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Abstract. In this paper, we consider the problem of convergence of an iterative algorithm

for a general system of variational inequalities, a nonexpansive mapping and an η-strictly

pseudo-contractive mapping. Strong convergence theorems are established in the frame-

work of real Banach spaces.

1. Introduction

In this paper, we are concerned with a general system of variational inequalities
in Banach spaces, which involves finding (x∗, y∗) ∈ C × C such that{

⟨λ
∑N

i=1 λiAiy
∗ + x∗ − y∗, j(x− x∗)⟩ ≥ 0, ∀x ∈ C,

⟨µ
∑N

i=1 µiBix
∗ + y∗ − x∗, j(x− y∗)⟩ ≥ 0, ∀x ∈ C,

(1.1)

where E is a real Banach space, C ⊂ E is a nonempty closed convex set, A,B : C →
E are two nonlinear mappings, j ∈ J , J : E → 2E

∗
is the duality mapping and λ, µ,

λi, µi are positive real numbers for all i = 1, 2, · · · , N with
∑N

i=1 λi =
∑N

i=1 µi = 1.

Special cases

(I) If E = H is a real Hilbert space, then (1.1) reduces to{
⟨λ
∑N

i=1 λiAiy
∗ + x∗ − y∗, x− x∗⟩ ≥ 0, ∀x ∈ C,

⟨µ
∑N

i=1 µiBix
∗ + y∗ − x∗, x− y∗⟩ ≥ 0, ∀x ∈ C.

(1.2)
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In particular, if Ai = Bi for all i = 1, 2, · · · , N , then (1.2) reduces to finding
(x∗, y∗) ∈ C × C such that{

⟨λ
∑N

i=1 λiAiy
∗ + x∗ − y∗, x− x∗⟩ ≥ 0, ∀x ∈ C,

⟨µ
∑N

i=1 µiAix
∗ + y∗ − x∗, x− y∗⟩ ≥ 0, ∀x ∈ C.

(1.3)

Further, if Ai = A for all i = 1, 2, · · · , N , λ = µ = 1 and x∗ = y∗, then (1.3) reduces
to the following classical variational inequality of finding x∗ ∈ C such that

⟨Ax∗, x− x∗⟩ ≥ 0, ∀x ∈ C,(1.4)

This problem (1.4) is a fundamental problem in Variational Analysis. Many algo-
rithms for solving this problem are projection algorithms. One can see that the
variational inequality (1.4) is equivalent to a fixed point problem. An element
x∗ ∈ C is a solution of the variational inequality (1.4) if and only if x∗ ∈ C is a
fixed point of the mapping PC(I − λA), where PC is the metric projection of H
onto C, I is the identity mapping and λ > 0 is a constant.

(II) If E is still a real Banach space, Ai = Bi for all i = 1, 2, · · · , N , λ = µ and
x∗ = y∗, then (1.1) reduces to

⟨
N∑
i=1

λiAix
∗, j(x− x∗)⟩ ≥ 0, ∀x ∈ C,(1.5)

which was considered by Kangtunyakarn [6]. In particular, if Ai = A for all i =
1, 2, · · · , N , then (1.5) reduces to

⟨Ax∗, j(x− x∗)⟩ ≥ 0, ∀x ∈ C,(1.6)

which was considered by Aoyama et al. [1]. Note that this problem is connected
with the fixed point problem for nonlinear mapping, the problem of finding a zero
point of a nonlinear operator and so on. It is clear that problem (1.6) extends
problem (1.4) from Hilbert spaces to Banach spaces.

Aoyama et al [1] introduced an iterative method for finding an element of the
solution set of variational inequalities for an α-inverse strongly accretive mapping.
To be more precise, they proved the following theorem.

Theorem 1.1. Let E be a uniformly convex and 2-uniformly smooth Banach space
and let C be a nonempty closed convex subset of E. Let QC be a sunny nonexpansive
retraction from E onto C, let α > 0 and let A be an α-inverse strongly accretive
mapping of C into E with S(C,A) = {u ∈ C : ⟨Au, j(u − v)⟩ ≥ 0, ∀v ∈ C} ̸= ϕ.
Suppose x1 = x ∈ C and {xn} is given by

xn+1 = αnxn + (1− αn)QC(xn − λnAxn)(1.7)

for every n = 1, 2, · · · , where {λn} is a sequence of positive real numbers and {αn}
is a sequence in [0,1]. If {λn} and {αn} are chosen so that λn ∈ [a, α

K2 ] for some
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a > 0 and αn ∈ [b, c] for some b, c with 0 < b < c < 1, then {xn} converges weakly
to some element z of S(C,A), where K is the 2-uniformly smoothness constant of
E.

Recently, Kangtunyakarn [6] further studied the problem of finding a common el-
ement in a finite family of the set of solutions of variational inequalities and the
sets of fixed points of nonexpansive and strictly pseudo-contractive mappings. More
precisely, he proved the following theorem.

