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EXPANDING THE CONVERGENCE DOMAIN FOR
CHUN-STANICA-NETA FAMILY OF THIRD ORDER
METHODS IN BANACH SPACES

ToANNIS KONSTANTINOS ARGYROS, SANTHOSH GEORGE,
AND ANGEL ALBERTO MAGRENAN

ABSTRACT. We present a semilocal convergence analysis of a third order
method for approximating a locally unique solution of an equation in
a Banach space setting. Recently, this method was studied by Chun,
Stanica and Neta. These authors extended earlier results by Kou, Li
and others. Our convergence analysis extends the applicability of these
methods under less computational cost and weaker convergence criteria.
Numerical examples are also presented to show that the earlier results
cannot apply to solve these equations.

1. Introduction

In this study we are concerned with the problem of approximating a locally
unique solution z* of the equation

(1.1) F(z) =0,

where F' is a Fréchet-differentiable operator defined on a convex subset D of a
Banach space X with values in a Banach space Y.

Many problems in computational mathematics and other disciplines can be
brought in a form like (1.1) using mathematical modelling [2, 4, 12, 15, 17,
20, 21]. The solutions of these equations can rarely be found in closed form.
That is why most solution methods for these equations are usually iterative.
In particular the practice of Numerical Functional Analysis for finding such
solutions is essentially connected to Newton-like methods [1, 2, 4, 11, 12, 15, 16,
17,19, 20, 21]. The study about convergence of iterative procedures is normally
centered on two types: semi-local and local convergence analysis. The semi-
local convergence matter is, based on the information around an initial point,
to give criteria ensuring the convergence of the iterative procedures. While the
local analysis is based on the information around a solution, to find estimates
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of the radii of convergence balls. There exist many studies which deal with the
local and the semilocal convergence analysis of Newton-like methods such as
[1)-[22].

Majorizing sequences in connection to the Kantorovich theorem have been
used extensively for studying the convergence of these methods [2, 3, 4, 7, 12,
17]. Rall [21] suggested a different approach for the convergence of these meth-
ods, based on recurrent relations. Candela and Marquina [5, 6], Parida [18],
Parida and Gupta [19], Magrendn [15], Ezquerro and Herndndez [8], Gutiérrez
and Herndndez [9, 10]. Argyros [2, 3, 4] used this idea for several high-order
methods. In particular, Kou and Li [13] introduced a third order family of
methods for solving equation (1.1), when X =Y = R defined by

Yn = Tp — OF'(x,) " F(x,) for eachn=0,1,2,...

(1.2) 2 _
posr = P ) ) — g ) ),

where ¢ is an initial point and § € R — {0}. This family uses two evaluations
of F' and one evaluation of F’. Third order methods requiring one evaluation
of F' and two evaluation of F’ can be found in [2, 4, 13, 20]. It is well known
that the convergence domain of high order methods is in general very small.
This fact limits the applicability of these methods. In the present study we
are motivated by this fact and recent work by Chun, Stanica and Neta [7] who
provided a semilocal convergence analysis of the third order method (1.2) in
a Banach space setting. Their semilocal convergence analysis is based on re-
current relations. In Section 2 we show convergence of the third order method
(1.2) using more precise recurrent relations under less computational cost and
weaker convergence criterion. Moreover, the error estimates on the distances
|Zn+1 — znl, |&n — 2*|| are more precise and the information on the location
of the solution at least as precise. In Section 3 using our technique of recur-
rent functions we present a semilocal convergence analysis using majorizing
sequence. The convergence criterion can be weaker than the older convergence
criteria or the criteria of Section 2. Numerical examples are presented in Sec-
tion 4 that show the advantages of our work over the older works.

2. Semilocal convergence I

Let U(w, p), U(w, p) stand for the open and closed ball, respectively, with
center w € X and of radius p > 0. Let also L(X,Y") denote the space of bounded
linear operators from X into Y.

