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ABSTRACT. Let U be a o-square closed Lie ideal of a 2-torsion free o-prime I'-ring M. Let
d # 1 be an automorphism of M such that [u,d(u)]a € Z(M) on U, do = od on U, and
there exists ug in Sas(M) with MT'ug C U. Then, U C Z(M). By applying this result,
we generalize the results of Oukhtite and Salhi respect to I'-rings. Finally, for a non-zero
derivation of a 2-torsion free o-prime I'-ring, we obtain suitable conditions under which
the I'-ring must be commutative.

1. Introduction
Let M and I' be additive abelian groups. If there is a mapping M xI'x M — M
(sending (a, a,b) — aab) which satisfies the conditions
(1) (a+b)ac = aac+ bac, a(a + B)b = aab + apfb, aa(b + ¢) = aab + aac,
(2) (aad)Be = aa(bfc),
for all a,b,c € M and o, 3 € . Then, M is a I'-ring in the sense of Barnes [1].

ExAMPLE 1. Every associative ring is a I'-ring. In this case I' is a single element
set.

EXAMPLE 2. Let R = M, x,(D), the set of all matrices of type m xn over a division
ring D and I' = M, xm (D), the set of all matrices of type n x m over a division
ring D. Now, we define the map R x I' x R — R by (A, B,C) — ABC, for all
A,Ce Rand BeI. Then, R is a I'-ring.
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Let R be a I'-ring. A subset of I of R is a left ideal of R if I is an additive
subgroup of R and RI'l = {raa|r € R,a € I';a € I} is contained in I. Similarly,
we can define a right ideal of R. If I is both a left and a right ideal, then I is a
two-sided ideal, or simply an ideal of R.

Throughout the paper, we consider M to be the I-ring with center Z(M). A
T-ring M is called a 2-torsion free if 2a = 0 implies a = 0, for all a € M. And
M is called commutative if aab = baa holds, for all a,b € M and o« € . We use
the notation [a,b], for the commutator a and b with respect to o and defined by
[a,b]o = aab — baa. By the commutator, it is clear that M is commutative if and
only if [a,b], = 0, for all a,b € M and o € T'. In our present paper we assume a
condition

(1.1) aabfc = afbac,

for all a,b,c € M and «, 3 € T'. According to this condition the basic commutator
identities reduce to the form

[aab, | = [a, c]gab + aalb, c]g and [a, bac]|z = [a, b]gac + baja, c]g,

for all a,b,c € M and «a, € I', which are extensively used in our paper. The
concepts of a homomorphism and an automorphism were first introduced by Barnes
[1] in I-rings in the following manner. Let M and N both be I'-rings, and ¢ a map
of M into N. Then, ¢ is called a homomorphism if p(a + b) = ¢(a) + ¢(b) and
p(aab) = p(a)ap(d), for all a,b € M and o € T. If M = N, then ¢ is called
an automorphism of M. The notion of derivation and Jordan derivation of a I'-
ring have been introduced by Sapanci and Nakajima [16]. Then in view of some
significant results due to Jordan left derivation of a classical ring obtained Jun and
Kim in [7], some extensive results of left derivation and Jordan left derivation of a
I-ring were determined by Ceven in [2]. Afterwards Halder and Paul [4] extended
this remarkable result in square closed Lie ideals of a I'-ring. Let M be a I'-ring,
An additive mapping d : M — M is called a derivation if d(aab) = d(a)ab+ aad(b)
is satisfies for all a,b € M, a € T'. Lie and Jordan structure of simple I'-rings
have been studied by Paul and Uddin in [13, 14]. They generalized some significant
results made by Herstien [6] in I'-rings. Following, Paul and Uddin studied on
simple I'-rings with involution in [15]. Haldar and Paul [3] worked on o-prime I'-
rings by means of a non-zero derivation and obtained some commutativity results
of a 2-torsion free o-prime I'-ring. Let M be a I'-ring. An additive subgroup U
of M is called a Lie ideal of M if [u,m], € U, for all u € U, m € M and a € T.
A Lie ideal is said to be a square closed Lie ideal of M if uau € U, for all u € U
and o € T. An additive mapping o : M — M is called an involution if o(a) = a
and o(aab) = o(b)ao(a), for all a,b € M and o € I'. An ideal I of M is called
oo-ideal if 02(I) = I. A Lie ideal U of M is called a o-Lie ideal if o(U) = U. A
Lie ideal U is called o-square closed if it is square closed together with it is a o-Lie
ideal. Let us assume that M be a I'-ring having an involution ¢. Now, we define
the set Say (M) ={m € M : o(m) = +m}. For this definition we have seen that
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Sas (M) contains both symmetric and skew symmetric elements of M. Recall that
M is said to be a o-prime if al' MTb = al'MTo(b) = 0 implies that a =0 or b = 0.
From about fifty years, many authors worked on I'-rings and extended the results
of the classical rings theories to I'-ring theories. For these purposes, we study on
I'-rings for generalizing the results of rings in I'-rings. In classical ring theories, a
number of research works has done by Oukhtite and Salhi [11] and they extended
the results of prime rings to o-prime rings. Khan, Arora and Khan [8] obtained
some commutativity results of o-prime rings with a non-zero derivation. In the
present paper, we generalize the results of [11] in I'-rings. Let M be a 2-torsion
free o-prime I'-ring satisfying the condition (1.1) and let U be a o-square closed
ideal of M. If d # 1 is an automorphism of M such that [u,d(u)], € Z(M) on U,
do = od on U, and there exists uy in Sa, (M) with MTwuy C U, then U is central
on M. In view of this result, we generalize other results of [11] in I'-rings. At last
we obtain some suitable conditions of a 2-torsion free o-prime I'-ring in which it
must be commutative by means of non-zero derivation of M.