Theorem 1.2. Let C be a nonempty closed convex subset of a uniformly convex and
2-uniformly smooth Banach space E. Let QC be a sunny nonexpansive retraction
from E onto C. For every i = 1, 2, · · · , N , let Ai : C → E be αi-strongly accretive
and Li-Lipschitz continuous with α = min1≤i≤N αi and L = max1≤i≤N Li. Let
T : C → C be a nonexpansive mapping and S : C → C be an η-strictly pseudo-
contractive mapping with K2 ≤ η, where K is the 2-uniformly smooth constant of
E. Assume that F = F (T ) ∩ F (S) ∩ ∩N

i=1S(C,Ai) ̸= ϕ, where S(C,Ai) = {u ∈ C :
⟨Aiu, j(v − u)⟩ ≥ 0, ∀v ∈ C}. Let {xn} be a sequence generated by u, x1 ∈ C and

zn = cnxn + (1− cn)Sxn,

yn = bnxn + (1− bn)Tzn,

xn+1 = αnu+ βnxn + γnQC(I − λ
∑N

i=1 aiAi)yn, ∀n ≥ 1,

where ai ∈ [0, 1] for all i = 1, 2, · · · , N and {αn}, {βn}, {γn} ⊂ [0, 1] with αn +
βn + γn = 1 for all n ∈ N satisfy the following conditions:

(i) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;

(ii) 0 < a ≤ βn, γn, cn, bn ≤ b < 1 for some a, b > 0, ∀n ∈ N and
∑N

i=1 ai = 1;
(iii) 0 ≤ λK2 ≤ α

L
2 ;

(iv)
∑∞

n=1 |αn+1−αn|,
∑∞

i=1 |βn+1−βn|,
∑∞

n=1 |bn+1−bn|,
∑∞

n=1 |cn+1−cn|<∞.
Then {xn} converges strongly to z0 = QFu, where QF is the sunny nonexpansive

retraction of C onto F.

It is main purpose in this paper to develop algorithms for a general sys-
tem of variational inequalities, a nonexpansive mapping and an η-strictly pseudo-
contractive mapping. Strong convergence theorem is given in a uniformly convex
and 2-uniformly smooth Banach space. Our results improve and develop previously
discussed variational inequalities and related algorithms (see [1,6] and the references
therein).

2. Preliminaries

Let C be a nonempty closed convex subset of a Banach space E and E∗ the
dual space of E. Let ⟨·, ·⟩ denote the pairing between E and E∗. The normalized
duality mapping J : E → 2E

∗
is defined by

J(x) = {x∗ ∈ E∗ : ⟨x, x∗⟩ = ∥x∥2, ∥x∥ = ∥x∗∥}, ∀x ∈ E.
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If E = H is a Hilbert space, then J = I, the identity mapping.
Let U = {x ∈ E : ∥x∥ = 1}. E is said to be uniformly convex if for each

ε ∈ (0, 2], there exists δ > 0 such that for any x, y ∈ U ,

∥x− y∥ ≥ ε implies ∥x+ y

2
∥ ≤ 1− δ.

It is known that a uniformly convex Banach space is reflexive and strictly convex.
E is said to be Gâteaux differentiable if the limit

lim
t→∞

∥x+ ty∥ − ∥x∥
t

(2.1)

exists for each x, y ∈ U . In this case, E is said to be smooth. It is also said
to be uniformly smooth if the limit (2.1) is attained uniformly for x, y ∈ U . It
is well known that every uniformly smooth Banach space is smooth and if E is
smooth, then J is single-valued which is denoted by j. Also, we define a function
ρ : [0,∞) → [0,∞) called the modulus of smoothness of E as follows:

ρ(τ) = sup{1
2
(∥x+ y∥ − ∥x− y∥)− 1 : x, y ∈ E, ∥x∥ = 1, ∥y∥ = τ}.

It is well known that E is uniformly smooth if and only if limτ→0
ρ(τ)
τ = 0. Let q

be a fixed real number with with 1 < q ≤ 2. Then a Banach space E is said to
be q-uniformly smooth if there exists a constant c > 0 such that ρ(τ) ≤ cτ q for all
τ > 0.

Remark 2.1. Takahashi et al. [11] remind us of the fact that no Banach space is
q-uniformly smooth for q > 2. So, in this paper, we focus on a 2-uniformly smooth
Banach space.

Recall that a mapping S : C → C is said to be nonexpansive if

∥Sx− Sy∥ ≤ ∥x− y∥, ∀x, y ∈ C.

In this paper, we use F (S) to denote the fixed point set of the mapping S.
S is called η-strictly pseudo-contractive if there exists a constant η ∈ (0, 1) such

that

⟨Tx− Ty, j(x− y)⟩ ≤ ∥x− y∥2 − η∥(I − T )x− (I − T )y∥2(2.2)

for every x, y ∈ C and for some j(x−y) ∈ J(x−y). It is clear that (2.2) is equivalent
to the following:

⟨(I − T )x− (I − T )y, j(x− y)⟩ ≥ η∥(I − T )x− (I − T )y∥2(2.3)

for every x, y ∈ C and for some j(x− y) ∈ J(x− y).



Convergence of an Iterative Algorithm 937

A mapping A : C → E is said to be accretive if there exists j(x− y) ∈ J(x− y)
such that

⟨Ax−Ay, j(x− y)⟩ ≥ 0, ∀x, y ∈ C.

A mapping A : C → E is said to be α-strongly accretive if there exist j(x − y) ∈
J(x− y) and a constant α > 0 such that

⟨Ax−Ay, j(x− y)⟩ ≥ α∥x− y∥2, ∀x, y ∈ C.

Let D be a subset of C and Q be a mapping of C into D. Then Q is said to be
sunny if Q(Qx + t(x − Qx)) = Qx, whenever Qx + t(x − Qx) ∈ C for x ∈ C and
t ≥ 0. A mapping Q of C into itself is called a retraction if Q2 = Q. If a mapping
Q of C into itself is a retraction, then Qz = z for all z ∈ R(Q), where R(Q) is the
range of Q. Furthermore, Q is a sunny nonexpansive retraction from C onto D if Q
is a retraction from C onto D which is also sunny and nonexpansive. A subset D of
C is called a sunny nonexpansive retract of C if there exists a sunny nonexpansive
retraction from C onto D.

