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ABSTRACT. In this article, by making use of a linear multiplier fractional differential
operator Di’m, we introduce a new subclass of spiral-like functions. The main object is
to provide some subordination results for functions in this class. We also find sufficient
conditions for a function to be in the class and derive Fekete-Szeg6 inequalities.

1. Introduction and Preliminaries

Let A denote the class of functions f of the form
(1.1) f(z) :z—i—Zanz”,
n=2

which are analytic in the open unit disk U = {z € C : |z| < 1}. Further let 8§ denote
the family of functions of the form (1.1) which are univalent in U. A function f € A
is said to be in the class of a-spirallike functions of order 8 in U, denoted by 8(«, 8),

if
Re (eio‘ ZJJ:(S)) > fcosa, z€U,

for 0 < 8 < 1 and for some real a with |«| < /2. The class 8(«, 8) was studied by
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Libera [8] and Keogh and Merkes [6]. We observe that 8(c, 0) = 8(a) is the class of
spirallike functions introduced by Spacek [20], 8(0, 8) = 8*(8) is the class of starlike
functions of order 5 and 8§(0,0) = 8* is the familiar class of starlike functions.

For the constants «, 8 with |o| < 7/2 and 0 < § < 1, we define

1 —ix —ia_2
(1.2) Pap(z) = — € (6172 feosa)z .

The function P, s(z) maps the open unit disk onto the half plane H, 3 = {z € C:
Re(e'®z) > Beosa}. If P, g(z) =1+ > pnz™, then it is easy to verify that
n=1

(1.3) P =2 (1 —B)cosa, (n=1,2,...).

For functions f given by (1.1) and g given by
n=2
the Hadamard product (or convolution) of f and g is defined by

(fxg)(z) =2+ Zanbnz”.
n=2

We will make use of the following definition of fractional derivatives by Owa
[13].

The fractional derivative of order ¢ is defined, for a function f, by

L d [t
1.4 Dif(2) = = — de, (0<d5<1
(14) ) = Fr e | et 0<6<)
where the function f is analytic in a simply connected region of the complex z-plane
containing the origin, and the multiplicity of (z — ¢)~? is removed by requiring
log(z — &) to be real when (z — &) > 0. It follows from (1.4) that

F(n+ ]') n—ao

D6 n _
X TTmt1-0)

(0<6<1,neN={1,2,...}).
Using D? f, Owa and Srivastava [14] introduced the operator Q° : A — A, which
is known as an extension of fractional derivative and fractional integral as follows:

Qf(2)=T(2-0)2°D% f(z), —co<d<2
~I'n+1I(2-6)
(1.5) :Z+Z (F(n—&—)l(—d) )anz.
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Here we note that QUf(z) = f(2) and Q' f(2) = 2f/(2).
In [2]Al-Oboudi and Al-Amoudi defined the linear multiplier fractional differential
operator Di’ ™ as follows:

DY°f(2) = f(2),
DY f(2) = (1= N f(2) +A2(Q°f(2)), (0<d<1, A>0),
D3?f(z) = DY (DY £(2)),

(1.6) DY f(z) = DYDY (), meN.

For a related work also see [3]. If f(z) is given by (1.1), then by (1.6), we have

(1.7) DY f(z) =2 + Z @, (5, \,m)a,z", m e Ny,

n=2
where

T(n+1)T(2 - 6)
IF'n+1-9)

(1.8) <I>n(57)\,m):< [1+(n—1)A]> , (n=2,3,...).

It can be seen that, by specializing the parameters the operator Df\’m reduces
to many known and new integral and differential operators. In particular, when
0 = 0 the operator Di’ " reduces to the operator introduced by AL-Oboudi [1] and
for § = 0, A = 1 it reduces to the operator introduced by Saldgean [16]. Further
we remark that, when m = 1, A = 0 the operator Di’m reduces to Owa-Srivastava
fractional differential operator [14]. We note here in passing that very recently,
Srivastava et al. [23] studied subclasses of analytic functions defined by using a
more general fractional derivative operator than Df\’m.

In view of (1.7), Di’m f(2) can be expressed in terms of convolution as follows:

DY™f(2) = (95,5 % f)(2), (m €Ny, 2 €),
where

g5, A(2) = 2+ Z D,(0,A,m)z", (ze€T).

n=2

Define the function gé_/\l ) such that

(1.9) a5V (2) % gs.a(2) = (z € ).

