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ABSTRACT. This paper presents some new paranormed sequence spaces X (r,s,t,p; A)
where X € {l(p), c(p),co(p), I(p)} defined by using generalized means and difference op-
erator. It is shown that these are complete linear metric spaces under suitable paranorms.
Furthermore, the a-, 8-, - duals of these sequence spaces are computed and also obtained
necessary and sufficient conditions for some matrix transformations from X (r, s, t,p; A) to
X. Finally, it is proved that the sequence space I(r, s,t,p; A) is rotund when p, > 1 for
all n and has the Kadec-Klee property.

1. Introduction

The study of sequence spaces play an important role in several branches of anal-
ysis, namely, the structural theory of topological vector spaces, summability theory,
Schauder basis theory. Besides this, the theory of sequence spaces is a powerful tool
for obtaining some topological and geometrical results with the help of Schauder
basis.

Let w be the space of all real or complex sequences x = (x,), n € Ng. For an
infinite matrix A and a sequence space A, the matrix domain of A, which is denoted
by Aa and defined as Ay = {z € w: Az € A} [3]. Basic methods, which are used
to determine the topologies, matrix transformations and inclusion relations on se-
quence spaces can also be applied to study the matrix domain A4. Recently, there
is an approach of forming new sequence spaces by using matrix domain of a suitable

* Corresponding Author.

Received September 18, 2013; revised February 26, 2014; accepted April 11, 2014.

2010 Mathematics Subject Classification: 46A45, 46A35, 46B45.

Key words and phrases: Sequence spaces, Difference operator, Generalized means, a-, 5-,
~- duals, Matrix transformations, Rotundity, Kadec-Klee property.

This work was supported by Council of Scientific and Industrial Research, New Delhi,
Govt. of India.

909



910 A. Manna, A. Maji and P. D. Srivastava

matrix and characterize the matrix mappings between these sequence spaces.

Let (pr)72, be a bounded sequence of strictly positive real numbers such that

H = supp, and M = max{1, H}. The linear spaces I (p), ¢(p),co(p) and I(p) are
k

introduced and studied by Maddox [14], where

loo(p) = {x = (2g) € w : sup |ag|P* < oo},
k
c(p) = {3: = (x) €Ew: lim |z —I|P* =0 for some scalar l} and ,
k—o0

co(p) = {$ = (zp) €w: klggo |z |PF = ()}’
o9}

l(p) = {x = (z) Ew: Z|xk|p"‘ < oo}.

k=0

The linear space cq(p) is a complete linear metric space with respect to the paranorm

g(x) = sup |xk|% But the spaces ¢(p),loo(p) are fail to be linear metric space
keNg
because the continuity of scalar multiplication is not hold for them. The spaces

¢(p) and I (p) are complete linear metric space with respect to the paranorm g(x)
iff inf pi, > 0 for all k. The space I(p) is a complete linear metric space with the
1

0 M
paranorm §(z) = (Z xk|p’“>
k=0

Recently, several authors introduced new sequence spaces by using matrix domain.
For example, Bagar et al. [11] studied the space bs(p) = [loo(p)]s, where S is
the summation matrix. Altay and Basgar [5] studied the sequence spaces r¢(p)
and 7¢_(p), which consist of all sequences whose Riesz transform are in the spaces
I(p) and I (p) respectively, i.e., r'(p) = [I(p)]r: and 7l (p) = [loo(p)|re. Altay
and Bagar also studied the sequence spaces rt(p) = [c(p)|ge and rf(p) = [co(p)]r
in [4]. Using weighted mean Altay and Bagar have introduced and studied new
paranormed sequence spaces in [6] and [7]. Some recent results related to duals and
matrix transformations on sequence spaces can be found in [8] and [20].

Kizmaz [13] first introduced and studied the difference sequence space. Later on,
many authors including Ahmad and Mursaleen [25], Colak and Et [18], Bagar and
Altay[4] etc. studied new sequence spaces defined by using difference operator.
Using Euler and difference operator, Karakaya and Polat introduced the paranormed
sequence spaces ef (p; A), e%(p; A) and e (p; A) in [22]. Mursaleen and Noman [17]
introduced a sequence space of generalized means, which includes most of the earlier
known sequence spaces.

In 2012, Demiriz and Cakan [21] introduced new paranormed difference sequence
space A(u,v,p; A) for A € {l(p), c(p), co(p),l(p)}, combining weighted mean and
difference operator, defined as

AMu,v,p; A) = {1: cw: (Glu,v).A)x € )\},
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where the matrices G(u,v) = (gni) and A = (d,%) are given by

. 0 ifO<k<n—1
<k< - ’
gnk_{ o gz;fb—"’ and 0, =4 (—1)"F  ifn—1<k<n,
0 if k> n.

By using matrix domain, one can write co(u, v, p; A) = [co(P)]G(u,v;a), c(u, v, p; A) =
[C(p)]G(u,v;A)a loo(U»U»P; A) = [loo(p)]G(u,v;A) and l(U»U»P§ A) = [l(p)]G(u,v;A)~

The aim of this present paper is to introduce and study new sequence space
X(rys,t,p;A) for X € {loo(p),c(p),co(p), I(p)}. It is shown that these spaces
are complete paranormed sequence spaces under some suitable paranorms. Some
topological results and the a-, 8-, v- duals of these spaces are obtained. A char-
acterization of some matrix transformations between these new sequence spaces is
established. It is also shown that the sequence space I(r,s,t,p; A) is rotund when
pn > 1 for all n and has the Kadec-Klee property.

2. Preliminaries

Let I, c and cg be the spaces of all bounded, convergent and null sequences
x = (x,,) respectively, with norm |||/~ = sup |z,|. Let bs and cs be the sequence
n

spaces of all bounded and convergent series respectively. We denote by e = (1,1,---)
and e, for the sequence whose n-th term is 1 and others are zero and Ny = NU {0},
where N is the set of all natural numbers.