In what follows we shall make use of the following lemmas.

Lemma 2.1.([13]) Let E be a real 2-uniformly smooth Banach space with the best
smooth constant K. Then the following inequality holds:

∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, Jx⟩+ 2∥Ky∥2, ∀x, y ∈ E.

Lemma 2.2.([4]) Let C be a nonempty closed convex subset of a smooth Banach
space and let T : C → C be a strictly pseudo-contractive mapping. Then the fixed
point set F (T ) is a closed and convex subset of E.

Lemma 2.3.([9]) Let {xn} and {yn} be bounded sequences in a Banach space E
and let {βn} be a sequence in [0, 1] with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.
Suppose that xn+1 = (1− βn)yn + βnxn for all integers n ≥ 0 and

lim sup
n→∞

(∥yn+1 − yn∥ − ∥xn+1 − xn∥) ≤ 0.

Then limn→∞ ∥yn − xn∥ = 0.

Lemma 2.4.([5]) Let E be a uniformly convex Banach space and Br = {x ∈ E :
∥x∥ ≤ r}, r > 0. Then there exists a continuous, strictly increasing and convex
function g : [0,∞) → [0,∞), g(0) = 0 such that

∥αx+ βy + γz∥ ≤ α∥x∥2 + β∥y∥2 + γ∥z∥2 − αβg(∥x− y∥)

for all x, y, z ∈ Br and all α, β, γ ∈ [0, 1] with α+ β + γ = 1.

Lemma 2.5.([2]) Let C be a closed convex subset of a strictly convex Banach space
E. Let {Ti : i ∈ N} be a sequence of nonexpansive mappings on C. Suppose
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∩∞
i=1F (Ti) ̸= ϕ. Let {ξn} be a sequence of positive numbers with

∑∞
i=1 ξi = 1.

Then a mapping T on C defined by Tx =
∑∞

i=1 ξiTix for x ∈ C is well-defined,
nonexpansive and F (T ) = ∩∞

i=1F (Ti) holds.

Lemma 2.6.([14]) Assume that {αn} is a sequence of nonexpansive real numbers
such that

αn+1 ≤ (1− γn)αn + δn,

where {γn} is a sequence in (0, 1) and {δn} is a sequence such that
(a)

∑∞
n=1 γn = ∞;

(b) lim supn→∞
δn
γn

≤ 0 or
∑∞

n=1 |δn| <∞.
Then limn→∞ αn = 0.

Lemma 2.7.([16]) Let C be a closed convex subset of a real uniformly smooth
Banach space E and let T : C → C be a nonexpansive mapping with a nonempty
fixed point F (T ). If {xn} ⊂ C is a bounded sequence such that limn→∞ ∥xn−Txn∥ =
0, then there exists a unique sunny nonexpansive retraction QF (T ) : C → F (T ) such
that for any given u ∈ C, QF (T )u = limt→0 xt and

lim sup
n→∞

⟨u−QF (T )u, j(xn −QF (T )u)⟩ ≤ 0,

where xt = tu+ (1− t)Txt for every t ∈ (0, 1).

Lemma 2.8.([7]) Let C be a closed convex subset of a smooth Banach space E, let
D be a nonempty subset of C and Q be a retraction from C onto D. Then Q is
sunny and nonexpansive if and only if

⟨u−Qu, j(y −Qu)⟩ ≤ 0

for all u ∈ C and y ∈ D.

Lemma 2.9. For given (x∗, y∗) ∈ C × C, where y∗ = QC(x
∗ − µ

∑N
i=1 µiBix

∗),
(x∗, y∗) is a solution of problem (1.1) if and only if x∗ is a fixed point of the mapping
D : C → C defined by

D(x) = QC [QC(x− µ
N∑
i=1

µiBix)− λ
N∑
i=1

λiAiQC(x− µ
N∑
i=1

µiBix)], ∀x ∈ C,

where λi, µi > 0 (i = 1, 2, · · · , N) are constants and QC is a sunny nonexpansive
retraction from E onto C.

Proof. We can rewrite (1.1) as{
⟨x∗ − (y∗ − λ

∑N
i=1 λiAiy

∗), j(x− x∗)⟩ ≥ 0, x ∈ C,

⟨y∗ − (x∗ − µ
∑N

i=1 µiBix
∗), j(x− y∗) ≥ 0, ∀x ∈ C.

(2.4)
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By Lemma 2.8, we can check (2.4) is equivalent to

{
x∗ = QC(y

∗ − λ
∑N

i=1 λiAiy
∗),

y∗ = QC(x
∗ − µ

∑N
i=1 µiBix

∗).