2. Automorphisms Centralizing on o-Square Closed Lie Ideals

Throughout this section M will denote a 2-torsion free o-prime I'-ring, where o
is an involution of M.

Lemma 2.1. If d is a homomorphism of M in which [U,d(U)lr C Z(M) on a
square closed Lie ideal U of M, then [U,d(U)]r = 0.

Proof. For all u € U and o € T, we have [u,d(u)]o € Z(M). By linearization we
have [u, d(v)]o + [v,d(©)]o € Z(M), for all u,v € U and « € T'. Replacing v by ufu,
we obtain

[u, d(ufu)]a + [ubu,d(u)]q

= [u, d(u)Bd(u)]a + [uBu, d(u)]a

= d(u)Blu, d(u)]a + [u, d(u)]oBd(u) + uflu, d(u)]a + [u, d(u)]oBu

= (d(u) + u)Blu, d(u)]a + d(u)Blu, d(u)]o + ublu, d(u)]a (since [u,d(u)]o € Z(M))
= (d(u) +u)Bu, d(w)]a + (d(u) + u)Blu, d(uw)]a

u,d(u)]e = 0, for all m € M and 6 € T. In par-
Blu, d(w)]a = [u,d(u)]afu,d(u)]s. Now, we have

Hence, [m,u —&[— d(w)]sp
= |u d(u)]a
u, d(u)]oyyBlu, d(uw)]e = 0, since [u,d(u)]o € Z(M).

ticular, 0
yy[u, d(u)]aBlu, d(w)]a =
Therefore,

[u, d(w)]ayyBlu, d(w)]ado([u, d(u)]a) = 0
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and since [u, d(u)]od0([u, d(u)]q) is invariant under o, the o-primeness of M yields
. d(w)lo = 0 or [u, d(w)]do([u, d(u)]a) = 0. IF [u, d(w)]ade (v, d(w)a) = 0, then
[u, d(uw)]aBydo([u, d(u)]a) = 0, for ally € M and § € T, because [u,d(u)]a € Z(M)7
and consequently [u,d(u)]aﬂyCS[u,d(u)]a = [u, d(u)]ofydo([u, d(u)]o = 0. By using
the o-primeness of M, we get [u,d(u)], =0, for all u € U and « € T'. From now we
may assume that d is an automorphism such that [u,d(u)], € Z(M) on a o-square
closed Lie ideal U which contains an element ug in Sa, (M) such that maug € U,
for all u € M and a € T'. Since d has the property [u, d(u)]o € Z(M) on U, Lemma
2.1 implies [u,d(u)]o =0, for all w € U and a € T. O

Lemma 2.2. If a,b € M are such that acUBb = aaUBo(b) = 0, for all o, € T,
then a =0 or b=0.

Proof. Suppose that a # 0. Then, there are two cases:

Case 1: ug € Z(M).

Let m € M and v € T. From aam~yuofb = aamyugfo(b) = 0, we obtain
aomyugBb = aamyugfo(b) = aamyo(ugBb) = 0. Since M is o-prime, uoBb = 0.
Then, maugBb = 0, for all m € M and a € I'. Since ug € Z(M), then ugamfBb =
o(ug)amBb = 0, proving b # 0.

Case 2: ug & Z(M).

