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1.  INTRODUCTION 

Since the late 1990s, robust optimization has establi-
shed itself as a powerful tool to solve optimization pro-
blems under uncertainty. Its success is mainly due to the 
tractability of the robust optimization counterparts of 
widely-used optimization models such as linear program-
ming. Especially, the development of efficient (interior 
point) solution methods for convex optimization prob-
lems such as conic optimizations (for example see Boyd 
and Vandenberghe, 1996 and Ben-Tal and Nemirovski, 
2001) built a solid foundation of the vast array of suc-
cessful applications of the robust optimization.  

Early works such as Ben-Tal and Nemirovski (1998, 
1999, and 2000) and El Ghaoui et al. (1997, 1998) paved 
the way for theoretical developments and practical ap-
plications of the robust optimization. Bertsimas and Sim 
(2004) extended its applicability to the discrete optimi-
zation problems including mixed integer programming 
models. Ben-Tal et al. (2003) presented a framework to 
deal with robust dynamic (multi-stage) optimization pro-
blems. 

Applications of the robust optimization approach 
are diverse. Major application areas include portfolio 
optimization (Goldfarb and Iyengar, 2003; Tütüncü and 
Koenig, 2004; Fabozzi et al., 2010), statistics and learn-
ing (Xu et al., 2010; Ben-Tal et al., 2011), supply chain 

management (Bertsimas and Thiele, 2006; Ben-Tal et al., 
2005), revenue management (Gao et al., 2009; Rus-
mevichientong and Topaloglu, 2012), facility location 
(Baron and Milner, 2011), antenna design (Lorenz and 
Boyd, 2005), and unit commitment problem (Jiang et al., 
2011). For a comprehensive survey on the applications 
of the robust optimization approach, see Bertsimas et al. 
(2011) and Gabrel et al. (2014). 

The purpose of this paper is to give a concise over-
view on the current status of robust optimization and 
future research directions to help in grasping important 
ideas of the robust optimization. After presenting some 
basic materials in this section, we explore important as-
pects of the robust optimization such as tractability, rela-
tions with other optimization frameworks, choice of the 
uncertainty set, and robust multi-stage optimization. Then 
directions of the future research are given as concluding 
remarks.  

1.1 Robust Optimization Problem: Definition 

Suppose we want to determine the value of decision 
variables 

nR∈x  to minimize an objective function ( , ).f x u  
The vector 

LR∈u  is a problem data whose value is not 
known precisely at the time of decision making. Rather 
we only know that u takes its value in a set ,LU R⊂  
called an uncertainty set. Then the problem of minimiz-
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ing ( , )f x u  becomes problematic, since it is not a single 
function but a family of functions corresponding to each 
value .U∈u  Suppose we are interested in finding a solu-
tion which has the best performance guarantee inde-
pendently of the realizations of the uncertain data. Then 
the problem can be cast as min max ( , ),X U f∈ ∈x u x u  where 

nX R⊂  is a set of feasible solutions. The resulting opti-
mal solution is said to be robust since its guaranteed 
(worst-case) value does not depend on the possible re-
alizations of the uncertain data. In a similar manner, to 
be robust, if there is uncertainty in the data of a con-
straint (for instance, )( 0, )g ≤x u  and the value of the 
uncertain data belongs to a set, the solution should be 
required to be feasible for all possible realizations of the 
data. Such a solution is called robust feasible.  

Now we can define the robust optimization prob-
lem as follows: Find a robust feasible solution which 
has the best guaranteed objective value independently of 
the realizations of the uncertain data. Mathematically, a 
general form of robust optimization problems can be 
stated as follows. 

 
0, fmin or a{ ( ll , 1, , }.): ( , )iX if f U i m∈ ≤ ∈ =ix i ux x u   (1) 

 
In the above formulation, the objective function is 

assumed to be certain. This is without loss of generality 
since if there is uncertainty in the objective function, it 
can be moved into the set of constraints by introducing 
an additional variable. Note that the uncertainty set ( iU ) 
is defined constraint-wise.  