The semilocal convergence analysis of third order method (1.2), given by
Chun, Stanica and Neta [7] is based on the following conditions. Suppose:

©):

(1) There exists ||F'(z) — F'(y)|| < K|lz — y|| for each z and y € D;
(2) ||F"(z)|| < M for each x € D;
(3) 1" (o) ™M < 55
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(4) 1F"(x0) " F(xo)|| <.

They defined certain parameters and sequences by

a = Kfn,
|6 +60 — 1|+ |1 — 0
o =
02 ’
M
Y= 75777
ClO:bO:l, d0:a+’75 b—IZOa
(427
p+1 = 77
+ 1 —aa,d,

bn—i—l = an-i—lﬁncna
1+6|(6—1)2 1-46 M

M M
Cn = 3/@3 + K|0|bnky + ?|92 — 1|62

and
dpt1 = Qbpy1 + 7an+1bi+1-
We suppose (C°):
(1) 1F"(xo) " (F' () — F'(y))|| < K|lz —y|| for each z,y € D;
(2) || F'(x0) Y (F'(x) — F'(x0))|| < Kol||x — x0]|| for each x € D;
(3) 1F"(z0) " F(zo)|| <.

Notice that the new conditions are given in affine invariant form and the con-
dition on the second Fréchet-derivative has been dropped. The advantages of
presenting results in affine invariant form instead of non-affine invariant form
are well known [2, 4, 12, 17, 20]. If operator F is twice Fréchet differentiable,
then (1) in (C°) implies (2) in (C).

In order for us to compare the old approach with the new, let us rewrite the
conditions (C) in affine invariant form. We shall call these conditions again (C).

(C1) F" (o) H(F'(x) = F'(y))|| < K|l — y| for each 2 and y € D;

(Ca) [|F'(wo) " F"(x)| < M for each x € D;

(Ca) [[F" (o)™ F (o)l <.
The parameters and sequences are defined as before but 8 = 1. Then, we can
certainly set K = M. Define parameters

a® = Kn,

al = a,
K

V=5

ag="by =1, dg =’ +4°, b2, =0,
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1

0 —
Gt T T T RKo(d) + d0_, + -+ dJ)
b701+1 = a%+1nc2,
(kp)*

= K25 4 [03KD + == (00,

0 _ |9+1|(971)2+|1—19|b0 K

n

6% — 1]
2

0 (7,02
and
d?z-l—l = aobgﬂ + 70a2+1(b2+1)2.
We have that
(2.1) Ko< K

holds in general and 1% can be arbitrarily large [2]-[4]. Notice that the center
Lipschitz condition is not an additional condition to the Lipschitz condition,
since in practice the computation of K involves the computation of Ky as a
special case. We have by the definition of a, 41 in turn that
an
1 — Kna,d,
Gn

o1
1- Kndn 1-Knap—1dn—1

_ an(l - Knan—ldn—l)
1= Knan_1(dp + dn_1)

| TEe s (- Knan_adn )

1_'}(nan—1(dn +'dn—1)
Ap—1
1 4’}(nanfl(dn *’dnfl)

Ap+4+1 =

ap
1 _'I(nan—l(dn +'dn—1'%"'+'d0)
1
1= Kn(dy +dyp—1+---+do)

Hence, we deduce that
(2.2) a701+1 < apt1 foreachn=0,1,2,....

Moreover, strict inequality holds in (2.2) if Ky < K. Hence, using a simple
inductive argument we also have that

(2.3) b2+1 < bn+1;
(2.4) & < cp,
(2.5) K <k,
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and
(2.6) dy oy <dpir.
Lemma 2.1. Under the (C°) conditions the following hold
1" () " F (20) || < aj,
[F" (n) " F (z0)|| < B,
[ 241 — 2|l < din,
ns1 = ynll < (dn + 251 + 0by)n.
Moreover, under the (C) conditions the following hold
1" () " F (20) | < @, < an,
[F" () T F () || < B3 < by,
|Zns1 = @nll < dpp < dun,
241 = yall < (d5 + 2k, _y + 0670 < (din + 2kn—1 + Oby ).