If aafr, ugly =0, for all » € M and v € T, then

0 = aa[mdr, ugly = aamd[r, up)y + aam, ugly0r = aamdr, uo),

so that aamd[r,ugly = 0 = aamdo([r,ugly) proving [r,ugly = 0, for all r € M
and v € T' which contradicts ug ¢ Z(M). Thus, there exists m in M such that
aa[m, uo)gamma # 0. From aa[m, ug],0r8b = aa[m, ugl,érfo(b) = 0, it gives that
aam, w0 M Bb = aam, ug),dMBo(b) = 0 and since M is o-prime, b = 0. O

Lemma 2.3. Let d commutes with o on U. If u € UN Sa,(M) satisfies d(u) # u,
then w € Z(M).

Proof. Let Suppose that u € USa, (M) with d(u) # u. From [v,d(v)], = 0, for all
v € U and a € T'. By linearization, we obtain [w,d(v)]s + [v,d(w)]s = 0, for all
v,w € U and o € T'. This gives [w, d(v)]o = [d(w),v]q, for all v,w € U and o € T.
In particular, [u,d(2ufv)]s = [d(u),2ufv], because 2ufv € U, for all 8 € T.
By the 2-torsion freeness of M, we obtain d(u)B[u,d(v)]s = uB[d(u),v]s, since
[u,d(u)]q = 0. Thus, d(u)ﬁ[d(u), V]o = ufd(u),v]q, since [w,d(v)]s = [d(w),v]q.
This gives (d(u) — u)B[d(u),v]q =0, for all v € U and o, 5 € T

Replacing v by 2wdv, we obtain (d(u) — u)f[d(u), wov], = 0, for all v,w € U
and «, 8,0 € I'. This yields (d(u) — u)Bwd[d(u),v]s + (d(u) — u)Bld(u), w]odov = 0,
for all v,w € U and «, 3,6 € I'. This gives

(d(u) — w)BUS[d(u), v]e = (d(u) — uw)BUso ([d(u), v]s) = 0,

for all v,w € U and «, 3,6 € T'. Since d(u) # u, by Lemma 2.2, [d(u),v], = 0, for
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all v € U and g € T". Therefore,

[d(u), tBryugla = tBld(u), ryucla + [d(u), tlaBryuo
= [d(u), t]afBryuo = 0,

for all t,r € M and a,8,7 € T. Thus, [d(u),t]a8M~yuy = 0. This proves that
[d(u),t]o =0, so that d(u) € Z(M). Since d is an automorphism, u € Z(M). O

Theorem 2.4. Let M be a 2-torsion free o-prime I'-ring satisfying the condition
(1.1) having an automorphism d # 1 such that [u,d(u)], € Z(M) on a o-square
closed Lie ideal U. If d commutes with ¢ on U and there exists ug in Sa, (M) with
MTuy CU, thenU C Z(M).

Proof. Suppose that d is identity on U. Then, for all t,m € M, «, 3 € ', we have
d(tampugy) = tampPBug = d(t)ad(mpPug) = d(t)ampBug. Thus, (d(t) — t)amPug = 0,
so that (d(t) — t)aM Bug = 0. Since M is o-prime this gives d(t) = ¢, for all t € M
which is impossible. So, d is non-trivial on U. Since M is 2-torsion free, the fact
that u+o(u) and u—o(u) are in UNSaq (M), for all w in U such that d is non-trivial
on UNSay(M). So, there must be an element w in U N Sa, (M) such that w # d(u)
and by Lemma 2.3, u € Z(M). Let 0 # v be in U N Sa,(M) and not be in Z(M).
Again using Lemma 2.3, we have d(v) = v. But d(uav) = d(u)av = uav so that
(d(u)—u)av = 0. Since u € Z(M), we have (d(u)—u)Bmav = (d(u) —u)Smac(v) =
0, for all m € M and «, 8 € I". This yields v = 0, since M is o-prime. Therefore,
for all v in U N Sa,(M), v must be in Z(M). Now, let u be in U. The fact
u — o(u) and u + o(u) are elements in U N Sa, (M) and hence v — o(u) € Z(M)
and u + o(u) € Z(M). These two relations yield that 2u € Z(M). Consequently,
u € Z(M) and that proves that U C Z(M). O

Theorem 2.5. Let M be a 2-torsion free o-prime I'-ring satisfying the condition
(1.1) having an automorphism d # 1 which commutes with on a non-zero o-ideal
I of M. If [a,d(a)]a € Z(M), for alla € I and o € T, then M is a commutative
I'-ring.