It is easy to note that

(1.10) F(2) = g3 (2) * DY F(2).



956 K. A. Selvakumaran, Geetha Balachandar and P. Rajaguru

We now introduce the following subclass of A:

Definition 1.1. Let —7/2 < a<7/2,0< B < 1land 0 <y < 1. A function f € A
is said to be in the class Si’j\l(a, B) if and only if

(1 =)D} ™ f(2) +72(DY ™ f(2))

) > fBcosa, (z€l).

It is interesting to note that, by specializing the parameters, the class Si’ (e, B)
reduces to many new and known subclasses of analytic functions. We list some of
the special cases of the function class Si”f(m B) in the following remarks.

Remark 1.2. Let —7/2 < a < 7/2,0 < < 1,0 <~ < landm = 0. Then

/

Si”(i\(a,ﬁ) = 8(a, ) : = {f € A:Re (em%> > fBcosa, z€ U}.
Also, Sg’&(a, B) = 8(a, B) is the class of a-spirallike functions of order g studied
by Libera [8] and Sglg(a,O) = 8(«) is the class of spirallike functions introduced
by Spacek [20]. Here we remark that some analogous classes of 8, (e, B) have been

recently studied by Murugusundaramoorthy in [11] and Orhan et al. in [12].
Remark 1.3. Let —7/2 < a < 7/2,0 < < 1,0 <y < landd = 0. Then

87 % (@, B) = 81" \(, B)
R . e’ 2(DY (=) m s
= {f €A: Re (e (1—W)DT§°(;)+EYZ)()DTJ"(Z))’) > fcosa, z € IU}7 where DY is the

Al-Oboudi operator [1] defined by DY f(2) =z + Y oo 1+ (n — 1)\ a,2™.

Remark 1.4. Let —7/2 < a<7/2,0<8<1,0<y<1,=0and A=1. Then
0,

8,1 (a,B) =85 (a, B)

i= {f €A:Re (em (1_7)D,,ZL§5Z)'_{EYZ;)()D,“f(z)),) > Bcosa, z€ U}, where D™ is

the Silagean operator [16] defined by D™ f(z) =z + > -, n™a,2".

Remark 1.5. Let —7/2 <a<7/2,0<8<1,0<y<1,A=0and m=1. Then
é, io 2(2° £(2))

8%10(04,5) = Sg(a, B) = {f €A: Re (e (lfv)ﬂéé(z)ﬁvi)(mf(z)),) > fcosa, z € [U},

where Q7 is the Owa-Srivastava fractional differential operator [14] defined by (1.5).

2. Membership Characterizations

In this section, we obtain some sufficient conditions for f(z) € Sg”T(a, B).

Theorem 2.1. Let f € A and let n be a real number with 0 <n < 1. If

(DY (2))
(L=2)DY " f(2) +72(DX ™ (=)

then f € 8 (v, B) provided, |a] < cos ™ (13).

-1

(2.1) <1l-mn, (z€0),
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(D™ f(2))’ } _ _
Proof. Tt follows from (2.1) that [(1—'y)Di"”f(z)+'yz(D§"“f(z))’ =1+ (1—-nw(z),

where |w(z)| < 1 for z € U. Thus

2D f(2)) ]
(1—7)DY™ f(2) +72(DY™ f(2))

Re | ei® = Re[e"*(1+ (1 — n)w(z))]

=cosa + (1 — 1) Rele"w(z)]
>cosa—(1—mn) ‘emw(z)|
>cosa— (1—n)
> [Bcosa

for |a| < cos’l(%)7 and the proof is complete. O

Taking n =1 — (1 — 8) cos in Theorem 2.1, we have the following result.
Corollary 2.2. Let f € A. If

2Dy f(2))
(1=)D3 " f(2) + 72Dy f(2))
then f € SiT (o, B) .
Theorem 2.3. Let f € A be of the form (1.1). If

-1l < (1 - 8)cosa,

o0

22) S I0=7)(n—secat (1—B)(1+ (1 —n)7)]n(8, A m)|an| <1 -5,

n=2
where FF <a < 5,0<3<1,0< vy <1 and ®,(5,\,m) is defined by (1.8), then
f €82 (a,B).
Proof. In view of Corollary 2.2, it suffices to show that

2D f(2)

