg < ... <ty < b
are bounded functions. B(t),t € J is a bounded linear operator.

tk(t,s,xs)ds) ,teJ=1[0,b (1)
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The histories z; : (—00,0] = X, z:(s) = 2(t + s),s < 0, belong to an abstract
phase space By,.

Neutral differential and integrodifferential equations arise in many areas of
applied mathematics and for this reason these equations have been investigated
extensively in the last decades. There are many contributions relative to this
topic and we refer the reader to [1, 2, 3, 8, 9, 10, 11, 12, 13, 14, 15].

The theory of nonlinear functional differential or integrodifferential equations
with resolvent operators is an important branch of differential equations, which
has an extensive physical background, see for instance [16, 17, 18].

Since many control systems arsing from realistic models depend heavily on
histories ( that is, the effect of infinite delay on the state equations [23]), there
is real need to discuss the existence results for partial neutral functional inte-
grodifferential equations with infinite delay. The development of the theory of
functional differential equations with infinite delays depends on a choice of a
phase space. In fact, various phase spaces have been considered and each dif-
ferent phase space has required a separate development of the theory [20]. The
common space is the phase space B proposed by Hale and Kato in [19].

The main purpose of this paper is to deal with the existence of mild solu-
tions for the problem (1)-(2). Here, we use an abstract phase space adopted in
[6, 24]. Sufficient conditions for the existence results are derived by means of
the Krasnoselski-Schaefer type fixed point theorem combined with theories of
analytic resolvent operators. The results generalise the results of [4, 6, 7, 21].

2. Main results

Throughout this paper, we assume that (X, ||-||) is a Banach space, the notaion
L(X,Y) stands for the Banach space of all linear bounded operators from X
into Y, and we abbreviate this notation to L(X) when X =Y. R(¢t), t > 0 is
compact, analytic resolvent operator generated by A.

Assume that

(Al) Ais a densely defined, closed linear operator in a Banach space (X, ||-||)
and generates a Cp-semigroup 7'(t). Hence D(A) endowed with the
graph norm |z| = ||z|| + ||Az| is a Banach space which will be denoted
by (Y>| ’ |)

(A2) {B(t) : t € J} is a family of continuous linear operator from (Y, |-|) into
(X, |- |I) - Moreover, there is an integrable function ¢ : [0,b] — R™* such
that for any y € Y, the map t — B(t)y belongs to W11(J, X) and

d
| By < cwlyl, yev.te
Definition 2.1. A family {R(¢) : t > 0} of continuous linear operators on X is
called a resolvent operator for
dz

W () + /O B(t - s)a(s)ds,
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if:

(R1) R(0) =TI ( the identity operator on X),
(R2) For all x € X, the map t — R(t)z is continuous from J to X,
R

(R3) For allt € J, R(t) is a continuous linear operator on Y, and for all y € Y,
the map t — R(t)y belongs to C(J,Y)NC'(J, X) and satisfies

%R(t)y = AR(t)y + /0 B(t — s)R(s)yds

t
= R(t)Ay + / R(t — s)B(s)yds.
0
Theorem 2.1 ([21)). Let the assumptions (A1) and (A2) be satisfied. Then
there exists a constant H = H(b) such that
|R(t+h) — R(R)R(t)|nxy) < Hh, for 0<h<t<b,
where L(X) denotes the Banach space of continuous linear operators on X.
Nezxt, if the Cy-semigroup T(-) generated by A is compact ( that is, T(t) is a
compact operator for allt > 0), then the corresponding resolvent operator R(-) is

also compact ( that is, R(t) is a compact operator for allt > 0) and is operator
norm continuous ( or continuous in the uniform operator topology) for t > 0.

Proof. Now, we define the abstract phase space By, as given in [24, 7].
Assume that h : (—00,0] — (0,400) is a continuous function with [ =

f_ooo h(t)dt < 4o0. For any a > 0, we define
B = {¢ :[—a,0] - X such that ¢(¢) is bounded and measurable},
and equip the space B with the norm

|¥]l[—a0) = sup [¥(s)], Vo eB.

s€[—a,0]
Let us define
By = {¢ : (—00,0] = X such that for any ¢ >0, ¥|[_c0 € B

and / )10 lls.0yds < +oo}.