Proof. Tt follows from the proof of Lemma 1 in [7] by simply noticing: the
expressions involving
(1) the second Fréchet-derivative

/O F/I(xn + t(yn - xn))(l - t)(yn - xn)th
and )
/0 F" (g + Hngs — ya)) (L — £)(@ngs — ) et

are not needed and can be replaced, respectively, by

/0 P (g + (@ — ) — F'(@n)] (9 — )it
and )
/O [F/(yn + t(xn-i-l - yn) - F/(yn)](xn-l-l - yn)dt

Hence, condition (2) in (C) is not needed and can be replaced by condition (1)
in (C°) to produce the same bounds as in [7] (for K = M) (see also the proof
of Theorem 3.2 that follows).

(ii) The computation of the upper bounds on ||F’(z,,) "' F’(z0)| in [7] uses
condition (1) in (C) and the estimate

1F" (@) " (F" (@n) = F' (@) < |F' () 7 F (20) | K l|l2n — 2 |
to arrive at
(2.7) 1F ()~ F' ()| < a1,
whereas we use (2) in (CY) and estimate

1F (o) ™ (F'(wn) = F'(wnt1))ll < Koll#ns1 — 2
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< Ko([|#ns1 — @nll 4+ + [lzr — 20))
< Ko(dy + dyy_y + -+~ + dp)
to arrive at the estimate
(2.8) [F" (@n) " F' (z0)|| < @,
which is more precise (see also (2.2)). O
Lemma 2.2. Suppose that
(2.9) afby < 1.

Then, sequence {p2} defined by p° = a%b? is decreasingly convergent to 0 such
that

n+1 ]_
Poi1 <& =, &1i=alb}
&1
and )
d) < (@”+70)&" —.
&1

Moreover, if
(210) arby < ].,

then, sequence {p,} defined by p, = a,b, is also decreasingly convergent to 0

such that
0 gnt1 1
pn-‘,—l S Pn41 S 5 Ea 5 = a1b17

n].
dy < dp < (a+7)¢ 3

and

&1 <¢&.
Proof. Tt follows from the proof of Lemma 3 in [7] by simply using {p}, a{,
by, & instead of {p,}, a1, b1, &, respectively. O

Next, we present the main semilocal convergence result for the third order
method (1.2) under the (C°) conditions, (2.9) and the convergence criterion

(2.11) ala+7) < 1.

The proof follows from the proof of Theorem 5 in [7] (with the exception of
the uniqueness of the solution part) by simply replacing the (C) conditions and
(2.10) by the (CY) conditions and (2.9) respectively.

Theorem 2.3. Suppose that conditions (C°), (2.9) and (2.11) hold. Moreover,
suppose that

(2.12) Ud = U(zo,°n) C D,

where

(213) =3 dl.
n=0
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Then, sequences {x,} generated by the third order method (1.2) is well defined,
remains in UY for eachn =0,1,2,... and converges to a unique solution x* of
equation F(x) = 0 in U(xo, KLO —ron) () D. Moreover, the following estimates
hold

* - a
(2.14) [Znt1 — 2" < Z dyn < Ty Z &'

k=n-+1 k=n+1

Proof. As already noted above, we only need to show the uniqueness part. Let
y* € Ulxo, Kio —ron) be such that F(y*) = 0. Define Q = fol F'(x* 4+ t(y* —
x*))dt. Using condition (2) in (CY) we get in turn that

1
| (20) " (F'(z0) — Q)| < Ko / e + t(y* — o) — xoldt
0
1
< Ko / (1= &)l — xoll + tlly”* — zollld
0

K, 2
(2.15) < 70[7*077 + 5" ron] = 1.

It follows from (2.15) and the Banach lemma on invertible operators [2, 4, 12,
17, 20] that Q~! € L(Y, X). Then, using the identity

0=F(") - F(y") = Q" —y"),
we deduce that z* = y*. (Il

Remark 2.4. If Ky = K, and operator F' is twice Fréchet differentiable, then
Lemma 2.1, Lemma 2.2 and Theorem 2.3 reduce to Lemma 1, Lemma 3 and
Theorem 5 in [7], respectively. Otherwise, i.e., if Ky < K or if the twice Fréchet
differentiability of operator F' is not assumed, then our results constitute an
improvement. It is worth noticing that if Ky < K, then (2.10) implies (2.9)
(but not necessarily vice versa) and & < &.