For any subsets U and V of w, the multiplier space M (U, V) of U and V is defined
as

MU, V)={a=(a,) €w:au= (apu,) €V for all u € U}.
In particular,
U% = M(U,ly), UP = M(U,cs) and UY = M (U, bs)

are called the -, 8- and ~- duals of U respectively [3].

Let A = (@nk)n,k be an infinite matrix with real or complex entries a,;. We write
A, as the sequence of the n-th row of A, i.e., A, = (ank); for every n. For
x = (z,) € w, the A-transform of x is defined as the sequence Az = ((Ax),), where

An(x) = (Ax)n = Zankxky
k=0

provided the series on the right side converges for each n. For any two sequence
spaces U and V', we denote by (U, V), the class of all infinite matrices A that map
U into V. Therefore A € (U,V) if and only if Ax = ((Az),) € V for all z € U.
In other words, A € (U, V) if and only if A, € U” for all n [3]. An infinite matrix
T = (tnk)n,k is said to be triangle if ¢,,,, = 0 for k > n and t,,,, # 0, n € Ng.
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3. Sequence Space X (r,s,t,p; A) for X € {lo(p), c(p), co(p),1(p)}

In this section, we first begin with the notion of generalized means given by
Mursaleen et al. [17].
We denote the sets U and Uy as

U= {u = (up)22p €w:u, #0 for all n} and
Uy = {u = (un)2y €Ew:ug # 0}.

Let r = (1), t = (tn) € U and s = (s,) € Up. The sequence y = (y,,) of generalized
means of a sequence z = (x,,) is defined by

1 n
Yn = E ];)Sn—kthk (n c No)

The infinite matrix A(r, s, t) of generalized means is defined by

Sn—ktk :

snokok Hfo<k<n
A Nk = T =M ="h
(A7, 5,8))ns {0 if & > n.

Since A(r, s,t) is a triangle, it has a unique inverse and the inverse is also a triangle
[2]. Take Dés) =1L and

S0

S1 So 0 0--- 0
So S1 S0 0--- 0
Dgf):sn% for n > 1.
0
Sp—1 Spn—2 Sn—3 e S0
Sn Sp—1 Sn—2 Spn-3°°- S1

Then the inverse of A(r, s, t) is the triangle B = (b )n., which is defined as

n—k DS—)k if
by = (-1) Tk if0<k<n,
if £ > n.

Throughout this paper, we consider p = (pi) is a bounded sequence of strictly
positive real numbers such that H = suppy and M = max{1, H}.
k

We now introduce a sequence space X (r, s,¢,p; A) for X € {lo(p), c(p), co(p),(p)}
as

1 n
X(r,s,t,p; A) = {x = (xp) Ew: (r— g Sn_ktkA.’L‘k) € X},
" k=0 "

which is a combination of generalized means and difference operator A, where
Az = xp — k-1, —1 = 0. By using matrix domain, we can write X (r,s,t,p; A) =
Xa(rsta) =1z € w: A(r,s,t;A)x € X}, where A(r,s,t;A) = A(r,s,t).A, prod-
uct of two triangles A(r,s,t) and A. These sequence spaces include many well
known sequence spaces studied by several earlier authors as follows:
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L ifr, = %, t, = v, and s, = 1V n, then the sequence space X (r, s,t,p; A) re-

duces to X (u,v,p; A) for X € {lo(p), c(p), co(p),l(p)} introduced and studied
by Demiriz and Cakan [21].

Il. if¢t, =1, s, =1 Vnandr, =n+ 1, then the sequence space I(r, s, t,p; A)
reduces to the non absolute type sequence space X,(A) studied by Bagarir
[16].

It ifr, = %, ty, = ?1" Sp = (17104)", where 0 < a < 1, then the sequence space
X(r,s,t,p;A) for X € {loo(p), c(p), co(p)} reduces to e (p; A), e(p; A) and
e (p; A) respectively introduced and studied by Karakaya and Polat [22].

Iv. ifr, =n+1t,=1+a", 0<a<1lands, =1, p, =1Vn, then the sequence
spaces ¢(r, s,t,p; A) and co(r, s,t,p; A) reduce to the sequence spaces a2 (A)
and a§ (A) respectively studied by Aydin and Basar [9].

4. Main Results

Throughout the paper, we denote the sequence spaces X(r,s,t,p;
l(r7 S, tap; A)’ Co(’l’, S, tap; A)ﬂ C(T‘, S, tap; A) and loo(ra S, tvp; A) for X = l(p)7 CO(p)7 C(p)
and [ (p) respectively.

Theorem 4.1. (a) The sequence space I(r,s,t,p; A) is a complete linear metric
space paranormed by h defined as

~ %) 1 n PnN\ 7F
h(x) = <Z 7 Z Sn_ktkA:Ck ) .
n=0""" k=0

(b) The sequence space X (r,s,t,p; A) for X € {loo(p), c(p),co(p)} is a complete
linear metric space paranormed by h defined as

%
h(z) = sup | —

n

E Sn—ktr ATy
[y

Proof. We prove the part (a) of this theorem. In a similar way, we can prove the
part (b).
Let x, y € l(r, s,t,p; A). Using Minkowski’s inequality

(2 ) <(Sk
(4.1) + (i

n=0

n

1
— Z Sn—kteA(zK + Yr)
" k=0

n

Z Sn_ktkAJ?k

1 n
Z Sn—ktk AYk

Pn) ﬁ
PnN\ F
> < 00,

Tn

T'n
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so we have x +y € I(r, s,t,p; A).