If B;, is endowed with the norm
0
9l = [ blleods. ¥ o € B,

then it is clear that (Bp, || - ||s,) is a Banach space.
Now we consider the space

= {z: (—00,b] = X such that z|; € C(J,X), o = ¢ € By}.
Set || - || be a semi norm in Bj, defined by
[l = 1¢lls, + sup{lz(s)| : s € [0,0]}, = € By,
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Next, we introduce the basic definitions and lemmas which are used through-
out this paper.

Let A : D(A) — X be the infinitesimal generator of a compact, analytic
resolvent operator R(t), t > 0. Let 0 € p(A), then it is possible to define the
fractional power (—A)?%, for 0 < a < 1, as closed linear operator on its domain
D(—A)®. Further more, the subspace D(—A)® is dense in X, and the expression

[zllo = [(=A)%]l, ze€ D(=A)"
defines a norm on D(—A)*.
Furthermore, we have the following properties appeared in [22]. O

Lemma 2.2. The following properties hold:

(1) If0 < B < a <1, then X, C X3 and the imbedding is compact whenever the
resolvent operator of A is compact.

(i) For every 0 < a <1 there exists Co > 0 such that

Ca
I=A)*ROI < 7, 0<t<b.

Lemma 2.3 ([5]). Let ®1, Py be two operators satisfying ®1 is contraction and
Dy is completely continuous. Then either
(i) the operator equation ®1x + Pox = x has a solution, or

(ii) the set G = {x € X : A®1(F) + A®ox = x} is unbounded for A € (0,1).
Lemma 2.4 ([12]). Let v(:),w(:) : [0,b] — [0,00) be continuous functions. If

w(-) is nondecreasing and there are constants @ > 0,0 < a < 1 such that

¢
v(t) < w(t) + 9/ L)l_ads, ted,
o (t—s9)
then
n—1 b J
£) < T (@) " /T (na) oo™ .
o0 <o 5 (%) v

for every t € [0,b] and every n € N such that na > 1, and T'(+) is the Gamma
function.

Lemma 2.5 ([6]). Assume x € By, then fort € J,x; € By. Moreover,

Hz@®)] < [lzells, < llzolls, +1 sup [z(s)],
s€[0,t]

where | = f_ooo h(t)dt < 4o0.

Definition 2.2. A function = : (—oo0,b] — X is called a mild solution of
problem (1)-(2) if the following holds: xy = ¢ € By, on (—o0,0]; the restriction
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of z(-) to the interval J is continuous, and for each s € [0,t), the function
s = AR(t — s)g(s, xs, f; a(s,7,x,)dr), is integrable and the integral equation

£(t) = R()[H(0) — 9(0.6,0)] + g (tx [ ates x5>ds)

t t
/AR(tfs) <s xs,/ (tT{IZ.,-)dT)dS
0
/Rt—S/BS—T <7’3:T,/ a(STJET)dT>dS
/Rt—s (sms,/kthTdT>ds teld (3)
is satisfied.

Definition 2.3. A map f:J x B, x X — X is said to be an L' -Caratheodory
if
(i) For each t € J, the function f(¢,-,-) : B, x X — X is continuous.

(ii) For each (¢,z) € B, x X; the function f(-,¢,x) : J — X is strongly
measurable.

(iii) For every positive integer ¢ > 0, there exists o, € L' (J, R1) such that

1f(t, @, 2)|| < aq(t) forall ||¢|ls, <g¢, ||lz|| <g¢ and for almost all ¢t € J.

3. Existence Results

In this section, we shall present and prove our main result. For the proof of
the main result, we will use the following hypotheses:

(H1) ([see Lemma 2.2]) A is the infinitesimal generator of a compact analytic
resolvent operator R(t), ¢ > 0 and 0 € p(A) such that

IR <My, ||B@®)|| <My forallt>0 and

_ Ci-g
~APRt—s)| < —L—, 0<t<bh.
I(=A)""R(t = s)|| < G5 0<ts
(H2) There exist a constant N; > 0 such that
¢
| [ttt - ate. s, < ke =l
0

(H3) There exist constants 0 < 8 < 1, Cy, ¢1, ¢2, N2 such that g is X -valued,
(—A)Bg is continuous, and
(7’) ||( ) t xtvfo t,S,LEs)dS)” < C1H xt”B;L + C2, (t,l‘) c J X Bh,
(i6) [(=A) gt z1,91) — (—A) g(t, 22, )| < Na [[lz1 — z2][5, + [ly1 — v2l]
fort € J, x1,x2 € By, y1,y2 € X, with