3. Semilocal convergence II

We need to introduce some scalar sequences that shall be shown to be ma-
jorizing for the third order methods (1.2) in Theorem 3.2.

Let Ko > 0,K > 0,7 > 0and 0 € R— {0}. Set t, = 0 and sg = |6|n. Define
polynomials f and g by

K|0| |9| 2 10> — 1| K |9* -1
and
(3.2)
g(t)= K0t4+£[1+|1 O](1+]1 — |]t3+—[|1—9|(1+|1—92| — 1)t
202 202
+5|1—9|(1+|1—92|)(|92_ |—1)t——|1—9||1—92|(1+|1—92|.
62 202 204
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We have f(0) = K101l < 0 for 6 # =1 and f(1) = Ko > 0 for Ko # 0.
It follows from the intermediate value theorem that polynomial f has roots
in (0,1). Denote by d; the smallest root of f in (0,1). Similarly, we have
9(0) = — L5 1-0162 —1|(1+]1—6?%|) < 0 for 6 # =1 and g(1) = Ko+ 5 > 0.
Denote by ¢, the smallest root of g in (0, 1). Set

(3.3) 0 =min{ds,dg}.
Moreover, suppose that § satisfies
1-6 9 Kn
, - —l<
(3.4) ‘ 7 ‘(1+|1 9|)+29_5,
K|0| |62 —1] 42
. — — <
(35) 0<1K0(1+5)50[ sz T PO (st =9
and
K
1—0/(1+1—6°
0< BA- Ko 1 0)sg) L~ O+ 1 =67)
|62 —1] = 462 52 9
) . — — < o0”°.
(3.6) [ Ve +2+6 +2}(so to) <4

We shall assume from now on that § satisfies conditions (3.3)-(3.6). These
conditions shall be referred to as the (A) conditions. Moreover, define scalar

sequences {t,}, {sn} by
to =0, sop =to + On,

|1 —9| (So—to)K
tl:so+[ 163] (1+|1_92|)+T (s0 —to)
for each n =0,1,2,....
S = by —2IOL
1— Kotny1
(11— 62 tnel — Sn)> )
X i
thio = Sp - 1 -6|(1 1-—62
+2 =8 +1+92(1—K0tn+1) {| |(1+| )
(11— 62 tntl — Sn)> )
| 292 |( n tn)Z + 7( +12 ) + (Sn — tn)(thrl — Sn)
- 2 i
(3.8) + 5 (snt1 = tng1) )

Then, we can show the following auxiliary result for majorizing sequences {t, },
{sn} under the (A) conditions.
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Lemma 3.1. Suppose that the (A) conditions hold. Then, sequence {t,}, {sn}
defined by (3.7) and (3.8) are increasingly convergent to their unique least upper
bound denoted by t* which satisfies

(3.9) o<t <= O

Moreover, the following estimates hold for each n=10,1,2,....
(3.10) 0<sp—ty, <60

and

(3.11) 0 < tpy1 —sp < 6" 0.

Proof. We shall show estimates (3.10) and (3.11) using induction. If n = 0,
(3.10) holds by the definition of ¢y and sg, whereas (3.11) holds by (3.4). We
then have that

2

1-94§

If n = 1, estimates (3.10) and (3.11) hold by (3.5), (3.6), (3.12) and (3.10),
(3.11) for n = 0. Suppose that (3.10) and (3.11) hold for all m < n. Then, we
have that

(3.12) t1 < sg+9dsg= (1 + (S)So = so < t**.

tmi1 < sm 4+ 6" (50 — to) <t + 0™ (s0 — to)
+ 6™ (so — to) < -+ < to + (s0 — to) + 6(s0 — to)
1— 5m+2
1-46
Next, we shall show (3.10) for m + 1 replacing n. We have by the induction
hypotheses and (3.13) that

K10
Sm4l —tm41 < ———7 etz

(313) + -+ (Serl(So — to) = (50 — to) < .