Proof. We know that a o-ideal is a o-square closed Lie ideal. So, by Theorem 2.4,
I C Z(M). Now, ifaca =0, for all @ € I and o € T, then (o(a)+a)a(o(a)+a) = 0.
As o(o(a) + a) = o(a) + a, the fact that (o(a) + a)aMpB(o(a) + a) = 0, for all
B € T'. By the o-primeness of M, we have o(a) = —a. But aca = 0 implies that
aaM Ba = 0 so that a = 0 which contradicts I # 0. Thus, there exists an element
a € I such that aca # 0, for all « € I'. For all m,n € M and 3,6 € T", we have

acafmén = aal(afm)én
= aa(mpBa)on
= (aam)fadn
maafadn
= aanfmda
= aaafnoém.

Hence, aaaf[m,n]s = 0. Thus, acafzy[m,n]s = 0, for all x € M and v € T.
Similarly, we have acafBz([m,n]s) = 0, for all x € M and v € T'. Since aca # 0,
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the o-primeness of M yields [m,n|s = 0, for all m,n € M and § € T'. This proves
that M is commutative. O

3. Derivations in o-Prime I'-Rings

Let M be a 2-torsion free o-prime I-ring satisfying the condition (1.1) and let
d # 0 be a derivation on M. In this section, we develop suitable conditions under
which the I'-ring M must be commutative. For this purpose we frequently use the
following lemma.

Lemma 3.1. Let I # 0 be a o-ideal of M. If a,b € M are such that al'ITb = 0 =
al’'ITo(b), then a =0 or b= 0.

Proof. Suppose that a # 0. Then, there exists some = € I such that aax # 0, for
all @ € T. Indeed, otherwise aamfx = 0 and aamfo(x) =0, for all z € I, m € M,
B e€T. So,a=0. Since aalT’M b C aalBb = 0 and aalT' M Bc(b) C aalBo(b) =0,
for all o, 8 € T'. In particular, aaxzT M b = acxT' M Bo(b) = 0 gives that b = 0 by
the o-primeness of M. O

Theorem 3.2. Let 0 # d be a derivation of M and let I be a non-zero o-ideal
of M. If m in Sas(M) satisfies [d(a),m]o = 0, for all a € I and a € T, then
m € Z(M). Furthermore, if d(I) C Z(M), then M is commutative.

Proof. For all a,b € I and B € T', we have [d(ab),m], = 0. It yields that
0 = [d(a)Bb + aBd(b), m]a
= [d(a)Bb, m]q + [aBd(b), m]y

d(a)B[b,m|a + [d(a), m]aBb + aB[d(b), m]a + [a, m]aBd(b)
d(a)B1b, m]a + [a, m]aBd(b),

by using [d(a), m], = 0 = [d(b), m],. Hence, we obtain

(3.1) d(a)B[b, mla + [a,m]aBd(b) = 0,
for all a,b € I, a, B € T'. Replacing b by bym in (3.1), we obtain
d(a)B[bym,m]of + [a,m]oBd(bym) = 0.
This gives that
(d(a)Bby[m, m]a + d(a)B[b,m]aBm + [a, m]aB(d(b)ym + byd(m)) = 0.
Therefore,
(d(a)B[b,m]a + [a, m]aBd(b))ym + [a,m]aBbyd(m) = 0.

Using (refe2), we obtain that [a, m],B8byd(m) = 0. This yields [a, m]o8Ivd(m) = 0.
The fact that I is a o-ideal together with m in Sa, (M), give o([a, m]q)BIvd(m) =
[a,m]oBIvd(m) = 0. By Lemma 3.1, we obtain that [a,m], = 0 or d(m) = 0. If
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d(m) # 0, then [a,m], = 0, for all @ € I and o € ". Let t € M. Now, we have
[tBa, m]s = tBla,m]q + [t,m]aSBa. Since [a,m], = 0, we have [t,m],Ba = 0. Let
0 # ag € I. Then,

[t,m]aBM~yag = [t, m]aSM~o(ag) = 0.
Since M is o-prime, [t, m], = 0, which proves that m in Z(M). Now, if d(m) = 0,

then d([a, m]s) = [d(a), m]s +[a, d(m)]q yields that 0 = d([a, m]) = [d(a), m], and
consequently

(3:2) (1, Mr) = 0.
Replace b by byc in (3.1), where ¢ € I and v € T', we have

= d(a)ﬂ[b767 m]a + [C(,, m}aﬁd(byc)
Z(a)ﬁb’y[c, m]a + d(a)B[b, m]ac + [a, m]|oB(d(b)ye + byd(c))

By using (3.1), we have
(3.3) d(a)Bbrylc.ml + [a.m]afbyd(c) = 0.
Now, putting [¢, m]4 for ¢ in (3.3), we obtain

d(a) b {[e.mlas mlo + [a, mlo Bbyd (e, m]a) = 0.