Cy_pb?
||(—A)_ﬁ|| =My and Cy= lNg(l +N1) |:MO + lﬂﬁ } < 1.
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(H4) (i) For each (t,s) € D, the function k(t, s,-) : B, — X is continuous and
for each x € By, the function k(-,-,x) : D — X is strongly measurable.
(ii) There exist an integrable function m : J — [0,00) and a constant
v > 0, such that

[k, s, 2) || < ym(s)Q(|]ls,),
where  : [0,00) — (0,00) is a continuous nondecreasing function. As-
sume that the finite bound of fot ~v(s)ds is Lyg.

(H5) The function f: J x By x X — X satisfies the following caratheodory
conditions:
(i) t — f(t,z,y) is measurable for each (z,y) € B, x X,
(ii) (z,y) — f(t,z,y) is continuous for almost all ¢ € J.

(H6) ||ft,z,v)| < p&)¥(||z|s, + |yl for almost all t € J and all z € B,y €
X, where
p€ LY (J,Ry)and ¥ : Ry — (0,00) is continuous and increasing with

/ob mi(s)ds < /:K Pre e rR et

where
__ l¢lls, +1F s, — Ne(1+ N)Cig
YT IMoNo (T Ny TP T 1= IMoNo(1+ Ny’
Mo M; Myb 1M
Ky = 0172 and Ky = !

1—IMoNo(1+ Np)’ 1— IMoNy(1+ Ny)

" " — [ Kyb?
with lMoNQ(l +N1) <1, By= K3 (T(B))"b™P /T (nB) Z ( 2 >
7=0
m(t) = max{Bo K3, BoKap(t), (1)},

E
F = M[[¢(0)| + MoNal|¢l|5,] + ca(l + My)Mo + (Nacy + Cz)cl}fb +

NoC1 My,
c1=b sup a(t,s,0), co = ||(=A)?| sup|g(t,0,0)|.
(t,s)eD teJ
We consider the operator ® : B;,” — By’ defined by

o(t), t € (—00,0]
R(®)[6(0) = 9(0,6,0)] +g (.21, [y alt. s, 2.)ds)

Pa(t) = —I—fg AR(t — s)g (s T, fo alt, T, .IZT)dT>dS (4)
+fcf fo (s=7) (T7 JUTJO a(s,, xT)dr) ds
+f0 (t—s)f (s,xs, [y k(t, 7,2, )dT)ds, tE€J.
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From hypothesis (H1), (H2) and Lemma 2.3, the following inequality holds:
t

HAR(t —38)g (s, :L‘S,/ a(t, T,xT)dT)
0

<1 R ol -4 (s [ alt,meo)dr )
Ci_g
ST—ar?

[NQ(l + N1)llzslls,, + Naci +C2].

Then from Bochner theorem [25], it follows that AR(t—s)g (57 X, fot a(t, T, J:T)dT)
is integrable on [0, ).

For ¢ € By,, we defined by ¢ by

_ ) o), t € (—o0,0],
(t){R(t)qb(O), tel

and then ¢ € B,. Let x(t) = y(t) + ¢(t), —0o < t < b. Tt is easy to see that =
satisfies (3) if and only if y satisfies yg = 0 and

y(t) = —R(t)g(0,9,0) + g(t, Y + b, /Ot a(t,s,ys + &S)ds)
+ /Ot AR(t — s)g(s,ys + gi;s, /05 a(s, 7, yr + &T)dr)ds
# [ w9 [ Bl m(se o [ ato. e 621 as

t s
+/ R(t - S)f(é‘,ys + ¢37/ k(s,7,yr + ¢T)d7—>d8'
0 0
Let B) ={y € B}, : yo =0 € By}. For any y € By,
1ylls = llvolls, +sup{ly(s)[ : 0 <'s < b}
— sup{ly(s)] : 0 < s < b},
thus (B}, ||- |») is a Banach space. Set B, = {y € B}, : ||y|ls < ¢} for some g > 0,
then B, C By is uniformly bounded, and for y € By, from Lemma 2.5, we have
”yt + (Z;t”Bh, < ”yt”Bh, + |‘¢~5tHBh