(6™ (s0 — t0))*

+ 52m+1(50 o t0)2

62 2
must be smaller or equal to §™1(so — tg), or
K|6] 6% — 1] ym+2
14 5" st — ) < 4.
(8.14) 1— K= { 02 Tt (s0 = t0) <

Estimate (3.14) motivates us to define recurrent polynomials f,, on (0, 1) by

2

|9| +2 +1 |9 _1|
— K | Zlym m m _
putt) = 6 | Gems2 et B2 (50— )

(3.15) + Kot(1 4+t + -+ t" ) (59 — o) — t.
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We need a relationship between two consecutive polynomials f,,. Using (3.15)
and (3.1) by direct algebraic manipulation we get that

(3.16) Fma1(t) = fin(t) + F(O)E"(s0 — to).

Evidently, condition (3.14) is satisfied, if

(3.17) fm(8) <O0.

We also have from (3.17) that

(3.18) Fns1(8) < fn(6),

since f(d) < 0. It then, follows from (3.17) and (3.18) that (3.17) holds, if
(3.19) fo(d) <0,

which is true by (3.5). Hence, we showed (3.10) for m + 1 replacing n. Next,
we shall show (3.11) for m + 1 replacing n. We have in turn that

K

—mr {11 = 0](1 + |67 — 1)
92(1,[(0%)

Sm+4+2 — Sm+1 S

(6™ (s0 — t0))?
2

202
+ (6™ (so — t0))?}

must be smaller or equal to §™2(sg — t). As in the preceding case we are
motivated to define polynomials g,, on [0, 1] by

|:|92 — 1| ((5m(80 _ tO))2+ +52m+1(80 o t0)2:|

gt = s (LA D [Pt 722 ] )
(3.20) X (so —to) + 2 Ko(L+t+ -+ ") (sg — tg) — 2.
Using (3.20) and (3.2) by direct algebraic manipulation we get that
(3.21) gm+1(t) = gm(t) + g(t)t™ (s0 — to).
Condition (3.11) is satisfied, if
(3.22) gm(6) <0.
We also have from (3.21) and (A) that
(3.23) gm+1(0) < gm(9),
since ¢g(d) < 0. Hence, (3.22) is satisfied, if
(3.24) 90(9) <0,

which is true by (3.6). The induction for (3.11) is completed. It then, follows

that

1— 6m+3
1-6

Hence, sequences {t,}, {s,} are increasing, bounded above by t** and as such

they converge to their unique least upper bound t* which satisfies (3.9). ([

(3.25) tmo < 50 < t**.
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We can show the main semilocal convergence result for the third order
method (1.2) under the (C°) and (A) conditions using {t,} and {s,} as ma-
jorizing sequences.

Theorem 3.2. Suppose that

(3.26) U(zo,t*) C D,

the (C°) and () conditions hold. Then, sequences {x,}, {yn} generated by
the third order method (1.2) are well defined, remain in U(zo,t*) for each

n =0,1,2,... and converge to a unique solution x* of equation F(z) =0 in
Ul(xo, t*) N D. Moreover the following estimates hold for each n =10,1,2,....
(3.27) lyn — znl| < Sn — tn,

(3.28) Zn+1 = ynll < tnt1 — sn,

(3'29) ”szrl - zn” < tnt1 — tn,

and

(3.30) |xn — ™| < t* = ty.

Furthermore, if there exists R > t* such that

(3.31) Ko(t*+ R) < 2,

then, the point x* is the only solution of equation F(x) =0 in U(zo, R).