2.3 -1 < (1—- .
S 7 TS R R T AN
Now, we have

2D} f(2))' »
(1 =)D ™ f(2) +72(DY ™ f(2))
io: (n— 1)@, (0, \,m)a,z""!
=(1—-7) e
14+ Y [14 (n—1)7]®,(0, A\, m)anz""1
n=2
S (n— 1), (5, A, m) |an]

n=2

< (1 - ’Y) =) .
1= [+ (n=1)7]®n(0,A,m) [an]

n=2
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The last expression is bounded above by (1 — 8) cos a, if

o0

Z(l —y)(n—1)®,,(, \,m) sec a |ay,|

n=2

<(1-p) {1 =D [+ (n = 1) (5, A m) |an|}

n=2

which is equivalent to our condition (2.2) of the theorem. Thus, we conclude from
(2.3) that f(2) € 827 (e, B). O

In view of the Remarks 1.2-1.5, we state the following corollaries.
Corollary 2.4. Let f € A be of the form (1.1). If

(oo}

Yol =y) = 1)seca+ (1= B)(1L+ (n—1)y)]|an| <15,

n=2

where —m/2 < a<m/2,0< <1 and0 <~y <1, then f € 8(c,B).
Corollary 2.5. Let f € A be of the form (1.1). If

i (1= (n=1)seca+ (1= F)(1+ (n=-1y)][1+(n—-DA"|a,| <1-5,
where —m/2 <a <7m/2,0< B <1and0 <~y <1, then f € 87" (a, B).
Corollary 2.6. Let f € A be of the form (1.1). If

Zn )= 1seca+ (1= )1+ (n— 1)) an] <1-,
where —m/2 < a <7/2,0< B <1and0 <~y <1, then f €87 (a,f).

Corollary 2.7. Let f € A be of the form (1.1). If

S Ty 0= Dseeact (1= A)(1L+ (n = )] ol £ 15

where —m/2 < a<7/2,0<f<1land0<~vy<1, then f € Sg(a,ﬁ).
We also observe that Corollary 2.4 yields the results of Kwon and Owa [7] and

Silverman [18] for particular values of v and . Substituting v = 0 in Corollary 2.4,
we have
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Corollary 2.8.([7]) Let f € A be of the form (1.1). If

oo

Z[(n—l)seca+1—5]|an|gl—,B,

n=2

where —w/2 < a < w/2 and 0 < B < 1, then f € 8(a, B).

Taking v =0 and 8 = 0 in Corollary 2.4, we have
Corollary 2.9.([18]) Let f € A be of the form (1.1). If

Z 14+ (n—1)seca]l|a,| <1,

where —m/2 < a < w/2, then f € §(«).

A necessary and sufficient condition for a function f(z) to be in the class
86’7;(04, B) is given, in terms of integral representation, in the following theorem.

Theorem 2.10. A function f € A is in the class Sim(a B) if and only if there
exists a function w(z) analytic in U, with w(0) =0, |w(z)| <1 (z € U), such that

1) = Ve e som ([ L2 %) e

where P, 5(2z) and gé}l)( ) are defined by (1.2) and (1.9) respectively.

Proof. In view of (1.11), f € Sim(oz B) if and only if there exists w(z) analytic in
U and satisfying the conditions w(0) = 0, |w(z)| < 1 for z € U, such that

(DY f(2))
(1 =y)DY™ f(2) + (DY ™ f(2))

From the above equation, we get

e[ [ER)%).

= Pop(w(z)).

Using (2.4) in (1.10), we obtain

10 =g D) e ([ [%} %), e,

which completes the proof. a
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For 0 < 6 <27 and 0 < 7 < 1, we define the function

Papg (e?C(¢+7)/1+7¢) —1
1 =P, (e?C(C+7)/(147C))

(2.5) U(z,0,7)= g((;;\l)(z) * 2 exp (/OZ

d¢
C )
(_

where P, 5(2) and g, /\1)(2) are defined by (1.2) and (1.9) respectively. By virtue of
Theorem 2.10, the function ¥(z, 6, 7) belongs to the class Si’ff(a, B).
3. Fekete-Szeg6 Problem

A classical theorem of Fekete-Szegd [5] states that, if f(z) € 8 is given by (1.1),
then

3—4u if <0,
jas—pad| <{ T+2exp (£2) i 0<p<,
4p—3 if pu>1.