Using (3.2), we have d(a)Bby[[c, m]a, m]o = 0 so that d(a)BIv[[c,m]a, m|e =0 =
d(a)BIvo([[c, m]a,m]q). By Lemma 3.1, we obtain that d(a) = 0 or [[c, m]s, Mo =
0, for all a,ce I, m € M and a € T'. If d(a) = 0, for all a € I, then for any t € M
we get d(taa) = d(t)aa =0, for all a € T and « € T. Since mfBa € I, for all m € M
and B € T', we have d(t)amfBa = d(t)amfBao(a) = 0 and as 0 # I, then d(t) = 0, for
all t € M. Consequently,

(3.4) [[e, ], m]q = 0.
Replace ¢ by ¢fBa in (3.4) we have

0 = [[¢Ba, m]a, m]a = [c¢B]a, m]o + [¢, m]aBa, m]q
= [efla,m]a, M) + [c, m]aa, m]q

= cflla, m]a, m]a + [c,m]aBla, m]a + [[c,m]a, m]aBa + [c,m]afla, m]q
= [e,m]aBla, m]o + [c, m]afBla, m]a,

by using (3.4). This yields 2[c, m]oB[a,m]o = 0. Hence, by using the 2-torsion
freeness of M, we obtain

(3.5) [e, m]aBla, m]a = 0.
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Now, replacing ¢ by yvye, for all y € I and v € T', we have [yye, m|.B]a, m]o = 0.
This follows that

0 = (yv[e,m]a + [y, mlave)Bla, m]a
- y’Y[Ca m]aﬂ[aa m]a + [ya m}avcﬂ[aa m}a
= [y, m]aycBla, m]a,

by using (3.5). Hence, we have [y, m|,vIB[a,m]o, =0, for all a € T and «, 3, € T.
Therefore,

[yam]afylﬂ[a’m]a =0= [y,m]a’ylﬁa([a,m]a),

for all @ € I and «, 3,7 € I'. By using Lemma 3.1 we have seen that [y, m], = 0
or [a,m], = 0. If [y,m], = 0, then m € Z(M). If [a,m]o = 0, for all a € I and
a €T. For x € M and 8 € T, we have 0 = [zf8a,m], = xB[a, m]s + [x,m]sPa =
[z,m]afBa = 0. Hence, 0 = [z, m]o0] = [x,m]afIv]1 = [x,m]oBIv0(1). Once again
using Lemma 3.1, we have [x,m], = 0, which gives that m is in Z(M).

Now, assume that d(I) € Z(M) and let m in M. We see that we conclude
Sas(M) C Z(M) by the first part of the theorem. Consider the fact, we obtain
that m + o(m) and m — o(m) are elements of Sa,(M) and then we conclude that
m+o(m) € Z(M) and m — o(m) € Z(M) and therefore 2m is in Z(M). By the
2-torsion freeness of M, m € Z(M) proving the commutativity of M. O
Theorem 3.3. Let d # 0 be a derivation of M and let a € Sa,(M). If d([m,ala)

0, for allm € M and « € T, then a € Z(M). In particular, if d([x,y]o) = 0, for
all x,y € M and o € T, then M 1is commutative.

Proof. If d(a) = 0, then by hypothesis,

0 =d([m,ala) = [d(m),d]a + [m, d(a)]a == [d(m),d]a-

Hence, [d(m),al, =0, for all m € M and « € T'. By Theorem 3.2, a € Z(M).
If d(a) # 0, then we have

0 =d([aBm,a]s) =

since d([m,aly) =0, for all m € M and « € I". That is
(3.6) d(a)Blm, alo = 0.

For any s € M and v € I, we have mvys € M. Replacing m by m~s in (3.6), we
have

0 =d(a)B[ms,als
= d(a)B(my[s, ala + [m, alays)
= d(a)Bmys, ala + d(a)B[m, alarys
= d(a)Bm~/[s, ala,
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by using (3.6), so that d(a)3M~[s,al, =0, for all s in M. Since a € Sa, (M), we
obtain

d(a)BM~[s,a)e = d(a)BM~yo([s,ala) =0,
for all s € M and o, 83,7 € T. Since M is o-prime, we get that [s,al, = 0. This
proves a € Z(M).

Now, suppose that d([z,y].) =0, forall z,y € M, o, 3,7 € I'. By using the first
part of the theorem, we obtain that Sa,(M) C Z(M). For m in M, the fact that
m + o(m) and m — o(m) are elements of Sa,(M). By the 2-torsion freeness of M,
we get m € Z(M) and hence M C Z(M). This implies that M is commutative. O
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