Proof. We shall first show (3.27) and (3.28) using induction. We have by (1.2)
and (3.7) that

lyo = oll = 10][|F (o) =" F (o) || < [0]n = s0 = s0 — to.
Hence, (3.27) holds for n = 0. It follows from the first substep of (1.2) that
F(yo) = F(yo) — 0F (zo) — F'(20)(yo — o)
(3.32) =(1-0)F(xo) + /Ol[F’(aco +t(yo — o)) — F'(x0)](yo — 0)dt.
Composing (3.32) by F'(z0)~! and using (2), (3) in (C°) and (3.7)
[F(20) T F(yo) I < 11 = O]|[[|F" (0) ™" F (o)

y / [F (20 + t(yo — 0)) — F(z0)) (3o — z0)dt
0
19

_ KO
= |9| (So_t0)+7||y0_‘r0”2

-6 K,
(3.33) < ( T — (50 = t0))(s0 — to).

Subtracting the first from the second substep in (1.2) we get that

(3.34) T — Yo = —ml)&#z«“’(%)—lz«“(mo) - G%F’(xo)_lF(yo).
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Hence, using (3.33) and (3.34), we get that

0+1/16 —1J? _ 1 _
fex ol = PO = g )|+ 1 (w0)~ )]
|0+ 1|0 — 1]? 1,]1-6] K
ST(SO_tO)+9_2( |9| +§(So—t0))(80—ﬁ0)
(335) == tl — 80,

which shows (3.28) for n = 0. Then, (3.29) holds for n = 0, since
lzr — 2ol < llz1 —woll + [lyo — @ol| < t1 — s0+ 50 —to =t1 —to <t

Then, we have x; € U(:c& t*). Notice that Kot* < 1 from the proof of Lemma
3.1. Let us suppose = € U(zo,t*). Then, using (2) in (C°) we have that

(3.36) [ F'(z0) ™ (F'(z) — F'(x0))|| < Kollz — ol < Kot* < 1.

It follows from (3.36) and the Banach lemma that F’(z)~! € L(Y, X) and
1

3.37 F'(z1)7'F' < < :

( ) || (561) (1‘0)” =7 _KOHxl _-TO|| = 1- Ko,

Suppose that (3.27)-(3.29) hold for all m < n and x,, € U(xo,t*). Using the
first step in (1.2) we get that

F(ym) = F(ym) — OF (@) — F'(@n)(Ym — Tm)
(338) =(1-0)F(xm)+ /0 [F'(xm + t(ym — m)) — F'(x0)](Ym — Tm)dt.

Subtracting the first step in (1.2) from the second step to obtain
03 —02—-0+1 1

92 F(zm> - _QF(ym)

(3.39) F'(@m)(@mi1 = ym) = 0

We also have by (3.38) that

F(szrl) = F/(zTn)(merl - ym> + F(ym) + [F/(ym> - F/(xm)](merl - ym)

+ F(Tmt1) — Fym) — Fl(ym)(szrl — Ym)

1—-6 1
= TF(xm) - 9—2F(ym)

+ / F (s + Htm — Tm)) — F @) (9 — )t

+ / P (o + (st — Ym)) — F ()] — g )l
(3.40) (P () — F' ()] (Emss — 9.
Hence, we get by (3.40) that

62~ 1)
202

1F/(20) " Flmn)| < K[ l9m — 2



EXPANDING THE CONVERGENCE DOMAIN 35

| Zm+1 *ymH2
5 tllym — wnlllzmir = yml
% -1
= K[| 262 |(Sm*tm)2
tm — om 2
(3.41) +(“+) + (sm — tm) (Emp1 — sm)] )

Then, we get that

[Ym+1 = Tl < N F (@mr1) T F (o)1 (0) ™ F (21|
K 0% —1
< | | (Sm _ tm)2
1— Kotmir | 262
bt — Sm)?
+(+1f) + (Sm - tm)(tm-i-l - Sm):|

= Sm41 — tm+1,
where, we used (3.37) for = x,,41 and
[Zms1 —xol| < [@msr —@m| +- -+ lz1 =0l < tgr — b+ +l1—to = 1.
Hence, we showed (3.27). Then, we have by (3.39) that
03 —62—0+1

1
(342) Tm+1 — Ym = 92 F/(xm)ilF(xm) - e_gF/(zm)ilF(ym)'