This completes the proof. 2

3. Main Results

Theorem 3.1. Let E be a uniformly convex and 2-uniformly smooth Banach space
with the best smooth constant K, C be a nonempty closed convex subset of E and QC

be a sunny nonexpansive retraction from E onto C. For every i = 1, 2, · · · , N , let
Ai, Bi : C → E be αi-strongly accretive, Li-Lipschitz continuous and βi-strongly
accretive, Mi-Lipschitz continuous with α = min1≤i≤N αi, L = max1≤i≤N Li,
β = min1≤i≤N βi and M = max1≤i≤N Mi, respectively. Let T : C → C be a
nonexpansive mapping and S : C → C be an η-strictly pseudo-contractive mapping
with K2 ≤ η. Assume that F = F (T ) ∩ F (S) ∩ F (D) ̸= ϕ, where D is defined as
Lemma 2.9. Let {xn} be a sequence generated by u, x1 ∈ C and


zn = cnxn + (1− cn)Sxn,

yn = bnxn + (1− bn)Tzn,

un = QC(I − µ
∑N

i=1 µiBi)yn,

xn+1 = αnu+ βnxn + γnQC(I − λ
∑N

i=1 λiAi)un, ∀n ≥ 1,

(3.1)

where, λi, µi ∈ [0, 1] for all i = 1, 2, · · · , N with
∑N

i=1 µi =
∑N

i=1 λi = 1, λ ∈
(0, α

K2L2 ], µ ∈ (0, β
K2L2 ] and {αn}, {βn}, {γn}, {bn}, {cn} ⊂ (0, 1) with αn + βn +

γn = 1 for all n ∈ N satisfy the following conditions:

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = 0;

(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;

(C3)
∑∞

n=1 |bn+1 − bn| <∞ and
∑∞

n=1 |cn+1 − cn| <∞.

Then {xn} converges strongly to x = QFu and (x, y) is a solution of the problem

(1.1), where y = QC(x−µ
∑N

i=1 µiBix) and QF is a sunny nonexpansive retraction
of C onto F.

Proof. First, we show that F = F (T )∩F (S)∩F (D) is closed and convex. We know
from Lemma 2.2 and Theorem 4.5.3 of [10] that F (T ), F (S) are closed and convex.

Next, we show that F (D) is closed and convex. Indeed, from the αi-strongly
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accretivity and the Li-Lipschitz continuity of Ai (i = 1, 2, · · · , N), we have

⟨
N∑
i=1

λiAix−
N∑
i=1

λiAiy, j(x− y)⟩ =
N∑
i=1

λi⟨Aix−Aiy, j(x− y)⟩

≥
N∑
i=1

λiαi∥x− y∥2

≥
N∑
i=1

λi
αi

L2
i

∥Aix−Aiy∥2

≥ α

L2

N∑
i=1

λi∥Aix−Aiy∥2

≥ α

L2
∥

N∑
i=1

λiAix−
N∑
i=1

λiAiy∥2.(3.2)

It follows from (3.2) and Lemma 2.1 that for all x, y ∈ C, we have

∥(I − λ

N∑
i=1

λiAi)x− (I − λ

N∑
i=1

λiAi)y∥2

= ∥x− y − λ(

N∑
i=1

λiAix−
N∑
i=1

λiAiy)∥2

≤ ∥x− y∥2 − 2λ⟨
N∑
i=1

λiAix−
N∑
i=1

λiAiy, j(x− y)⟩

+ 2K2λ2∥
N∑
i=1

λiAix−−
n∑

i=1

λiAiy∥2

≤ ∥x− y∥2 − 2λ
α

L2
∥

N∑
i=1

λiAix−
N∑
i=1

λiAiy∥2

+ 2K2λ2∥
N∑
i=1

λiAix−
N∑
i=1

λiAiy∥2

= ∥x− y∥2 − 2λ(
α

L2
−K2λ)∥

N∑
i=1

λiAix−
N∑
i=1

λiAiy∥2

≤ ∥x− y∥2.(3.3)

This shows that I−λ
∑N

i=1 λiAi is a nonexpansive mapping. So is I−µ
∑N

i=1 µiBi.
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From Lemma 2.9, we can see that

D = QC [QC(I − µ

N∑
i=1

µiBi)− λ

N∑
i=1

λiAiQC(I − µ

N∑
i=1

µiBi)]

= QC(I − λ

N∑
i=1

λiAi)QC(I − µ

N∑
i=1

µiBi).

So, D is nonexpansive. This shows that F = F (T ) ∩ F (S) ∩ F (D) is closed and
convex.

Letting x∗ ∈ F, we obtain from Lemma 2.9 that

x∗ = QC [QC(x
∗ − µ

N∑
i=1

µiBix
∗)− λ

N∑
i=1

λiAiQC(x
∗ − µ

N∑
i=1

µiBix
∗)].

Putting y∗ = QC(x
∗ − µ

∑N
i=1 µiBix

∗), we see that x∗ = QC(y
∗ − λ

∑N
i=1 λiAiy

∗).
Since S is an η-strictly pseudo-contractive mapping, we have

∥zn − x∗∥2 = ∥xn − x∗ + (1− cn)(Sxn − xn)∥2

≤ ∥xn − x∗∥2 + 2(1− cn)⟨Sxn − xn, j(xn − x∗)⟩
+ 2K2(1− cn)

2∥Sxn − xn∥2

= ∥xn − x∗∥2 − 2(1− cn)⟨(I − S)xn − (I − S)x∗, j(xn − x∗)⟩
+ 2K2(1− cn)

2∥(I − S)xn∥2

≤ ∥xn − x∗∥2 − 2(1− cn)η∥(I − S)xn − (I − S)x∗∥2

+ 2K2(1− cn)
2∥(I − S)xn∥2

= ∥xn − x∗∥2 − 2(1− cn)
2(η −K2)∥(I − S)xn∥2

≤ ∥xn − x∗∥2.(3.4)