This inequality is sharp in the sense that for each p there exists a function in 8§ such
that the equality holds. Later, Pfluger [15] has considered the same problem but for
complex values of p. The problem of finding sharp upper bounds for the functional
laz — pa3| for different subclasses of A is known as the Fekete-Szegd problem. In the
recent years, this problem has been extensively studied by many authors including
[4, 10, 17, 21]. Further, in [22], Srivastava, Mishra and Das investigated the Fekete-
Szego coefficient problem rather systematically and extensively for the class

€1 :==JCi(a), (—;T<oz<72r),

where €1 () is the class of normalized analytic functions f in U, which are given
by (1.1) and satisfying the inequality

Re(eiaziég)) >0, (zeU; ¢ €8 —g <a< g)

In order to obtain sharp upper bound for Fekete-Szeg6 functional for the class
Si’ﬁ;(a, B), the following lemma is required.

Lemma 3.1.([6]) Let w(z) be analytic in U and satisfy the conditions w(0) =
0, |lwz)| <1 forzeU. Ifw(z) = >, wy,2", z €U, then
r=1
(3.1) il 1, Jwe| <1~ fuwnf?,
and

(3.2) wy — sw?| < max{1,|s|},
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for any complex number s.

Theorem 3.2. Let f € Si’f;(a,ﬁ) be given by (1.1) and let v be a real number.
Then

(3.3)
R [ +3 - 201+ ) - BRI <o,
1—73) cos .
laz—paj] < %, if o1 < p <o,
_ —B)®3 (8 )
s | MR+ 20 ) =y 3] iz o
where
(3.4) oo @G Am) 2 B(1+ ) P35, Am)
' ! 2050, \m) 2 2(1— B)®s(6, N m)

and ®2(0, A, m), P3(0, \,m) are defined by (1.8) with n =2 and n = 3 respectively.
All the estimates in (3.3) are sharp.

Proof. Suppose that f € Si’KL(a,ﬂ) is given by (1.1). Then there exists w(z) =

> w,z", analytic in U with w(0) =0, |w(z)| <1, (2 € U) such that
r=1

ADX"F(2))
(1 =)D f(2) +72(DY" f (2))

Let P, 5(2) = 1+ p1z + paz? + p32z® + - - . Equating the coefficients of z and 22 on
both sides of (3.5), we obtain

(3.5)

=P, p(w(z)), zeU.

p1w1
(1 - 7)(1)2(57 )‘7 m) ’

a9 =

= 1 e + wi 4+ prw
i 2(1 — ) ®3(0, A, m) 1_,Yp1 D2 | Wi + prwa| -
From (1.3), we have p; = ps = 2~ (1 — ) cosa , and thus we obtain

2e7(1 — fB) cos a

(3.6) P AR A m)
. e (11— pB)cosa T4y, . | .
az = 2(1 — ) ®3(d, A\, m) [(1 — 72@ (1—-pB)cosa+ 1> w? +w2] )

It follows that

(1-p)cosa
1-— 7)‘1’3((5, /\, m)

X{ 2e (1—5)COSC¥ <1+7_W)+1’|w1|2+|w2|}

las — pa3| <1
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Making use of Lemma 3.1 we have

, (1 —p)cosa
lag — paj| < = 7)<1>z,\,(5,>\,lm)
(3.7) x {1+ [ Qe—ﬂq:f)wsa (1+v— W) +1‘ B 1} |w1|2}

or

(1—0)cosa
(]' 77)@3(53 Aam

(3.8) |az — pa3| < ) [1—1— <\/1+M(2+M)0082a— 1) \wlﬂ ,

where

39) oD (b)),

Let G(z,y) = 1+ (\/1+M(2+M)x2 - 1) y? where ¥ = cosa, y = |w;| and
(x,y) € [0,1] x [0,1]. We can easily verify that, the function G(z,y) does not have
a local maximum at any interior point of the open rectangle (0,1) x (0,1). So the
maximum must be attained at a boundary point. As G(z,0) =1, G(0,y) = 1 and
G(1,1) = |1 + M|, the maximal value of G(z,y) may be G(0,0) = 1 or G(1,1) =
|1 + M]. Therefore, (3.8) gives

(1 —p5)cosa
1 —7)®3(6,A,m)