It follows from (3.42) that

K [146](6 —1)? _
|Zm+2 = Ym1l < 1~ Kot 0 1F (z0) " F(zmi1)
1 _
+ 2z 1F" (20) " F (ym1) ]
K |62 — 1]
<"  n -1 2 _ 2
= 02(1 — Kotms1) 114 0[(0 )7( 202 (8m —tm)

(s = 5m)” | (8m = tm)(tm41 = $m))

2
02— 1 :
+[1 - 0|( 202 (8m = tm)
tmal — Sm)>
Lol ()t~ 5)
(Serl - tm+1)2
2

= tm+2 — Sm+1-
Hence, we showed (3.28). Then, we have that

lZm+2 = Tmaill < [[Tmy2 = Ymarll + |Ymr1 — Tmta|

S tm+2 — Sm+1 + Sm+1 — tm+1
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- tm+2 - thrla
which shows (3.29). We also have that
[Zmy2 = zoll < l2mi2 — Tmprll + [[mpr — 2l + - + 22 — 2ol
Stmt2 —tmt1 T tmy1 —tm + -+ 11 —to
=tmya < t*.
Hence, we get .12 € U(zo,t*).

We showed in Lemma 3.1 that sequences {t,}, {s,} are complete. Hence, it
follows from (3.27)-(3.29) that sequences {z,,}, {y»} are complete in a Banach
space X and as such they converge to some z* € U(xzg, t*) (since U(xo,t*) is a
closed set.) By letting m — oo in (3.41), we obtain F(z*) = 0. Estimate (3.30)
follows from (3.29) by using standard majorization techniques [2, 4, 12, 17, 20,
21]. Let us show uniqueness, first in U(zg,t*) N D. Let y* € U(xo,t*) be such
that F(y*) = 0. Set Q = fol F'(z* + t(y* — x*))dt. Then, using (2) in (CY) we
get that

1 F" (o) ™! (F" (z0) — Q)II < Ko/o (1= B)fl2" +(y* — ") — wol|dt

1

SKO/ (1= t)l" — ol + ty* — 2*) — xoljdt
0

< Kot* < 1.

It follows that Q~! exists. Then, from the identity 0 = F(z*) — F(y*) =
Q(z* — y*) we deduce that x* = y*. Similarly, if F(y*) =0 and y* € U(xo, R),
we have that

K
1F" (o) ™! (F" (x0) — Q)II < 70(R+t*) <1,
by (3.31). Hence, again we deduce that x* = y*. O

Remark 3.3. (a) It follows from the proof of Theorem 3.2 that sequences
{tn},{5n} defined by

to =0, 50 = to + O,

b= o+ [ (1 1= 02 + B0 — ),

Si=fits 7'i|(0{1 & '929; U s, - o) - (1 — 50)? + Ko(5o — o) (F — 50))
Snt = o1t 7 I'f() lth '9;;” (*n—fn)2w+(§n—fn)(fn+l—gn)],
Fusa = suer+ g (=0l s, g (e

+ (Bp — 1) (Fng1 — 30)] = (8ng1 — tny1)?} foreach n =0,1,2,....

N | =
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Then, a simple induction argument shows that

Sn < Sn,
tn < tn,
5p —tn < 8y — tn,
thrl S t n+1 — Sn,

and
t" = lim ¢, <t*.

n—oo
Clearly, {¢,}, {5.}, t* can replace {t,}, {sn}, t* in Theorem 3.2.
(b) The limit point t* can be replaced by t** given in closed form by (3.9).
(c) Criteria (A) or (2.9) and (2.11) are sufficient for the convergence of the
third order method (1.2). However, these criteria are not also necessary. In
practice, we shall test to see which of these criteria are satisfied (if any) and
then use the best possible error bounds and uniqueness results (see also the
numerical examples in the next section).

4. Numerical examples

Example 4.1. Let z € D, X =Y =R, 29 = 1 and D = U(1,1). Define
function F on D by
(4.1) F(x) = 2® —0.49.
Then, we get that
ﬂ:%, n=0.17, M =12.
Now choosing # = 1.15 we obtain that
a=0.68 «a=0.68 ~=0.34

and as a consequence ai;b; = 134.091 < 1 condition (2.9) is violated. Hence,
there is no guarantee under the conditions given in [7] that sequence {z,}
converges to x*. Calculating now 6y and d,, the smallest solutions of the
polynomials f(¢) and ¢(t) given in (3.1) and (3.2) respectively between 0 and
1, we obtain that

d = min{dy,d,} = 4104586 - - - .