From (3.3) and (3.4), we obtain

∥QC(un − λ
N∑
i=1

λiAiun)− x∗∥ = ∥QC(un − λ
N∑
i=1

λiAiun)−QC(y
∗ − λ

N∑
i=1

λiAiy
∗)∥

≤ ∥un − y∗∥

= ∥QC(yn − µ
N∑
i=1

µiBiyn)−QC(x
∗ − µ

N∑
i=1

µiBix
∗)∥

≤ ∥yn − x∗∥
= ∥bn(xn − x∗) + (1− bn)(Tzn − x∗)∥
≤ bn∥xn − x∗∥+ (1− bn)∥zn − x∗∥
≤ bn∥xn − x∗∥+ (1− bn)∥xn − x∗∥
= ∥xn − x∗∥.(3.5)
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It follows from (3.5) that

∥xn+1 − x∗∥ = ∥αnu+ βnxn + γnQC(I − λ
N∑
i=1

λiAi)un − x∗∥

≤ αn∥u− x∗∥+ βn∥xn − x∗∥+ γn∥QC(un − λ
N∑
i=1

λiAiun)− x∗∥

≤ αn∥u− x∗∥+ βn∥xn − x∗∥+ γn∥xn − x∗∥

= αn∥u− x∗∥+ (1− αn)∥xn − x∗∥

≤ max{∥u− x∗∥, ∥x1 − x∗∥},

which implies that the sequence {xn} is bounded. So are {un},{yn}, {zn}, {Sxn}
and {Tzn}. From (3.1), we have

∥zn+1 − zn∥ = ∥cn+1xn+1 + (1− cn+1)Sxn+1 − cnxn − (1− cn)Sxn∥

= ∥cn+1(xn+1 − xn) + (cn+1 − cn)xn

+ (1− cn+1)(Sxn+1 − Sxn) + (cn − cn+1)Sxn∥

≤ ∥cn+1(xn+1 − xn) + (1− cn+1)(Sxn+1 − Sxn)∥

+ |cn+1 − cn|∥xn∥+ |cn − cn+1|∥Sxn∥.(3.6)

Since S is an η-strictly pseudo-contractive mapping, we have

∥cn+1(xn+1 − xn) + (1− cn+1)(Sxn+1 − Sxn)∥2

= ∥xn+1 − xn − (1− cn+1)((I − S)xn+1 − (I − S)xn)∥2

≤ ∥xn+1 − xn∥2 − 2(1− cn+1)⟨(I − S)xn+1 − (I − S)xn, j(xn+1 − xn)⟩
+ 2K2(1− cn+1)

2∥(I − S)xn+1 − (I − S)xn∥2

≤ ∥xn+1 − xn∥2 − 2(1− cn+1)η∥(I − S)xn+1 − (I − S)xn∥2

+ 2K2(1− cn+1)
2∥(I − S)xn+1 − (I − S)xn∥2

≤ ∥xn+1 − xn∥2 − 2(1− cn+1)
2(η −K2)∥(I − S)xn+1 − (I − S)xn∥2

≤ ∥xn+1 − xn∥2.(3.7)
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From (3.6) and (3.7), we obtain

∥QC(I − λ
N∑
i=1

λiAi)un+1 −QC(I − λ
N∑
i=1

λiAi)un∥

≤ ∥un+1 − un∥

= ∥QC(I − µ
N∑
i=1

µiBi)yn+1 −QC(I − µ
N∑
i=1

µiBi)yn∥

≤ ∥yn+1 − yn∥
= ∥bn+1xn+1 + (1− bn+1)Tzn+1 − bnxn − (1− bn)Tzn∥
≤ bn+1∥xn+1 − xn∥+ |bn+1 − bn|∥xn∥+ (1− bn+1)∥Tzn+1 − Tzn∥
+ |bn+1 − bn|∥Tzn∥

≤ bn+1∥xn+1 − xn∥+ |bn+1 − bn|∥xn∥+ (1− bn+1)∥zn+1 − zn∥
+ |bn+1 − bn|∥Tzn∥

≤ bn+1∥xn+1 − xn∥+ |bn+1 − bn|∥xn∥+ (1− bn+1)[∥cn+1(xn+1 − xn)

+ (1− cn+1)(Sxn+1 − Sxn)∥+ |cn+1 − cn|∥xn∥+ |cn − cn+1|∥Sxn∥]
+ |bn+1 − bn|∥Tzn∥

≤ bn+1∥xn+1 − xn∥+ |bn+1 − bn|∥xn∥+ (1− bn+1)∥xn+1 − xn∥
+ |cn+1 − cn|∥xn∥+ |cn − cn+1|∥Sxn∥+ |bn+1 − bn|∥Tzn∥

= ∥xn+1 − xn∥+ |bn+1 − bn|∥xn∥+ |cn+1 − cn|∥xn∥
+ |cn − cn+1|∥Sxn∥+ |bn+1 − bn|∥Tzn∥.(3.8)

Next, we claim that limn→∞ ∥xn+1−xn∥ = 0. Putting tn = xn+1−βnxn

1−βn
for each

n ≥ 1, we see that

xn+1 = (1− βn)tn + βnxn, ∀n ≥ 1.(3.9)

From

tn+1 − tn

=
αn+1u+ γn+1QC(I − λ

∑N
i=1 λiAi)un+1

1− βn+1
−
αnu+ γnQC(I − λ

∑N
i=1 λiAi)un

1− βn

=
αn+1

1− βn+1
(u−QC(I − λ

N∑
i=1

λiAi)un+1) +
αn

1− βn
(QC(I − λ

N∑
i=1

λiAi)un − u)