(3.10) lag — pa3| < ( max{1, |1 + M|},

where M is given by (3.9).
Now let us consider |1 + M| > 1. If u < oy, where o7 is given by (3.4), then
M > 0 and from (3.10), we obtain

(1—-p8)cosa
1—7)2¢3(0, A\, m)

which is the first part of the inequality (3.3). If o1 < p < 09, then |1+ M| <1 and
from (3.10) we get

4p(l = B)®s(9, A, m)

Y+3-28(1+7)— B30 m)
2 y Ny

|a3 —,ua%\ < (

(1—p)cosa
1_’7)(1)3(& Avm)

which is the second part of the inequality (3.3). Finally, if oo > p where o9 is given
by (3.4) then M < —2 and it follows from (3.10) that

|CL3 - :ua’§| < (

(1—/8)(3050[ 4#(1_5)(1)3(67)‘7771)
1 —7)2®3(5, A\, m) D2(5, A\, m)

\as—uaﬁlé( +28(1+7)—v-3

and this completes the third part of (3.3). In view of Lemma 3.1, the results are
sharp for w(z) = z and w(z) = 22 or one of their rotations. From (3.5), we obtain
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that the extremal functions are ¥(z,6,1) and ¥(z, §,0), defined by (2.5) with 7 =1
and 7 = 0. ad

In the following, we give the Fekete-Szeg6 problem for the class Si’f; (a, B) with
complex parameter.

Theorem 3.3. Let f € Si’ff(mﬁ) be given by (1.1) and let i be a complex number.
Then

(3.11)

|lag — paj|

(1-p)cosa
S(l—Jnéa&Ann>maX{L

2(1 = B)cosa [2ud3(8, A\, m) i
(1= <¢§&%m)7>e

b

The result is sharp.

Proof. Assume that f € Si’fj\l(a,ﬁ). Making use of (3.6), we obtain
(1 —p)cosa

1-— ’y)q);;((s, )\, m)

2¢ (1~ B)cosa (2u®s(5, A, m) 2
. [ 17y (‘D%(&)\vm) )

las — pa3| =7

X

The inequality (3.11) follows by applying Lemma 3.1 with

o 2e (1 — ) cos 2/1?3(5,)\,m) 1) o1
1- Y (1)2(5a )\7 m)
The functions ¥(z,0,1) and ¥(z,0,0) defined by (2.5) with 7 = 1 and 7 = 0 show
that the inequality (3.11) is sharp. O

Theorems 3.2 and 3.3 include several other results for particular values of the
parameters m, «, 3, v. In particular, Theorem 3.2 yields the results obtained by
Keogh and Merkes in [6] and Srivastava et al., in [22] for special values of the
parameters.

4. Subordination Results

In view of Theorem 2.3, we now introduce the subclass gi’f;(m B) C Si’j}?(a, B)
which consist of functions f € A whose coefficients satisfy the condition (2.2). In
this section, we prove a subordination theorem for the class ’Svi’:f(oz, B). To state
and prove our result we need the following definitions and lemma.

Definition 4.1.(cf. [9]) Let f(z) and g(z) be analytic in U. Then we say that the
function f(z) is subordinate to g(z) in U, and write f(z) < g(z) if there exists an
analytic function w(z) with w(0) = 0, |w(z)] < 1 (z € U), such that f(z) =
g(w(2)) (z € U). In particular, if the function g(z) is univalent in U, then

f(z) <g9(z) (2€U) < f(0)=g(0) and f(U)C g(U).
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Definition 4.2.([24]) (Subordinating Factor Sequence) A sequence {b,, }22; of com-
plex numbers is said to be a subordinating factor sequence if, whenever f(z) of the

form (1.1) is analytic, univalent and convex in U, we have the subordination given
by

Y anby 2" < f(z2)  (2€U; ar:=1).
n=1

Lemma 4.3.([24]) The sequence {b,}22, is a subordinating factor sequence if and
only if

Re<1+22bnz"> >0 (zel).

n=1

Theorem 4.4. Let the function f(z) defined by (1.1) be in the class gg’gf(a,ﬁ). If
9(z) € K, the class of convex functions, then

[(1 - 7) sec a + (1 - 6)(1 + ’7)]@2(67 Avm)

B B (@ secat - AL+ ) Dol I I
(z €U, |a|<§,0§ﬂ<1,0§v<1)
and
(4.2)
Re{f(z)} > 7[1 - 5+ ((1 77) sec a + (1 - ﬂ)(l +7)) @2(5,)\,777,)] (Z c U),