Let a be any scalar. Smce la|P* < max{1,|a|M} for any scalar a, we have h()
max{1, |a|}h( x). Hence ax € I(r,s,t,p; A). It is trivial to show that h(9) =
h(—x) = h(z) for all x € I(r,s,t,p; A) and subadditivity of h, ie., h(z + )
h(zx) + h(y) follows from (4.1).

Next we show that the scalar multiplication is continuous. Let (z™) be a sequence
in l(r,s,t,p; A), where 2™ = (27*) = («f, 27", 25,...) € l(r,s,t,p; A) for each
m € Ny such that h(z™ —z) — 0 as m — 0o and (a;,) be a sequence of scalars such
that a,, — « as m — oo. Then h(z™) is bounded that follows from the following
inequality

IN S IN

h(z™) < h(zx) + h(z — z™).
Now consider
h(ama™ — ax)

(5

an et A(amTl — axy)

pn) ﬁ

n=01"" k=0
(Z an KA (o — ) (2] — 2)
n=0
+ ooz = zp) + (m — a)zy) ) "
< max{1, |am — a|}h(z™ — z) + |a|h(z™ — z) + (Z |(atm — Oé)yn|p"> Wv
n=0

where y = (y,,) is defined in Section 3. Since o, — « as m — oo, so there is a
natural number mg such that |y, —a| < 1 for m > mg. Then we have |, —afP» < 1
for all n. Let ng € N. Now we have

> (e — a)yn [P <Z| a)ynl + Z [y
n=0

n=no+1
o0 o0
Since Z |yn [P™ < o0, so for given e > 0 there exists ng such that Z lyn|Pm <
n=0 n=nop+1
no
€ .
3 Since o, — a as m — 00, so we have Z|(am — a)yn/P* — 0 . Hence
n=0
o -
(Z [, — \”") — 0 as m — oo. Therefore we have h(a,z™ — az) — 0

as m — oo. This shows that the scalar multiplication is continuous. Hence his a
paranorm on the space I(r, s, t,p; A).
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Now we show that the completeness of the space I(r, s, p; A) with respect to the
paranorm h. Let (™) be a Cauchy sequence in I(r, s,t,p; A). So for every € > 0
there is a n1 € N such that

h(z™ — at) < 5 for all m,l > ny.

Then by definition of &, we have for each n
‘(A(r, s, 6 )™y — (A(ry s, A)xl)n|

(4.2) < (i

n=0

(A(r, s,t; A)x™),, — (A(r, s, t; A)zh),

N N

Dn ﬁ
)<

for all m,l > ny, which implies that the sequence ((A(r,s,t; A)x™),) is a Cauchy
sequence of scalars for each fixed n and hence converges for each n. We write

lim (A(r, s, t; A)z™), = (A(r, s, t; A)z), (n € Np).

m—r00
Pn\ oF
) <€

for all m > n; and each fixed n. Thus (z™) converges to z in I(r, s,t, p; A) with
respect to h.
To show x € I(r, s,t,p; A), we take

Now taking | — oo in (4.2), we obtain

(s

n=0

(A(r, s, t; A)z™),, — (A(r, 8, t; A)x),

e n Pn\ 71 s 1 - Pn a7
( Z Skt Az ) = ( — Z sn_ktkA(xk — x};ﬂ -+ $Zﬂ) ) M
Tn
= = n=0 k=0
00 1 n P L
s [P\ 7
< (Z EZSn_ktkA(xk — Xy ) )
n=0 k=0
1 & [P A
+ ( E Z Sn—ktLAX] )
n=0 k=0
= h(x —2™) + h(z™) < oo for all m > n,.
Therefore x € I(r, s,t,p; A). This completes the proof. |

Theorem 4.2. The sequence space X (r,s,t,p; A) for X € {loo(p), c(p),co(p),1(p)}
is linearly isomorphic to the space X € {loo(p), c(p),c ( ),1(p)} respectively,
ie., loo(rys,t,p; A) = lo(p), c(r,s,t,p; A) = c(p), colr,s,t,p; A) = co(p) and
Ur,s,t,p;A) = U(p).

Proof. We prove this theorem only for the case when X = I(p). For this, we need
to show that there exists a bijective linear map from I(r, s, ¢, p; A) to I(p). Now we
define a map T : I(r, s,t,p; A) — I(p) by x — Tax =y = (y,), where



916 A. Manna, A. Maji and P. D. Srivastava

Yn an kAT
T" k=0

Since the difference operator A is linear, so the linearity of 7" is trivial. It is easy
to see that Tz = 0 implies « = 0. Thus T is injective. To prove T is surjective, let
y € l(p). Since y = (A(r,s,t).A)z, ie.,

T = (A(r, s,t).A)_ly = AL A(r, s, 1)y,
we can get a sequence x = (x,,) as

n n—j k-D(S)

(4.3) => > (-1

7=0 k=0
1 0o .
PnN\ M o\ 3 ~
( an Kl Azy ) = (Z |yn| ) =(y) < oo.

Thus = € l(r,&t,p; A) and this shows that T is surjective. Hence T is a linear
bijection from I(r, s,t, p; A) to I(p). Also T is paranorm preserving. This completes
the proof. O

4.1. Q- 5'3 fy-duals of X(T,S,t,p;A) for X € {loo(p)7c(p)a60(p)7l(p)}

Then

In 1999, K. G. Grosse-Erdmann [15] has characterized the matrix transforma-

tions between the sequence spaces of Maddox, namely, lo(p), c(p), co(p) and I(p).
To compute a-, 8-, v-duals of X (r,s,t,p; A) for X € {loo(p), c(p), co(p),i(p)} and
to characterize the classes of matrix mappings between these spaces, we list the
following conditions.
Let L, N be any two natural numbers, F' denotes finite subset of Ny and «, oy, are
complex numbers. Let p = (px), ¢ = (qr) be bounded sequences of strictly positive
real numbers and A = (ank)n,k be an infinite matrix. We put K7 = {k € Ny : py, <
1} and Ko = {k € Ny : p; > 1} and p}, = pi’"_‘l for k € K.