Moreover, we observe that the A conditions are satisfied since

1-46 ) Kn
B ‘(1+I19 |)+2—9 278261 - -- < 4,
K9] 62 —
0< 1— Ko(1+6)so [ 292 (so —to) =.360324--- < ¢

and

K
1—0|(1+]1-62)
0< A —Ro@ +a)sg) 10 +I1=67 [

— 1]

+—+(5 + }(so—to)
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= .136162--- < .168476 - - - = §°.

Consequently, convergence to the solution is guaranteed by Theorem 3.2. More-
over, the computational order of convergence (COC) is shown in Table 1. Here
(COQ) is defined by

= _ ok = K
pm(w)/m(M), -

”fn*f*Hoo anfl *E*Hoo

Table 1 shows the (COC).

TABLE 1. COC for Example 1 using 6 = 1.15.

n cocC
1 2.73851
2 2.99157
3 2.99999
4

5

p

3.00000
3.00000

Example 4.2. Let X =Y = C|0, 1], the space of continuous functions defined
in [0, 1] equipped with the max-norm. Let Q = {z € C[0,1];||z|| < R}, such
that R > 1 and F defined on 2 and given by

F(x)(s) = z(s) — f(s) — /\/0 G(s,t)z(t)® dt, xeC[0,1], s €[0,1],

where f € C[0,1] is a given function, X is a real constant and the kernel G is
the Green function
_f 1=s)t, t<s,
Gls,t) = { s(l1—t), s<t
In this case, for each x € Q, F’'(x) is a linear operator defined on € by the
following expression:

[F'(z)(v)](s) = v(s) — 3/\/0 G(s,t)x(t)v(t) dt, v e C[0,1], s € 0,1].

If we choose xo(s) = f(s) = 1, it follows ||[I — F'(zo)|| < 3|A|/8. Thus, if
IA| < 8/3, F'(x)~! is defined and
8

"(z0) 7Y < .

Moreover,

1F ol < 2,
| F (20) ™ Fao)]| < =

83\’
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On the other hand, for z,y € 2 we have

[(F"(z) = F'(y))v](s) = 3/\/0 G(s, t)(x(t)* — y*(£))v(t) dt

and for x € Q) we get in turn that

6[A|
[F" ()] < 8
Consequently,
3IA[l ] + Nyl GR[A|
IF'(2) = F' )] < fla =y 22D < gy 228
14+ 3A(J|z]] + 1) 14+ 3(1+ R)|A|
I O T

Choosing A = 1.5, R = 4.4 and 6 = 1.1 we have

B =0.677966- -,
n=0.127119-- - |
M = 4.95,
a = 0.426602- - - |
a=1.16529- -
and
v =0.213301--- .

So, as a;b; = 1.25402 < 1, condition (2.9) is violated. Hence, there is no
guarantee under the conditions given in [7] that sequence {z,} converges to
z*. Calculating now d; and J,, the smallest solutions of the polynomials f(t)
and ¢(t) given in (3.1) and (3.2) respectively between 0 and 1, we obtain that

§ = min{dy,d,} = 0.370693 - - .

Moreover, we observe that the A conditions are satisfied since

1-10 Kn
14+ [1—60%) + =, =0.284819 - <
’93 ’(+| 9|)+29 0.284819--- < 4,
K|0| 02 — 1] &2
5 — =0.334 <
0<1K0(1+5)50[ sgz + 5 0| (s0—to) =0.334767--- <4
and
K op [107 —1] | 67 52
0 92(1—K0(1+6)30){|170|(1+|179 D[ 202 9 +6|+ 2}(50*150)

=0.0871515--- < 0.137413 - - - = §2.

Consequently, convergence to the solution is guaranteed by Theorem 3.2.
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