(1 =7)seca+ (1= B)(L+7)] P2(6,A,m) ’

where ®,,(0, A, m) is given by (1.8). The following constant factor in the subordina-
tion result (4.1):

(1 =) seca+ (1= B)(1 +7)[P2(5,A,m)
21 = B+ (1 = v)seca+ (1 = B)(1+7)) ®2(5,A,m)]

cannot be replaced by a larger one.
Proof. Let f(2) € gi’?(a,ﬂ) and suppose that

g(z) =z + chz" e XK.

n=2
Then we readily have

[(1—7)seca+(1—ﬂ)(1+’y)]<1>2(6,)\,m) (f*g)(Z)
21 =B+ ((1 =7)seca+ (1= B)(1+7)) P2(5, A, m)]

- et (AU i rs”)

C 2= B4 (1= 9)seca+ (1= B)(1+7)) P2(6,,m)]
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Thus, by Definition 4.2, the subordination result (4.1) will hold true if

{ (1 =) seca+ (1= B)(1 +7)]P2(5,A,m) a }Oo
201 =B+ ((1—7)seca+ (1= B)(1+7)) P2(d,A,m)] "

n=1
is a subordinating factor sequence, with a; = 1. In view of Lemma 4.3 this is
equivalent to the following inequality:
(4.3)
seca—I—( = B)(1 + 7)]P2(6, A, m) }
Rel 1+ an 2" p >0 (2€0).
\ Zlf ) secat (L— A1+ )] €0, A,m) el

Since [(1 — v)seca + (1 — B)(1 + 7)]®, (5, \,m), (n > 2) is an increasing function
of n, we have

beca+( — B)(1 4+ 7)]P2(6, A, m) n
Re{1+21— v)seca + (1 — B)(1+ )] ®2(d, A\, m) i }
R [(1— y)seca+ (1 — B)(1 4 7)]P2(0, A, m) -
=k {” 1—/3+[< —yseca + (1~ B)(1 + )] B0 A rm)
y)seca + (1 = B)(1 4 7)]P2(d, A, m) n
+Zl— 'y)seca+(1—ﬁ)(1+7)]q’25)\7m)anz }

[(1— )Seca + (1= B)(1+7)]P2(d, X\, m)

= 1= 1-8+4+[1- )seca+(1—ﬁ)(1+7)]¢)2(5,)\,m)T
sl =) seca+ (1= B)(1+7)]Pu(d, A m) [an| "
1-8+[1—=9)seca+ (1-08)1+7)]D2(d,\,m)
o q__ A =7)secat (1 - B)(1+7)]P(5 A, m)

1—B+[(1—7)seca+ (1—B)(1+7)] (5, A,m)
1-3
T1-B+[(I—7)seca+ (1—B)(1+7)] P20, N, m)
=1-r>0 (lz] =r < 1),

where we have also made use of the assertion (2.2) of Theorem 2.3. This evidently
proves the inequality (4.3), and hence also the subordination result (4.1) asserted
by Theorem 4.4. The inequality (4.2) follows from (4.1) upon setting

< - n
g(z)zlizzz—i-z,z e X.

Next we consider the function

=y — 1= 6 Z2
(4.4) q(2) = [(1—7)seca+ (1= B)(1+7)]P2(6,\,m) "’

(—m/2<a<7m/2,0<8<1,0<y<]),
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where ®,,(9, A\, m) is given by (1.8), which is a member of the class gi’:\l (a, B8). Then,
by using (4.1), we have

(1= )secat (1= B0 +BOAm)
21 =B+ ((1 =v)seca+ (1= B)(1+7)) ®2(0, A, m)] e

It is also easily verified for the function ¢(z) defined by (4.4) that

(z €U).

. (1= ) seca+ (1= B)(1+7)]®s(6, A, m) B
min R o e T = A A %)} = 7
(z € U), which completes the proof of Theorem 4.4. O

Here, we remark that Theorem 4.4 yields the results obtained by Singh [19]
for special values of the parameters m, a, 3, v. Also, in view of the Remarks 1.2—
1.5 and by taking suitable values for the parameters in Theorem 4.4, we can give
analogous results for the subclasses defined in these remarks and we choose to omit
further details in this regard.
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