<1 sup |y(s)| + volls, +1 sup |6(s)| + ||dolls,
s€[0,t] s€[0,t]

< g+ Mi[o(0)]) + lolls, = d'- (5)
Define the operator ® : B} — B) by
0, t € (—00,0]
~R(1)g(0,6,0) + g(t,y1 + &1, [ alt 5,y + .)ds)
By(t) = + [ AR(t - s)g(s, vs + s, [ als, Ty + &T)dr) ds
+f0t R(t —s) fos B(s — T)g(s, Ts, fos a(s, T, .Z'T)dT) ds
—|—f0t R(t — s)f(s7 Ys + (E)S, f(f k(s, T,y + (;;T)d’]') ds, teJ.
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Now we decompose ® as &1 + ®, where

B10(0) = ~R90.0.0) + 011+ b [ alt 0.+ 80)05)
+ /Ot AR(t — s)g(s,ys + gzgs,/os a(s, 7,y + (Z;T)dT)dS, telJ,
Doy(t) = /Ot R(t —s) /OS B(s — T)g(.s,ys + g?)s,/os a(s, 7,yr + q?)ﬁdr)ds

+ /Ot R(t - s)f(&ys + (;87/08 k‘(s,T,y.,_ +¢Zf)d7—>d87 ted

Obviously the operator ® has a fixed point is equivalent to ® has one. Now, we
shall show that the operators ®,, @5 satisfy all the conditions of Lemma 2.3.

Lemma 3.1. If assumptions (H1)-(H6) hold, then ®; is a contraction and o

is completely continuous.
Proof. First we show that ®; is a contraction on B;. Let w,v € B). From
(H1)-(H3) and Lemma 2.5, we have

[®1u(t) — @10()l
< Hg(t,ut + &t,-/(;t a(t,s,us + &S)ds) — g(t,’vt + &t,/[;t a(t,s,vs + d;s)ds)H
t - s ~ ~ s ~
+/0 ”AR(t - s)[g(S,us + <15s7/0 a(s, T, yr + ¢-r)d‘F) - Q(S»”S + 4’57/0 a(s, 7 yr + ¢")d‘r)} Hds
< MoNa e = vells, + Nullue = vells, | + [* AL

Na2(1+ N1)Cq_pgb?
B

[lus = vslis, + Nillus = vslls, |ds

< MoN2 (1 + Ni)llue — vells, + llut —vells,

< N1+ M) [ao + D222
< N2(1+ M) [Mo + =] Sgl[logt]\uw)—v(s)wHuongh+Hvo\|5h]

Cq_abP
< Mo+ N [Mo + 2] aup u(e) = vl

B s€[0,b
Since ||uol|lg, =0, [|vol|, = 0. Taking supremum over ¢,
110 = ®y0]| < Collu — v,

B
By O

B —
where Cy = MyNo(1 + Nl)[MO + Cl‘iﬁb] < 1. Thus ®, is a contraction on

Next we show that the operator ®; is completely continuous. First we prove
that ®; maps bounded sets into bounded sets in By

Indeed, it is enough to show that there exists a positive constant A such that
for each y € B, = {y € B} : ||lylly < ¢} one has ||®y]|, < A. Now for each t € J,

S

Doy(t) = /Ot R(t —s) /OS B(s — T)g(.s,ys + &s’/o a(s, 7,yr + q?)ﬁdr)ds

[ R 91 (seve 8 [ b+ b))
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By (H1)-(H6) and (5), we have for ¢t € J,

t
[By(6)] < MoMsMab [ [Na(1+ No) g + Gl + Naea + colds
0
t s
301 [ o (Jo+ el + [ (DUl + el )i ) ds
0 0

b
< MoM; Mab*[No(1 4 N1)q' + Naocy + co] + MU (g + LOQ(q'))/ p(s)ds = A.
0

Then for each y € B,, we have ||®ay|l, < A.
Next we show that ®, maps bounded sets into equicontinuous sets of By.
Let 0 < rp < rpg < b, foreach y € By = {y € B} : |lylly < q}. Let
r1,72 € J — {t1,t2,...,tm}. Then we have

||<i>2y(r1) - i’23/(7"2)”

T1—€
S M()Mgb/ ||R(7’1 - S) - R(TQ - S)”L(X)[NQ(l + Nl)q, + NQCl + CQ]dS
0

r1
+ M()Mgb/ HR(T‘l - 8) - R(’f’z - S)HL(X)[NQ(]. + Nl)q/ + Nzcl + Cg]ds

T1

ro
—|—M0M1M2b/ [N2(1+N1)q/+N261 +02]d8
T1
T1—€
+/ IR(r1 — 5) — R(ra — 3)] 0yt ()ds
0

+/ IR(r1 — 5) — R(rs — s)||L(X)aq/(s)ds+M1/ o (5)ds.