+QC(I − λ
N∑
i=1

λiAi)un+1 −QC(I − λ
N∑
i=1

λiAi)un,
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we have

∥tn+1 − tn∥ ≤ αn+1

1− βn+1
∥u−QC(I − λ

N∑
i=1

λiAi)un+1∥

+
αn

1− βn
∥Qc(I − λ

N∑
i=1

λiAi)un − u∥

+ ∥QC(I − λ
N∑
i=1

λiAi)un+1 −QC(I − λ
N∑
i=1

λiAi)un∥.(3.10)

Substituting (3.8) into (3.10), we obtain

∥tn+1 − tn∥ − ∥xn+1 − xn∥ ≤ αn

1− βn+1
∥u−QC(I − λ

N∑
i=1

λiAi)un+1∥

+
αn

1− βn
∥QC(I − λ

N∑
i=1

λiAi)un − u∥

+ |bn+1 − bn|∥xn∥+ |cn+1 − cn|∥xn∥
+ |cn − cn+1|∥Sxn∥+ |bn+1 − bn|∥Tzn∥.

It follows from the condition (C1)-(C3) that

lim sup
n→∞

(∥tn+1 − tn∥ − ∥xn+1 − xn∥) ≤ 0.

From Lemma 2.3, we have

lim
n→∞

∥tn − xn∥ = 0.(3.11)

Thanks to (3.9), we see that

xn+1 − xn = (1− βn)(tn − xn),

which combines with (3.11) yields that

lim
n→∞

∥xn+1 − xn∥ = 0.(3.12)
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From (3.4), (3.5) and Lemma 2.4, we have

∥xn+1 − x∗∥2

= ∥αnu+ βnxn + γnQC(I − λ
N∑
i=1

λiAi)un − x∗∥2

≤ αn∥u− x∗∥2 + βn∥xn − x∗∥2 + γn∥QC(I − λ
N∑
i=1

λiAi)un − x∗∥2

− βnγng1(∥QC(I − λ
N∑
i=1

λiAi)un − xn∥)

≤ αn∥u− x∗∥+ βn∥xn − x∗∥2 + γn∥bn(xn − x∗) + (1− bn)(Tzn − x∗)∥2

− βnγng1(∥QC(I − λ
N∑
i=1

λiAi)un − xn∥)

≤ αn∥u− x∗∥2 + βn∥xn − x∗∥2

+ γn[bn∥xn − x∗∥2 + (1− bn)∥zn − x∗∥2 − bn(1− bn)g2(∥xn − Tzn∥)]

− βnγng1(∥QC(I − λ
N∑
i=1

λiAi)un − xn∥)

≤ αn∥u− x∗∥2 + βn∥xn − x∗∥2

+ γn[bn∥xn − x∗∥2 + (1− bn){∥xn − x∗∥2 − 2(1− cn)
2(η −K2)∥Sxn − xn∥2}

− bn(1− bn)g2(∥xn − Tzn∥)]− βnγng1(∥QC(I − λ
N∑
i=1

λiAi)un − xn∥)

≤ αn∥u− x∗∥2 + ∥xn − x∗∥2 − 2γn(1− bn)(1− cn)
2(η −K2)∥Sxn − xn∥2

− γnbn(1− bn)g2(∥xn − Tzn∥)− βnγng1(∥Dyn − xn∥).

It implies that

2γn(1− bn)(1− cn)
2(η −K2)∥Sxn − xn∥2 + γnbn(1− bn)g2(∥xn − Tzn∥)

+ βnγng1(∥Dyn − xn∥)
≤ αn∥u− x∗∥2 + (∥xn − x∗∥+ ∥xn+1 − x∗)∥xn+1 − xn∥.

From (3.12), restrictions (C1) and (C2), we have

lim
n→∞

∥Sxn − xn∥ = lim
n→∞

g1(∥Dyn − xn∥)

= lim
n→∞

g2(∥xn − Tzn∥)

= 0.(3.13)
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From the properties of g1 and g2, we have

lim
n→∞

∥Dyn − xn∥ = lim
n→∞

∥xn − Tzn∥ = 0.(3.14)

From (3.13) and the definition of zn, we have

lim
n→∞

∥zn − xn∥ = lim
n→∞

∥cnxn + (1− cn)Sxn − xn∥

= lim
n→∞

(1− cn)∥Sxn − xn∥

= 0.(3.15)

From (3.14) and the definition of yn, we have

lim
n→∞

∥yn − xn∥ = lim
n→∞

∥bnxn + (1− bn)Tzn − xn∥

= lim
n→∞

(1− bn)∥xn − Tzn∥

= 0.(3.16)

Since

∥Txn − xn∥ ≤ ∥Txn − Tzn∥+ ∥Tzn − xn∥
≤ ∥xn − zn∥+ ∥Tzn − xn∥,

(3.14) and (3.15), we have

lim
n→∞

∥Txn − xn∥ = 0.(3.17)

Define the mapping G : C → C by

Gx = αQC(I − λ
N∑
i=1

λiAi)QC(I − µ
N∑
i=1

µiBi)x+ βTx+ γWx, ∀x ∈ C,

where Wx = cx+ (1− c)Sx for all x ∈ C and α, β, γ, c ∈ [0, 1] with α+ β + γ = 1.
We show that W is a nonexpansive mapping. Let x, y ∈ C. Then we have