1.2 Motivation of the Robust Optimization 
Approach 

The robust optimization approach has been proposed 
to handle uncertainty inherent in many decision making 
problems. Usually, the uncertainty results from various 
types of errors in specifying the problem data. For ex-
ample, if the data represents future state such as market 
demand or return of an asset, their value should be esti-
mated, which results in prediction error. Even when the 
value of the data (for example, physical dimensions of 
technological devices) can be measured, measurement 
error can occur. Moreover, there frequently is an imple-
mentation error in the implementation phase, which means 
that the solution cannot be implemented exactly as spe-
cified. Note that the implementation error can be equiva-
lently viewed as an error in the problem data. Hence if 
we make decisions based on the nominal (usually aver-
age) value, the resulting solution can be suboptimal and 
even worse, infeasible. So when the uncertainty is rele-
vant, it is crucial to immunize the solution to prevent 
devastating outcomes, which calls for robustness of so-
lutions. 

Stochastic optimization has been used as a main 
vehicle to incorporate uncertainty in decision making 
problem. In this setting, the uncertainty is represented as 

a random variable whose distribution function is known. 
Though versatile in its applicability, stochastic optimiza-
tion can be applied only when the relevant distribution 
function can be estimated very accurately, which may 
not be the case in many practical problems. Another 
drawback is that the resulting optimization problem usu-
ally is intractable. Also note that in some case, the na-
ture of uncertainty is not stochastic. For instance, the 
uncertainty due to the measurement error is not stochas-
tic (random) in general. 

Besides minimal requirement for the accurate data, 
in many problems of interest, the robust optimization 
approach results in tractable robust counterpart (to be 
discussed in the next section). However, the approach 
can be very conservative in its nature. Hence it should 
not replace the stochastic optimization approach but 
should be used in a complementary way. 

1.3 Main Issues in Robust Optimization 

As in other optimization approach, there are many 
theoretical and practical issues in the robust optimiza-
tion. The following is a summary of the main issues, 
each of which will be discussed in some detail in the 
following sections. 

 
Tractability of the Robust Counterpart The tractabil-
ity of the robust counterpart (robust optimization prob-
lem version of a nominal deterministic problem) de-
pends both on the structure of the nominal mathematical 
programming model and on the structure of the uncer-
tainty set. For linear optimization, robust counterpart 
with usually used uncertainty set is almost always trac-
table. However, this is not the case with other well-
known mathematical programming models, such as 
quadratic optimization and conic optimization. The trac-
tability issues will be discussed in Sections 2 and 3. 
 
Relations with the Stochastic Optimization As men-
tioned earlier, the stochastic optimization has been ser-
ved as a main tool to deal with uncertainty relevant in 
decision making problem. Robust optimization can be 
used to construct a tractable approximation of stochastic 
optimization model which in itself is usually intractable. 
In particular, robust optimization approach can result in 
a tractable approximation for chance constraints (pro-
babilistic constraint) used in stochastic optimizations. 
This issue will be treated in Section 4. In addition, dis-
tribution robust optimization framework and risk-averse 
optimization will also be discussed briefly there, to give 
better understanding on the nature of robust optimiza-
tion approaches. 
 
Construction of the Uncertainty Set The choice of un-
certainty set is naturally problem-dependent. However, 
general guidelines for constructing uncertainty set are 
desirable to systematically apply the robust optimization 
framework to diverse applications. Usual choices of the 
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uncertainty set are discussed in Section 2 with tractabil-
ity results. General guideline using the concept of co-
herent risk measure is considered in Section 4.  
 
Dynamic Robust Optimization Many decision problems 
can be posed in a multi-stage setting, where some deci-
sions can be tailored to the information available at the 
time of decision-making. Unlike the static (single-stage) 
case, general dynamic robust optimization problem is 
intractable even for LP. To get a tractable robust coun-
terpart, some restriction on the form of future-stage de-
cisions is required, which is discussed in Section 5. 

2.  UNCERTAINTY SETS AND ROBUST 
LINEAR OPTIMIZATION 

In this section, we consider commonly used uncer-
tainty sets and robust linear optimization. Tractability 
results are given for the robust linear optimization pro-
blem with those uncertainty sets.  