Pk

4.4 sup su a < 00
(4.4) up sup 7; nk
(4.5) 3L sup Z Z I < 00

keKs; 'neF
(4.6) lim |a, |9 = 0 for all &

p
(4.7 VL sup sup anpLn f < oo
n keK;
Pl

4.8 VL 3N su anpLin N7 < oo
(4.8) Py

n keKo



(4.20)
(4.21)
(4.22)
(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

Some Paranormed Difference Sequence Spaces
sup sup |anx|”* < oo
n keK;

JN sup Z ‘ankN_l
" keK,

Py
< 0

o) lim|ang — ag|™ =0 for all k

Pk
I(ag) YL sup sup (|ank - ak|Lq%,) < 00
n kekK,

F(ag) VL AN sup Z (|ank _ OéﬂLﬁN*l)p;C < 00

n

keK>
_ 1 |Pk
JL sup sup |appL” @ < 00
n keK;
1 |Pk
dL sup Z App L™ an < o0
n kEKs
L
aN Supz ’ ZankN Pr | < 00
P ker

1 _1
VL IN sup Lan Z |ank| N~ Pr < 00
" k

1
AN su ani| N Pk < 00
npzk:| nk|

J(aw) VL 3N supLar Y lans — N7 7% < oo

k
AN sup (Zk: IankIN_”1k>qn <00
pSpare
n k
Zank
k
Zank—a
k
Zank
k

VN s%p Z

n

< 0

dn

=0

lim
n

dn

=0

da lim

an
< 0

1
D an N

keF
qn
YN lim (Zmnku\r@i) —0
k

1
VN su ank|N?PE < 00

sup
n

< 0

917
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| dn
(428) H(Ckk) VN lim (Z \ank — aklNPl«> =0
k

an
(4.29) VN sup (Z |ankNPlk> < 00.
" k

Lemma 4.1.([15]) (i) A € (I(p),!1) if and only if (4.4) and (4.5) hold.
(ii) A € (I(p),co(q)) if and only if (4.6), (4.7) and (4.8) hold.
(iii) A € (I(p), c(q)) if and only if (4.9), (4.10), (4.11), (4.12) and (4.13) hold.

(iv) A € (I(p),lx(q)) if and only if (4.14) and (4.15) hold.

Lemma 4.2.([15]) (i) A € (co(p),{1) if and only if (4.16) holds.
(ii) A € (co(p), co(q)) if and only if (4.6) and (4.17) hold.
(iii) A € (co(p),c(q)) if and only if (4.11), (4.18) and (4.19) hold.

(iv) A € (co(p),loo(q)) if and only if (4.20) holds.

Lemma 4.3.([15]) (i) A € (¢(p),!1) if and only if (4.16) and (4.21) hold.
(ii) A € (¢(p),co(q)) if and only if (4.6) and (4.17) and (4.22) hold.
(iii) A € (c(p), c(q)) if and only if (4.11), (4.18), (4.19) and (4.23) hold.

(iv) A € (¢(p),ls(q)) if and only if (4.20) and (4.24) hold.

Lemma 4.4.([15]) (i) A € (Io(p),!1) if and only if (4.25) holds.
(ii) A € (Ise(p), co(q)) if and only if (4.26) holds.
(ii) A € (oo (p), ¢(q)) if and only if (4.27) and (4.28) hold.
(iv) A € (loo(p), loo(q)) if and only if (4.29) holds.

We consider the following sets to obtain a-dual of the sequence space X (r, s,t, p; A)
for X € {loo(p)v C(p)a CO(p), l(p)}

ko pi s
ZZ(—l)j L rpan L7 <OO}

t,
keF j—=0 itk

Hi(p) = U {a = (an) Ew: s%pz

LeN n=0
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] oo n—k (5)
Hy(p) = {a = rkan < oo}
= =0 5= 0
(S)
Hs(p) = ﬂ {a— ap) Ew: bupz Z Z rkanLﬁ < oo}
LeN n=0"'keF j=0
n—k D(S) P
Hy(p) = {a = (ay) € w : sup sup Z Z — TRl < oo}
F keNo | o7 520 titk
D“ Pl
Hs(p) = U {a = (ap) €Ew: supz manL_1 < oo}.
LeN k=0'neF j= 0

Theorem 4.3. (a) If pi, > 1, then [I(r,s,t,p; A)|* = H5(p) and [I(r,s,t,p; A)]* =
Hy(p) for 0 <pp <1.
(b) If 0 < pr, < H < o0, then

(i) [eo(r, s,t, p; A)]* = Hi(p),

(i) [e(r, s,t,p; A)]* = Hi(p) N Ha(p),

(iii) [loo(r, 5,8, p; A)]* = H3(p).
Proof. (a) Let pr, > 1 Vk, a = (a,) € w, x € l(r,s,t,p; A) and y € I(p). Then for
each n, we have

n n—k D(é)

antn =D, ) (-1

k=0 j=0

where the matrix C' = (¢pi)n,i i defined as

n—k (8)

Z(—l) rra, i 0<k<n
Cnk = — tj+k

7=0

0 if k>n

and x, is given by (4.3). Thus for each © € I(r, s,t,p; A), (anzy), € l; if and only
if Cy € l; where y € I(p). Therefore a = (ay,) € [I(r,s,t,p; A)]* if and only if
C € (I(p),11). By using Lemma 4.1 (i), we have

( ) /

D),
supZ‘ZZ rkanL ! k<oo.
k=0 neF j=0
Hence [l(’l", 5,4, D; A)]a - H5(p)
If 0 < pr <1 Vk, then by using Lemma 4.1 (i), we have
n—k (s)
D P
sup sup ‘ Z Z(—l)jt I rpan| < oo

F keNp neF =0 Jj+k
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Thus [I(r, s,t,p; A)]* = Ha(p).