1—€ 1
The right-hand side from Theorem 2.1 of the above inequality tends to zero as
ry — 11 and for e sufficiently small. Thus the set {®oy : y € B,} is equicon-
tinuous. Here we consider only the case 0 < 71 < ry < b, since the other cases
ry <rg<0orr; <0< ry <bare very simple.

Next, we show that ®, : B; — Byl is continuous.

Let {y™(t)},2% C By, with 4™ — y in By. Then there is a number ¢ > 0
such that |y (t)| < ¢ for all n and a.e. t € J, so y™) € B, and y € By. In view
of (5), we have

Iy +oulls, < o', t e
By (H3), (H5) and Definition 2.2,
f (t,yt(n) + ¢, fot k(t, S’ygn) T ¢>s)d8> = f (t,yt + ¢4, fot k(t, s, ys + qbs)ds) for
each t € J and since

t t

‘f (t7 yt(n) + ¢t7/ k(t7 S, ygn) + ¢S)ds) - f (tv yt + ¢t7/ k(tv S, yS + ¢S)d8) ’ S 2aq’ (t)
0 0

We have by the dominated convergence theorem that

t s ~ s ~
(25" — oyl =sup | [ R =) ["BGs =)o (108 + 6 [as, k) 4 oy )
ted 0 0 0
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—g (t,yf +<Z>T,/OS a(S,T,y-,—)dT) ]ds

4 [Cre= 91 (s + b [ Kol +8ar)

—f(s,ysﬂ%s,/oskmyT ) 4 ¢, )dT)] 5’
é/obR(t—s)/Ost—T)[ (08 +r, [T atomnt +.60))

y (t,yf +¢~>T,/OS a(S,T,yT)) | ards

+ [CRa= o[ (s + b [ ksl + dyar)

_f(57ys+(£57/osk87'y-,— >+¢7—)d7)] s

—0 as n — oo.

Thus ®, is continuous.

Next we show that ®5 maps B, into a precompact in X. Let 0 < ¢ < b be
fixed and € be a real number satisfying 0 < € < ¢t. For y € B,, we define the
operators

(5y)(t / Rt—s—e/Bs—T (tyf—l-d)ﬁ/ (S,T,yr+¢37)d7)d8

R 6)/ R(t—S_E)f (S,ys‘i'(;s,/ k(SzTny‘i“Z’T)dT)dS

an

(D5y)(t / R(t — s) / B(s—T)g (t yT+¢T,/ (s,T,yT-HZ;r)dT) ds
/ R(t—s)f (s Ys —I—(;SS,/ k(s,T,yr +¢T)d7>ds

From Theorem 2.1 and the compactness of the operator R(e), the set V,(t) =

{(&)gy)(t) : y € Bg}is precompact in X, for every €, 0 < € < t. Moreover, by
Theorem 2.1 and for each y € By, we have

1(@59)(8) — (259)(2)l]

<H/ R(e t—s—e)/OSB(s—T)g<t,yT—|—¢~>T,/Osa(8,7,y7+¢~>f)dr>ds
—/0 R(t—s) /OS B(s—1)g (t,yT + éT,/OS a(s, T,yr + ér)dT) dsH

t—e s
+ H R(G)R(t - 5= e)f (Says + ¢~557/ k(S,T, Yr + QET)dT> ds
0 0

+ /0 T R 9)f <y +é, /0 k(s ys + J»)m) s
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t—e
<[ IRORE s -~ Rt~ 9lx)
0
0 [ 18t = 7l (8 + 3, [t mm + bi)ir) s
0 0
t—e
+ [ IR@RE= s -9 - Bt =)l
0