The uncertainty sets commonly used in practice can 
be classified into three classes: finite sets of scenarios, 
norm-based sets (Bertsimas et al., 2004) including ellip-
soidal uncertainty set (Ben-Tal and Nemirovski, 1999; 
El Ghaoui et al., 1997), and explicitly described sets such 
as polyhedral uncertainty set. In the following, we will 
consider each type of uncertainty sets together with ro-
bust linear optimization problem incorporated with it. 
For simplicity of presentation, we assume that a linear 
constraint 

T b≤a x  is given. The coefficient vector a is 
uncertain but the right-hand side scalar b is assumed to 
be known exactly. Note this is without loss of generality 
since when b also is uncertain, it can be moved into the 
left-hand side with an auxiliary variable whose value is 
fixed at 1. 

2.1 Scenario 

The simplest way of specifying the uncertainty set 
is to enumerate all possible realizations of the vector a, 
that is, 

1{ , , }.LU = a a  In this case, the robust constraint 
,T b U≤ ∀ ∈a x a  is just an array of L linear inequalities 

each of which corresponds to a realized value of a. Hence 
the robust optimization counterpart results in another 
linear programming (LP) problem with its size propor-
tional to the number of scenarios. 

2.2 Norm-based Uncertainty Set 

Let ,= +a a u  where a  is a nominal (deterministic) 
value and u is a disturbance (uncertain element). A gen-
eral form of the norm-based uncertainty set is the fol-
lowing: 

{ : },U B r= = + ≤a a u u    (2) 

where B is an invertible matrix and ⋅  is a norm on 

.nR  The meaning is clear when B I= (identity matrix); 
the value of a is within the distance r from the given 
center .a  This type of uncertainty set is originated either 
from statistical inferences on the random data or toler-
ance used in engineering designs. The matrix B is intro-
duced to reflect dependencies among the uncertain ele-
ments. The value of r is used to control the robustness of 
the solution and is usually called budget of uncertainty. 
Larger value of r results in more robust but more con-
servative solution. The particular form of the norm func-
tional ⋅  describes the shape of the uncertainty set. 

The (semi-infinite, that is, infinite number of const-
raints with a finite number of variables) constraints 

Ta x   
,b U≤ ∀ ∈a  are equivalent to a single constraint max U∈a  

.T b≤a x  Hence to reformulate the problem, we need to 
consider the following optimization problem: 

 
 ,max r

T
B ≤uu u x .   (3) 

 
Note the variable in the above problem is not the 

decision variable x but the disturbance vector u. It is 
known that the optimal value of the above problem is 
given by 

1

*
( ) ,Tr B − x  where 

*
⋅  is the dual norm of .⋅  

Using these results, the constraints ,T b U≤ ∀ ∈a x a  can 
be replaced with a single constraint 

 

 1

*
( ) .T Tr B b− ≤+a x x    (4) 

 
Commonly used norms are pl -norms p⋅  with 1,p ≥  

where 
1/

1( | | ) .n p p
iip x== ∑x  When ,p ∞= ∞ l -norm is de-

fined as a limit and so max | | .i ix∞ =x  The dual norm of 

p⋅  is ,q⋅  where q satisfies 1/ 1/ 1p q+ = (when 1,p =  
q = ∞ ).  

If 1l -norm or ∞l -norm is used, (4) becomes a set 
of linear constraints (after an appropriate transform of 
the variables). Hence in these cases, the robust linear 
optimization problem results in an ordinary linear pro-
gramming problem with its size polynomial in the size 
of the nominal problem. When 2l -norm is used, the 
problem reduces to a second-order cone programming 
problem. Both cases can be solved in an efficient way.  

 
Remark 1: The 2l -norm case includes widely-used el-
lipsoidal uncertainty sets. In this case, the matrix B is a 
symmetric positive semi-definite matrix. 

2.3 Explicitly Described Uncertainty Set 

In this case, the uncertainty set is described explic-
itly by a set of constraints, that is,  

 
( ) 0, 1, ,{ : }.kgU k K≤= == +a u ua   (5) 

 
Each of the constraints in the uncertainty set repre-

sents a certain relation on the elements of the distur-
bance, reflecting a priori knowledge on the problem data. 
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The polyhedral uncertainty set is a usual choice, which 
can be written as 

 
{ : }.U ≤= = +a a u Bu d    (6) 

To derive an alternative representation of the con-
straints , ,T b U≤ ∀ ∈a x a  we should focus on the problem 
max{ | },T ≤Bu du x  which is a LP. By the strong duality 
of the LP, we have max{ : } min{ :T T T=≤ =u x v dd vB Bu  

, 0}.≥x v  So ,T b U≤ ∀ ∈a x a  is equivalent to a set of con-
st-raints 

 
,T T b+ ≤a x v d     (7) 

, 0.T = ≥v vxB  
 
Note that the robust linear counterpart is another LP 

with additional variables and constraints whose number 
is polynomial in the size of the description of the uncer-
tainty set. 