∥Wx−Wy∥2 = ∥(cx+ (1− c)Sx)− (cy + (1− c)Sy)∥2

= ∥x− y − (1− c)((I − S)x− (I − S)y)∥2

≤ ∥x− y∥2 − 2(1− c)⟨(I − S)x− (I − S)y, j(x− y)⟩
+ 2K2(1− c)2∥(I − S)x− (I − S)y∥2

≤ ∥x− y∥2 − 2(1− c)η∥(I − S)x− (I − S)y∥2

+ 2K2(1− c)2∥(I − S)x− (I − S)y∥2

≤ ∥x− 1∥2 − 2(1− c)2(η −K2)∥(I − S)x− (I − S)y∥2

≤ ∥x− y∥2.
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Therefore, W is a nonexpansive mapping. It is easy to see that the mapping G is
nonexpansive. From Lemma 2.5 and the definition of G, we have

F (G) = F (QC(I − λ

N∑
i=1

λiAi)QC(I − µ

N∑
i=1

µiAi)) ∩ F (T ) ∩ F (S)

= F (D) ∩ F (T ) ∩ F (S)

= F.

On the other hand, we have

∥xn −Gxn∥ = ∥xn − (αDxn + βTxn + γWxn)∥

≤ α∥xn −Dxn∥+ β∥xn − Txn∥+ γ∥xn −Wxn∥

≤ α∥xn −Dxn∥+ β∥xn − Txn∥+ γ(1− c)∥xn − Sxn∥

≤ α(∥xn −Dyn∥+ ∥Dyn −Dxn∥) + β∥xn − Txn∥+ γ(1− c)∥xn − Sxn∥

≤ α(∥xn −Dyn∥+ ∥yn − xn∥) + β∥xn − Txn∥+ γ(1− c)∥xn − Sxn∥.

From (3.13), (3.14), (3.16) and (3.17), we have

lim
n→∞

∥xn −Gxn∥ = 0.(3.18)

Let zt be the fixed point of the contraction z 7→ tu+(1−t)Gz, where t ∈ (0, 1). That
is, zt = tu+ (1− t)Gzt. By Lemma 2.7, there exists a unique sunny nonexpansive
retraction QF (G) : C → F (G) such that limt→0 zt = QF (G)u = QFu = x and

lim sup
n→∞

⟨u− x, j(xn − x)⟩ ≤ 0.(3.19)

Finally, we show that limn→∞ xn = x.
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Observe that

∥xn+1 − x∥2 = ∥αnu+ βnxn + γnQC(I − λ

N∑
i=1

λiAi)un − x∥2

= ⟨αnu+ βnxn + γnQC(I − λ
N∑
i=1

λiAi)un − x, j(xn+1 − x)⟩

= αn⟨u− x, j(xn+1 − x)⟩+ βn⟨xn − x, j(xn+1 − x)⟩

+ γn⟨QC(I − λ
N∑
i=1

λiAi)un − x, j(xn+1 − x)⟩

≤ αn⟨u− x, j(xn+1 − x)⟩+ βn∥xn − x∥∥xn+1 − x∥

+ γn∥QC(I − λ
N∑
i=1

λiAi)un − x∥∥xn+1 − x∥

≤ αn⟨u− x, j(xn+1 − x)⟩+ βn∥xn − x∥∥xn+1 − x∥
+ γn∥xn − x∥∥xn+1 − x∥

= αn⟨u− x, j(xn+1 − x)⟩+ (1− αn)∥xn − x∥∥xn+1 − x∥

≤ αn⟨u− x, j(xn+1 − x)⟩+ 1− αn

2
(∥xn − x∥2 + ∥xn+1 − x∥2),

which implies that

∥xn+1 − x∥2 ≤ (1− αn)∥xn − x∥2 + 2αn⟨u− x, j(xn+1 − x)⟩.

From the restriction (C1), (3.19) and Lemma 2.6, we obtain that limn→∞ ∥xn−x∥ =
0. This completes the proof. 2

It is well known that the smooth constantK =
√
2
2 in Hilbert spaces. From Theorem

3.1, we can the following result immediately.

Corollary 3.1. Let H be a real Hilbert space, C be a nonempty closed convex
subset of H. For every i = 1, 2, · · · , N , Ai, Bi : C → H be αi-strongly monotone
mapping and Li-Lipschitz continuous and βi-strongly monotone mapping and Mi-
Lipschitz continuous with α = min1≤i≤N αi, L = max1≤i≤N Li, β = min1≤i≤N βi
and M = max1≤i≤N Mi, respectively. Let T : C → C be a nonexpansive mapping
and S : C → C be an η-strictly pseudo-contractive mapping with 1

2 ≤ η. Assume
that F = F (T )∩F (S)∩F (D) ̸= ϕ, where D is a mapping from C into itself defined

by D(x) = PC [PC(x−µ
∑N

i=1 µiBix)−λ
∑N

i=1 λiAiPC(x−µ
∑N

i=1 µiBix)] for every
x ∈ C and PC is a metric projection of H onto C. Let {xn} be a sequence generated
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by u, x1 ∈ C and
zn = cnxn + (1− cn)Sxn,

yn = bnxn + (1− bn)Tzn,

un = PC(I − µ
∑N

i=1 µiBi)zn,

xn+1 = αnu+ βnxn + γnPC(I − λ
∑N

i=1 λiAi)yn, ∀n ≥ 1,

where λi, µi ∈ [0, 1] for all i = 1, 2, · · · , N with
∑N

i=1 µi =
∑N

i=1 λi = 1, λ ∈ (0, 2αL2 ],

µ ∈ (0, 2β
M2 ] and {αn}, {βn}, {γn},{bn}, {cn} ⊂ (0, 1) with αn +βn + γn = 1 for all

n ∈ N satisfy the following conditions:

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;
(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;

(C3)
∑∞

n=1 |bn+1 − bn| <∞ and
∑∞

n=1 |cn+1 − cn| <∞.
Then {xn} converges strongly to x = PFu and (x, y) is a solution of the problem

(1.2), where y = PC(x− µ
∑N

i=1 µiBix).