(IS ( et b [ hsime+ @)dr) lds

t—e s S
< EH/ / 1B(s — Il (t, ur + ¢T,/ a(s, 7 ys + ¢T)d7> |drds
0 0 0

t—e s
+€H/ ”f <S,ys+¢s;/ k(S,T»yr‘Hf?r)dT) ||d3
0 0

So the set V() = {(®5y)(t) : y € B,} is precompact in X by using the total
boundedness. Applying this idea again and observing that

|(@29) (1) — (@5y)(0)]

t S s
g/t |R(t—s)|/o B(s — 7)lg <t,y7+q~57,/0 a(s,T,yTHBT)dT) |drds

—€

t s
+ / |R<t—s>|f(s,ys+ass, / k(S7T7yT+<57)dT) s

—€

t t

(Na(1+ N1)q' + Nacy + c2)ds + M, / ag (s)ds.

t—e

< M()MlMgb/

t—e
Therefore,
[(@29)(t) — (®5y)(t)] = 0, as e — 0%,

and there are precompact sets arbitrarily close to the set {(®2y)(t) : y € By}
Thus the set {(®2y)(t) : y € B,} is precompact in X.

Therefore from Arzela-Ascoli theorem, we can conclude that the operator ®o is
completely continuous. In order to study the existence results for the problem
(1)-(2), we introduce a parameter A € (0,1) and consider the following nonlinear
operator equation

z(t) = APz (t), (6)

where ® is already defined. The following lemma proves that an a priori bound
exists for the solution of the above equation.

Lemma 3.2. If hypotheses (H1)-(H6) are satisfied, then there exists an a priori
bound K > 0 such that ||z¢||p, < K, t € J, where K depends only on b and on
the functions ¥, m and )
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Proof. From the equation (6), we have

Cipb’
j2(t)] < Mi (16(0)] + MoNallglls, + Maocz ) + (Nacx + 2) T+ (L Ni)Naer

t
(x)/ %ds—i—(1+M1M262)M0[(1+N1)N2th\|5h + Naci
=

s

G [ o) (I, + [ molyar)ds

t
< F + Mo(1 + N1)Nal|zt||s, + (1 + Nl)N20176/ (tuxs%ds + Mo M1 Mzbcy
o (t—

t t s
0 [ lasllsyds + 21 [ p()¥ (laalls, + [ ame)(o ir)ds.
Thus from this proof and Lemma 2.4 it follows that

|zel|5, < Isup{lz(s)]:0 <s <t} +[|d]s,
< |lolls, +1F +1My(1+ Ny)N; Os<ug llzsllB, +1(1+ N1)N2Ci_p
<s<t

t T t t
(x)/ %dSHMOMlMQbQ/ ||xs||5h,ds+M1/ p(s)
o (t—3s) 0 0

)® (Jlzs s, + /Osfym(T)Q(HxTDdT)ds

Let u(t) = sup{||zs|lB, : 0 < s < t}, then the function p(t) is nondecreasing in
J, and we have
pu(t) < lllls, + LF + 1Mo (1 + Ny)u(t

)
p(s)

t
+1(1+ Nl)NQCHa/ =) s + 1Mo My Mab
o (t—

(x) / " u(s)ds + 10, / () (o) + / ym(r)Qu(r))dr ) ds

l9lls, + 1F i (14 Ny)N2Ci_p /t wu(s)
- [1—lM0(1—|—N1)N2] [1—ZMO(1—|—N1)N2] 0 (t—S)l_’B
My M Msb /t 1M,y
d
T NN Sy MO T NN

0 [ pw(uts) + [ me)utrar)as

t t
()

< PR S S —

_K1+K2/0 (tfs)lfﬁds—’—KS/o w(s)ds

ds

w5 [ 960 () + [ o) 2utrar s
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By using lemma 2.5, we have

(1) < Bo (Kl s | uls)ds + Ko / ()0 (ms) + / | mmwmw) ds)

where

n—1
By = K5 T(@)""? /T (nB) Z
7=0

Let us take the right hand side of the above inequality as v(¢). Then v(0) =
BoKy, p(t) <o(t),0 <t < band

qmws&wa+meww(mo+Avm@nwwmﬁ

Since ¥ and 2 are nondecreasing.
t
v'(t) < BoK3v(t) + BoKap(t)¥ (v(t) —|—/ ’ym(s)Q(v(s))ds) , teld
0