(b) In a similar way, using Lemma 4.2 (i), Lemma 4.3 (i) and Lemma 4.4
(i), we obtain [co(r,s,t,p; A)|* = Hi(p), [c(r,s,t,p; A)|* = Hi(p) N Ha(p) and
[loo(ry s,t,p; A)]* = H3(p) respectively. O

To compute v-dual of the sequence space X (7, s,t,p; A) for X € {loo(p), c(p), co(p),
I(p)}, we consider the following sets:

ri) = U fo= @) €w: sup S featls? < o0)

LeN n€No =
Ts(p) = {a = (ar) € w: sup Ze"k < oo}
neNg k=

Is(p) = m {a = (ag) € w: sup Z len k‘LPk < oo}

LeN n€No 7
Ly(p) = U {a = (ag) € w: sup sup |e L PR < OO}
LeN neNp k€Ng

Ts5(p) = U {a = (ar) € w: sup Z|e kL~ |p’€ < oo}

LeN n€No ;0

where the matrix E = (e,) is defined as

(4.30)
(s) (s) n n (s) n

ag D, D, -k Di

rk[ L Gt D DRUED DN CE (o)
SOtk} tk tk:Jrl j=k+1 I=k+2 tl gj=l

Enk = if 0 <k <n,
0
if k> n.

k
Note: We mean Z =0ifn > k.

Theorem 4.4. (a) If pr > 1, then [I(r,s,t,p; A)]Y =T'5(p) and [I(r,s,t,p; A)]Y =
Ly(p) if 0 <pr < 1.

(b) If 0 < pr, < H < 0, then
(1) [CO(Tv Satvp; A)]’Y = Fl(p);
(i) [e(r,s,t,p; A)]" =T1(p) N Ta(p),
(

(lll) [ZOO(T,S,t,p, )]’Y =TI} p)
Proof. (a) Let pr > 1 Vk, a = (ax) € w, x € l(r,s,t,p; A) and y € I(p). Then by



Some Paranormed Difference Sequence Spaces 921

using (4.3), we have

k=0
k k=i ()
BRI
k=0 j=0 (=0 bigj
n—1 k k—j s n n—j s
¥y (_Wm@ 1y Py
~ Liyj ; titj
k=0 j=0 =0 J j=0 1=0 J
Dés) D(()S) DES) n n . l(s) n
: : o ()
e (G B S s e ()

where the matrix E is defined in (4.30).
Thus a € [l(r,s,t,p; A)]’Y if and only if ax = (agxy) € bs, where x € I(r, s,t,p; A)

if and only if (Zakxk) € loo, i€, By € lo, where y € [(p). Hence by using
k=0 "
Lemma 4.1 (iv) with ¢, = 1 ¥n, we have

sup Z|e R L' |P+ < oo, for some L € N.
nENok —0

Hence [I(r,s,t,p; A)]” = T5(p).
If 0 < pr, <1 Vk, then using Lemma 4.1 (iv), we have

sup sup |enx L™ 1P* < oo for some L € N.
n€Ng kENg

Thus [I(r, s,t,p; A)]Y = T4(p).
(b) In a similar way, using Lemma 4.2 (iv), Lemma 4.3 (iv) and Lemma 4.4
'Y =

V) a
(iv), we obtain [co(r, s,t,p; A)]Y = T1(p), [c(r, s, t,p; A)] T'1(p) N Ty(p) and
[loo(r, s,t,p; A)]Y = T'3(p) respectively. ad
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To find f-dual of X(r,s,t,p;A) for X € {l(p),c(p),co(p),l(p)}, we define the
following sets:

(oo}
B, = {a = (ap) Ew: Z a; exists for all k € No},

J=k+1
0o 4 (‘S)k 00
By = {a = (an) Ew: Z (—1)7_k27j_2al exists for all k € NO},
j=k+2 l=j
B3 = {a = (an) Ew: (r;;ak) € Zoo(p)},
k
oo pk’
By = U {a = (ap) € w: sup Z enk L1 < oo},

LeN n€No ;75

Bs = {a = (an) Ew: sup lexxlP* < oo},
n,k€Np

Bg = {a = (an) € w: I(ax) nILH;o enk = ap V k},

B; = ﬂ {a = (ap) € w: I(ag) sup (|enk - ak|L)pk < oo},

LeN n,kENp
Bg = ﬂ {a = (an) € w: I(ay) sup Z (|enk - ak|L> < oo},
LeN n€No 4~
e —1
By = U {a = (an) € w: Iag) sup Z enk — ak‘Lﬁ < oo},
LEN n€No ;"
el —1
By = U {a = (an) € w: sup Z ’enk‘LE < oo},
LeN n€No x 2o

B = {az (an) € w: I lim‘ Zenk —a‘ = 0},
k=0

Bis = ﬂ{a:(an)ew: supi

LeN n€No ;.=

Enk

1
Lre < oo},

B3 = ﬂ {a = (an) € w: IHag) limz lenk — ak\Li = 0}.
LeN " k=0

Theorem 4.5. (a) If pp > 1 for all k, then [I(r,s,t,p; A))® = By B2\ B3\ Bs
Bs () Bs and if 0 < py < 1 for allk, then [I(r,s,t,p; A))? = By (B2 B3\ Bs( Bs
N Br.
(b) Let pi, > 0 for all k. Then