Remark 3.1. (1) Since Lp for all p ≥ 2 is uniformly convex and 2-uniformly
smooth, we see that Theorem 3.1 is applicable to Lp for all p ≥ 2.

(2) Aoyama’s algorithm (1.7) has weak convergence for solving the variational
inequality (1.6) and Kangtunyakarn’s algorithm (1.8) has strong convergence for
solving the variational inequality (1.5). However, our explicit method (3.1) have
strong convergence for solving the general system of variational inequalities (1.1).

4. Applications

The computation of common fixed points is important in the study of many
real world problems including the inverse problems, the split feasibility problems
and the convex feasibility problems in signal processing and image reconstruction
(see [3, 12] and the references therein).

Lemma 4.1.([15]) Let E be a smooth Banach space and let C be a nonempty convex
subset of E. Given an integer N ≥ 1, assume that Si : C → C is an ηi-strict
pseudo-contractive mapping for each 1 ≤ i ≤ N such that ∩N

i=1F (Si) ̸= ϕ. Assume

that {ηi}Ni=1 is a positive sequence such that
∑N

i=1 ηi = 1. Then F (
∑N

i=1 Si) =
∩N
i=1F (Si).

Theorem 4.1. Let E be a uniformly convex and 2-uniformly smooth Banach space
with the best smooth constant K, C be a nonempty closed convex subset of E and QC

be a sunny nonexpansive retraction from E onto C. For every i = 1, 2, · · · , N , let
Ai, Bi : C → E be αi-strongly accretive, Li-Lipschitz continuous and βi-strongly
accretive, Mi-Lipschitz continuous with α = min1≤i≤N αi, L = max1≤i≤N Li,
β = min1≤i≤N βi and M = max1≤i≤N Mi, respectively. Let Ti : C → C be a
nonexpansive mapping and Si : C → C be an ηi-strictly pseudo-contractive map-
ping with K2 ≤ η for each 1 ≤ i ≤ N , where η = min{ηi : 1 ≤ i ≤ N}. Assume
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that F = ∩N
i=1F (Ti) ∩ ∩N

i=1F (Si) ∩ F (D) ̸= ϕ, where D is defined as Lemma 2.9.
Let {xn} be a sequence generated by u, x1 ∈ C and

zn = cnxn + (1− cn)
∑N

i=1 ζiSixn,

yn = bnxn + (1− bn)
∑N

i=1 ξiTizn,

un = QC(I − µ
∑N

i=1 µiBi)yn,

xn+1 = αnu+ βnxn + γnQC(I − λ
∑N

i=1 λiAi)un, ∀n ≥ 1,

where λi, µi, ξi, ζi ∈ [0, 1] for all i = 1, 2, · · · , N with
∑N

i=1 λi =
∑N

i=1 µi =∑N
i=1 ξi =

∑N
i=1 ζi = 1, λ ∈ (0, α

K2L2 ], µ ∈ (0, β
K2M2 ] and {αn}, {βn}, {γn}, {cn},

{bn} ⊂ (0, 1) with αn + βn + γn = 1 for all n ∈ N satisfy the following conditions:
(C1) limn→∞ αn = 0 and

∑∞
i=1 αn = ∞;

(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
(C3)

∑∞
n=1 |bn+1 − bn| <∞ and

∑∞
n=1 |cn+1 − cn| <∞.

Then {xn} converges strongly to x = QFu and (x, y) is a solution of the problem

(1.1), where y = QC(x−µ
∑N

i=1 µiBix) and QF is a sunny nonexpansive retraction
of C onto F.

Proof. Putting S =
∑N

i=1 ζiSi, we see that S is a η-strictly pseudo-contractive
mapping, where η = min{ηi : 1 ≤ i ≤ N}. Indeed, we have the following:

⟨Sx− Sy, j(x− y)⟩ = ζ1⟨S1x− S1y, j(x− y)⟩+ ζ2⟨S2x− S2y, j(x− y)⟩
+ · · ·+ ζN ⟨SNx− SNy, j(x− y)⟩

≤ ζ1(∥x− y∥2 − η1∥(I − S1)x− (I − S1)y∥2)
+ ζ2(∥x− y∥2 − η2∥(I − S2)x− (I − S2)y∥2) + · · ·
+ ζN (∥x− y∥2 − ηN∥(I − SN )x− (I − SN )y∥2)

≤ ∥x− y∥2 − η(ζ1∥(I − S1)x− (I − S1)y∥2

+ ζ2∥(I − S2)x− (I − S2)y∥2 + · · ·
+ ζN∥(I − SN )x− (I − SN )y∥2)

≤ ∥x− y∥2 − η∥(I − S)x− (I − S)y∥2.

This proves that S =
∑N

i=1 ζiSi is a η-strictly pseudo-contractive mapping. From
Lemma 2.5, 4.1 and Theorem 3.1, we can conclude the desired results. 2
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