Let w(t) = v(t) + fg ~m(s)Q(v(s))ds. Then w(0) = v(0) and v(t) < w(t).
w'(t) = ' (t) + ym(t)Q(v(t))
< BoKsw(t) + BoKap(t)¥(w(t)) + ym(t)Q(w(t))
< (t) [w(t) + P(w(®)) + Quw ()]

This implies that

[ g = o [ e
m 0
w(0) S+\II Bo Ky S+\I’< >+Q(S)

This implies that v(¢ ) < 00. So there is a constant K such that v(¢) < K,t € J.
So ||lz¢l|s, < wn(t) <wv(t) < K,t € J, where K depends only on b and on the
functions ¥, m and ). O

Theorem 3.3. Assume that the hypotheses (H1)-(HG) hold. Then the problem
(1)-(2) has at least one mild solution on J.

Proof. Let us take the set
G@)={yeB):y= )\(I)l(A) + A®yy for some A € (0,1)}.

Then for any y € G(®), we have by Lemma 3.2 that ||z¢||5, < K,t € J, and we
have
ylle = llyolls, +sup{|y(t)[ : 0 <t < b}
= sup{ly(t)| : 0 <t < b}
< sup{|z(t)] : 0 <t < b} +sup{|p(t)] : 0 < ¢ < b}
< sup{l™ | 2¢ls, : 0 <t < b} +sup{|R(t)p(0)] : 0 < t < b}
< UK + Mig(0)].
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which implies that the set G is bounded on J.

Consequently, by Krasnoselski-Schaefer type fixed point theorem and Lemma
3.2 the operator ® has a fixed point y* € By. Let z(t) = y*(t)+¢(t), t € (—o0,b).
Then x is a fixed point of the operator ® Which isa mlld solution of the problem
(1)-(2). O

4. Example

Consider the following partial neutral integrodifferential equation of the form
t
%[z(t,x)+/ ai(t,z,s —t)Pi(z(s,x der/ / (s = 1) Pa(z(r, ))des]

= 87Z(t7 x) +/ b(t — s)z(s,z)ds

+/_t 2(t,z, s — t)Q1(2(s, x ds+// k(s — 7)Q2(2(T, x))drds,

zelo,x], telo,b], (7)
2(t,0) = z(t,m) =0, t>0, (8)
2(t,x) = ¢(t,z), te€ (—o0,0], z€][0,n], 9)

where ¢ € Bj,. We take X = L?[0, 7] with the norm |- |72 and define A : X — X
by Aw = w" with the domain

DA)={we X: w,w’  are absolutely continuous,w” € X,w(0) = w(r) = 0}.Then

Aw:ZnZ < w,w, > w,, weE D(A),

n=1

where w,(s) = \/gsin(ns), n=1,2,..... is the orthogonal set of eigen vectors
of A. It is well known that A generates a strongly continuous semigroup that is
analytic, and resolvent operator R(t) can be extracted this analytic semigroup
and given by

o0
R(t)w = Ze*”% <w,w, > wy, weX.
n=1
Since the analytic semigroup R(t) is compact, there exists a constant M; > 0
such that ||R(t)|| < M;. Especially, the operator (—A)? is given by

o0
(—A)%w = Zn < w, Wy > Wy

n=1
with the domain D((—4)%) = {w e X : 1°°  n < w,w, > w, € X}.
Let h(s) = e%$,5 <0, then | = fEm h(s)ds = % and define

0
16l = / pls) s [60)]seds
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Hence for (¢,¢) € [0,b] x By, where ¢(0)(z) = ¢(0,x), (0,z) € (—o0,0] x [0, 7].

Set
0
AB)@) = =(tx),  glt.é Bid)(x) = / ax(t,2,0) Py (6(6)(2))d0 + By b(z)
and
0
F(t. 6, Bao) () = / as(t,, 0)Q1(6(0) (x))d0 + Boo(x).
where

Bio(z) = /0 / K(t — 0)P>(6(0)(x))d0ds; Bao(x)

t 0
- / / k(s — 6)Qa(6(0) (x))dbds;

Then, the system (7)-(9) is the abstract formulation of the system (1)-(2). Fur-
ther, we can impose some suitable conditions on the above defined functions to
verify the assumptions on Theorem 3.3. We can conclude that system (7)-(9)
has at least one mild solution on J.

8.
9.
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