(i) [co(r, s, t,p; A)]? = By (N B2\ Ba (N Bs N By Bio-

(11) [C(’I‘, S, t,p; A)}B = Bl n BQ ﬂ B3 n Bﬁ ﬂ Bg ﬂ 310 ﬂ Bll~
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(111) [lOO(T', S, tap; A)]ﬁ - Bl ﬂ BQ ﬂ B3 ﬂ B12 ﬂ BlS-
Proof. (a) Let py > 1 for all k. We have from (4.31)

> akzr = (By)n,
k=0

where the matrix F is defined in (4.30). Thus a € [I(r, s, t, p; A)]ﬁ if and only if
ax = (agxy) € cs where x € I(r, s,t,p; A) if and only if Ey € ¢ where y € l(p), i.e.,
E € (I(p), c). Hence by Lemma 4.1 (iii) with g, = 1 Vn, we have

’
Pk

JL € N sup Z enp L1 < 00,

neNp k=0

I(ag) li_>m enk = ay, for all k,

oo p/
I(ov) sup Z (|en;c - ak|L) " < oo forall L.
n€Ng k=0

Therefore [I(r,s,t,p; A)]? = By (B2 B3 Ba[) Bs () Bs-
If 0 < pr, <1 Vk, then using Lemma 4.1 (iii) with ¢, = 1, Vn, we have

sup |enr|P* < oo, Iag) lim e, = ay for all k,
Tl,k?eNo n—oo

Pk
VL € N J3(ag) sup (|en;c — ak|L> < 00.

n,kENy

Thus [l(hS,Lp;A)}B = Bl ﬂBQ ﬂBg ﬂB5 mBg ﬂB7

(b) In a similar way, using Lemma 4.2 (iii), Lemma 4.3 (iii) and Lemma 4.4
(iii), we can obtain S-duals of co(r,s,t,p;A), c(r,s,t,p; A) and loo(r, s, t,p; A)
respectively. |

4.2. Matrix mappings

Theorem 4.6. Let E = (é,;,) be the matriz which is same as the matriz E = (e,,)
defined in (4.30), where a; is replaced by an; and ap by ang.
(a) Let pi, > 1 for all k, then A € (I(r,s,t,p; A),lso) if and only if there exists

L € N such that

supz &k L™ < 0o and (ank)r € B ﬂBz ﬂBg ﬂB4 ﬂ36 ﬂBS.
"ok
(b) Let 0 < pr <1 forall k. Then A € (I(r,s,t,p; A),ls) if and only if

sup !énk|pk < oo and (ank)r € By ﬂBgﬂBgﬂB5ﬂB6 mB7.

n,k€Ny
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Proof. (a) Let pr > 1 for all k. Since (ank)r € [l(r,s,t,p; A)]ﬁ for each fixed n,
Az exists for all € I(r, s,t,p; A). Now for each n, we have

m

Zankmk

k=0
m (s) (s) n (S) n

Ank D D —k

=2l (G i) X e (32 )
1;) Sotk 172 tk+1 Zk: " Z tj Z "
= J +1 j=k+2 l=j
m

:Zénkyka

k=0

Taking m — oo, we have

oo 0o
E Akl = E énkyk for all n.
k=0 k=0

We know that for any L > 0 and any two complex numbers a, b
(4.32) jab] < L(laL™["" + [b]7),
where p > 1 and % + 1% = 1. Using (4.32), we get

oo o0 o0
< Supz |énk‘|yk| < L{supz |énkL_1|Pk' " Z |yklpk:| < 00
" k=0 " k=0 k=0

Thus Az € lo. This proves that A € (I(r, s,t,p; A), lo).

Conversely, assume that A € (I(r,s,t,p; A),lx) and pr > 1 for all k. Then Az
exists for each z € I(r,s,t,p; A), which implies that (a,)x € [I(r,s,t,p; A)]P for
each n. Thus

(ank)r € B1(B2(\Bs(\Bs(\Bs[) Bs- Also from Y anrzr = Y. énkyr, we have
k=0 k=0

sup

o0

E = (éu1) € (I(p),ls), i.e., for some natural number L, sup Z |Enk L™ 1|p’“ < oo.
nGNok —0

This completes the proof.
(b) We omit the proof of this part as it is similar to the previous one. O

Theorem 4.7. (a) Let pp > 1 for all k. Then A € (I(r, s, t,p; A),l1) if and only if

Supz ‘ Z R

k=0 neF

" < o0 for some L € N

and (ank)keNO S Bl ntmBgmB4ﬂB(}mBs
(b) Let 0 < px <1 for all k. Then A € (I(r,s t,p;A) 1) if and only if

sup Sup ‘ Z enk

ner

<oo
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and
(ant)r € Bi[ | Bz Bs[ | Bs[ | Bs[ ) Br.

Proof. We omit the proof as it follows in a similar way of Theorem 4.5. a

Corollary 4.1. (a) A € (co(r, s,t,p; A),co(q)) if and only if (4.6), (4.17) hold with
€nk in place of any and (ank) € [CO(T,S,t,p; A)}ﬁ,
(b) A € (co(r,s,t,p;A),c(q)) if and only if (4.11), (4.18), (4.19) hold with é,,
in place of any and (ang) € [co(r,s,t,p; A)}’B,
(¢) A € (co(r,s,t,p; A),l(q)) if and only if (4.20) holds with €, in place of
ang and (ang) € [co(r,s,t,p;A)]ﬁ.

Corollary 4.2. (a) A € (c(r,s,t,p;A), co(q)) if and only if (4.6), (4.17), (4.22)
hold with €,y in place of ank and (ank) € [c(r,s,t,p;A)]ﬁ,
(b) A € (¢(r,s,t,p; A),c(q)) if and only if (4.11), (4.18), (4.19), (4.23) hold with
€nk in place of any and (ank) € [c(r7s,t7p;A)]B,
(c) A€ (c(r,s,t,p;A),l(q)) if and only if (4.20), (4.24) hold with €,y in place
of ani and (ank) € [c(r, s,t, p; A)]ﬁ.

Corollary 4.3. (a) A € (loo(r,5,t,0;A),c0(q)) if and only if (4.26) holds with é,y,
in place of ang and (ank) € [loo(r,s,t,p; A)]’B,
(b) A € (lo(r, 8,t,p; A), c(q)) if and only if (4.27), (4.28) hold with €,y in place
of ang, and (ank) € [loo(r,s,t,p; A)}B,
(c) A€ (loo(r,s,t,p; A),lso(q)) if and only if (4.29) holds with €.y, in place of
ank and (ank) € [Zoo(r,s,t,p;A)]B.

5. Kadec-Klee Property and Rotundity of I(r,s,t,p; A)

In many geometric properties of Banach spaces, Kadec-Klee property and ro-
tundity play an important role in metric fixed point theory. These properties are
extensively studied in Orlicz spaces (see [10], [12], [19]) and also studied in differ-
ence sequence spaces by Kananthai [1]. In this section, we discuss these properties
in the sequence space I(r, s,t, p; A).

Throughout the paper, for any Banach space (Y, ||.]|), we denote S(Y') and B(Y') as
the unit sphere and closed unit ball respectively.

A point x € S(Y) is called an extreme point if implies y = z for every
y,z € S(Y'). A Banach space Y is said to be rotund (strictly convex) if every point
of S(Y) is an extreme point.

Let X be a real vector space. A functional o : X — [0, 00] is called a modular if
(i) o(x) =0 if and only if z =0,

(i) o(=2) = o(x),

(iii) o(ax + By) < o(x) + o(y) for all z,y € X and a, f > 0 with o + § = 1.

A modular o is said to be convex if

_ ytz
r = "3
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(iv) o(az + By) < ao(z) + Po(y) for all z,y € X and o, 8 > 0 with a + 5 = 1.
For any modular o, the modular space X, is defined by

Xo={zxeX:0(\x) = 0as A — 0+}.

We define X = {x € X : 0(\x) < oo for some A > 0}. It is clear that X, C X*.
Orlicz [23] prove that if o is convex then X, = X
A modular o is said to be
(i) right continuous if lim o(A\x) = o(x),
A—=14

(ii) left continuous if lim o(A\x) = o(x),
A—=1—

(iii) continuous if it is both left and right continuous.

A modular o is said to satisfy As-condition [24], denoted by o € Ay if for any € > 0,
there exist constants K > 2 and a > 0 such that 0(2z) < Ko(z) + € for all z € X,
with o(z) < a.

If o satisfies As-condition for any a > 0 with K > 2 dependent on a, we say that o
satisfies strong As-condition, denoted by o € A§ [24].

Let p, > 1 for all n € Ny. Then for z € l(r,s,t,p; A), we define

op() = Z
n=0

By the convexity of the function ¢ — |¢[P» for each n € Ny, we have o), is a convex
modular on I(r, s, t, p; A).
We consider I(r, s,t,p; A) equipped with the so called Luxemburg norm given by

Iz :inf{c> 0: ap(%) < 1}.

It is easy to observe that the space I(r, s,t, p; A) endowed with the norm ||z|| forms a

Banach space. A normed sequence space X is said to be K-space if each coordinate

mapping Py defined by Py (z) = xy, is continuous for each k € Ny. If X is a Banach

space as well as K-space, then it is called a BK space. Let pr, > 1 Vk € Ny and

M = suppy. It is easy to show that o, satisfies the strong As-condition, i.e.,
k

n

1
—_— E Sn_ktkA(ﬂk
r

" k=0

Pn

(71 € No)

op € AS.
Proposition 5.1. For x € l(r,s,t,p; A), the modular o, on l(r,s,t,p; A) satisfies
the following:
(i) if 0 < a <1, then aMo, (L) < 0p(2) and op(ax) < op(x).
(ii) if a > 1, then op(z) < oMoy (L).
(ill) if a > 1, then op(x) < aop(z) < op(ax).
Proof. (i) We have

T Sac I e LA g [ L P 1
O'p(a) = ZO Tm kZOSn_ktkAIk S OéiM ZO E I;)Sn_ktkAl’k = WUP(I),
n= = n= =
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ie., aMo,(2) < 0,(z) and using convexity of o,, we have o,(az) < o,(z) for

O0<a<l
Statements (ii) and (iii) can be proved in a similar way. So, we omit the details.O
Proposition 5.2. The modular o, is continuous.

Proof. Let A > 1. From Proposition , we have
04(2) < Aoy (@) < 0, (M) < AV (a).

Taking A — 14, we obtain )\linll op(Az) = op(x). So o, is right continuous.
-1+

If 0 < A < 1, then we have AMo,(z) < 0,(A\z) < Aop(z). Taking A — 1—, we
obtain /\liril op(Az) = op(x). So o), is left continuous. Thus o, is continuous. O
1

Now we give some relationship between norm and modular.

Proposition 5.3. For any x € I(r,s,t,p; A), we have
(1) if ||z|l < 1 then op(x) < ||z]|,

(i) if lloll > 1 then o (2) > |l

(iii) ||z|| =1 if and only if op(zx) =1,

(iv) |z|| < 1 if and only if op(x) < 1,

(V) |lz|l > 1 if and only if op(x) > 1,

(vi) if 0 < a < 1 and ||z|| > « then op(x) > o™,
(vii) if a > 1 and ||z| < o then op(z) < oM.

Proof. (i) Suppose ||z|| < 1. Let u be a positive number such that ||z|| < v < 1.

z
u

Then by the definition of norm ||.||, we have orp( < 1. Using convexity of oy,

we have o,(z) = o, (u%) < u0p<%> < u. Since u is arbitrary, this implies that
ap(x) < .
(ii) Let u be a positive number such that ||| > w > 1. Then U,,(I) > 1 and

u
1< O'p(%) <ig,(z), ie., op(z) > u. Taking u — |z||_, we obtain o,(z) > ||z|.

(iii) Since o, € A$, so the proof follows from Corollary 2.2 in [24] and Proposition
5.2.
(iv) and (v) follows from (i) and (iii).
(vi) and (vii) follows from Proposition 5.1 (i) and (ii). a
Proposition 5.4. Let (z™) be any sequence of elements of I(r, s,t,p; A).

(1) If [|[z™] — 1 then op(z™) — 1 as m — oo,

(ii) If ||l=™|| = 0 if and only if op(z™) — 0 as m — oo.
Proof. (i) Suppose that ||™|| — 1 as m — oo. Then for every € € (0,1) there

exists N € Ny such that 1 — e < [|[2™]|] < 1+ € for all m > N. Thus by Proposition
5.3 (vi) and (vii), we have (1 — €)™ < g,(z™) < (14 €)M for all m > N. Hence



928 A. Manna, A. Maji and P. D. Srivastava

op(az™) = 1 as m — oo.
(ii) Since o, € A3, so the proof follows from Lemma 2.3 in [24]. O

Lemma 5.1. The space l(r,s,t,p; A) is a BK space.

Proof. Since the space I(r, s,t,p; A) equipped with the Luxemberg norm ||.|| is a
Banach space, so it is enough to prove that I(r,s, t,p; A) is a K-space. Suppose
(™) C I(r,s,t,p; A) such that 2™ — 0 as m — oo. By Proposition 5.4 (ii), we
have o, (z™) — 0 as m — oo. This implies that

n Pn
% Z Sn—ktrAxp| — 0 as m — oo and for each n € Ny.
k=0

By induction, we have z}* — 0 as m — oo for each k € Ny. Hence the coordinate
mappings Py (z™) = z7* — 0 as m — oo which implies that Py’s are continuous for
each k. O

Lemma 5.2. Let x € l(r,s,t,p; A) and (™) C l(r,s,t,p; A). If op(2™) = op()
and z}* — x1, as m — oo for each k then ™ — x.

Proof. Since x € I(r,s,t,p; A), ie., op(x) < 00, so for a given € > 0 there exists
ng € N such that

oo 1 n Pn € 1
n=ng+1 k=0

Again o,(2™) — op(x) and z]' — xr as m — oo for each k, so there exists
mg, ng € N such that for m > mg
pn)

no

op(™) - (Z

12
— E Sn—ktr Az
Tn

k=0

1w b e 1
(5.2) < op(x) — (Z - > snktrAzy ) + 3537
n=0 k=0
and
no 1 n Pn €
5.3 — Sn—rtr(Ax — Az < —.
(5.3 (2|5 osnstutaer —aa| ") < 5

Thus for m > my, using equations (5.1), (5.2) and (5.3), we have
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Up(xm *x)

Pn

an wti(Axy — Axy)

Pn Pn

an ktk Aéﬂk A:L’k)

>

an ktk Al’k A{Ek)

n=0 n=nop+1
< = + 2M{ i i zn: S ktkA{Em + Z i zn: S ktkAxk pn}
n " F Tn "
n=ng+1 = n=ng+1 k=0
€ no n Pn Pn
S 2M{a,,( SF an_ktkAx’,;“ S ZS,L et Ay }
n=0 o= n=ng+1
€ 1 — Pn
<5 +2{o,0 =S 2l
n=0 n k=0
¢ o0 Dn
gt 3 [ s man ]
=no V=
€ M > 1 & Pn € m€ 1
n=ng+1 =0
e 1 € €
— 4 oM -+ - =
Syteigommtytg=e

This shows that o,(2™ — ) — 0 as m — oo. Therefore by Proposition 5.4, we have
2™ — x in norm. o

Theorem 5.1. The space l(r, s,t,p; A) has the Kadec-Klee property.

Proof. Let x € S(I(r,s,t,p; A)) and (™) be a sequence in I(r, s, t,p; A) such that
2™ = 1 as m — oo and 2™ — x weakly as m — oo. Since |z|| = 1 so by
Proposition 5.3 (iii), we have o,(z) = 1 and it follows from Proposition 5.4 that
op(x™) — op(x) as m — co. By Lemma 5.1, we conclude that the coordinate
mapping Py : I(r,s,t,p; A) — R is continuous, which follows that z}* — xj as
m — oo for each k. Hence by Lemma 5.2, we obtain 2" — x as m — oo in norm.

O

Theorem 5.2. The space l(r, s,t,p; A) is rotund if p, > 1 for each n.

Proof. Let x € S(I(r,s,t,p; A)) and y, 2 € B(I(r, s, t,p; A)) with z = ££2. We have
to show that y = z. Since o,(x) =1 and

7)< 5(0p(y) +0p(2) < 1,

we have 0, (2) = (0, (y) + 0(2)) and () = 1, (=) = 1.
Therefore, we have

L =o0p(x) = op(
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oo

2|

Z Sn—klkAYk
Tﬂ

Pn

n
Z Sn—kte Az
- oo

32k

n=0

Pn Pn

= Z Z Sn—kt Az

n=0

y+z
2

Since = = , we have from above

(oo}

Z is kkAykJrAZk

2
*Z iz ERSN JWANT)S an rtrAzy
n=0!"m =0

oo
By the strict convexity of the function f(t) = |t|P*,pr > 1 for each k, from above,
we obtain for each n

’ﬂ

Pn Pn

n 1 n
5 Z Sp_ktp Ay, = o Z Sp—ktpAzg.
" k=0 s

By induction, we obtain y;, = z; for each k € Ny, i.e., y = z. Therefore the sequence
space I(r, s,t,p; A) is rotund. O
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