An interesting special case is a cardinality-constr-
ained uncertainty set (Bertsimas and Sim, 2004). In this 
setting, each of the coefficients ja  is assumed to take its 
value in an interval ˆ ˆ[ , ],j j j ja a a a− +  where ja  is its no-
minal value and ˆ ja  is its maximum possible deviation 
from the nominal value. The uncertainty set is defined 
as the set of realizations whose number of maximum 
deviations is at most .Γ  The parameter Γ  plays the role 
of uncertainty budget as in r in (2). The problem to be 
considered is 1 1 , {0,ˆmax{ | }: ,| 1n n

j j j j jj ja x y y y= = ≤ Γ ∈∑ ∑  
}.j∀  One can easily see that the integer restriction can 

be relaxed and so the problem reduces to a LP. 
 

Remark 2: Tractability results of the robust linear opti-
mization with a polyhedral uncertainty set can be gener-
alized to the case of the uncertainty set described by 
cone constraints. Suppose the uncertainty set is given by 

{ : },U K= = + − ∈d Bua a u  where K is a closed convex 
cone. Then the relevant maximization problem is max  
{ : }.T K− ∈d Buu x  If the uncertainty set is strictly feasi-
ble (that is, in, }t )( ) ,K− ∈∃u d Bu  then cone duality (see 
Ben-Tal and Nemirovski, 2001) states that 

max{ : } min , },{ : *T T TK K− ∈ = ∈=u x v d xv B vd Bu  

where K* is the dual cone of K. Since widely used cones 
(nonnegative orthant, Lorentz cone, and semi-definite 
cone) are self-dual ( * ),K K=  the corresponding robust 
counterpart is a cone program with the same cone used 
in describing the uncertainty set. 

3.  TRACTABILITY OF GENERAL ROBUST 
OPTIMIZATION PROBLEMS 

In the previous section, we see that robust linear 
optimization problem is tractable for all commonly-used 
uncertainty sets. Unfortunately, this is not the case for 

other optimization models such as general cone program-
ming. In this section, we first consider tractability issues 
of general robust optimization problems and then robust 
cone programming models are discussed with their trac-
tability results. 

3.1 Tractability of General Robust Optimization 
Problems 

The feasible set of the general robust optimization 
problem (1) can be equivalently described as 

 
( ) { : ( 0, 1 ,) , , }iX U FX i m∈ ≤ == x x     (8) 

 
where we denote max{ ( ) :) .( , }i ii i if UF = ∈x u ux  Since the 
function ( )iF x  is defined as a supremum of a set of func-
tions, it is convex if the functions ( , )i if x u  are convex in 
x for all fixed .i iU∈u  Hence in this case, the feasible set 

( )X U  is convex. However, the convexity of the feasible 
set in itself does not guarantee tractability of the problem. 
In general, the tractability of the problem are closely re-
lated to the tractability of separation problem for the 
feasible region; given ,nR∈x  either prove the point is 
feasible or find a hyper plane that separates the point 
from the feasible region. Hence to be tractable, the set 

( )X U  should be well structured. Of course, the structure 
of the feasible set depends on the structure of the uncer-
tainty set as well as the form of the constraints in the 
nominal problem. 

To get an insight on the tractability of general ro-
bust optimization problems, consider the following es-
sentially linear constraint: 

 

1 2
1, { : , 1}U≤ ∀ ∈ = = ≤− b b b u ux DA b . 

 
Suppose we want to check the feasibility of the point x  

0.=  Since 
2

1 1
1/ 2

1
max (max ) ,T TD DD

∞≤ ≤=u vu v v  the fea-

sibility checking problem is NP-hard (it can be seen as a 
generalization of the well-known NP-hard max-cut pro-
blem). Hence the corresponding robust optimization pro-
blem is computationally intractable.  
 
Remark 3: After transforming the above problem into a 
linear programming problem, one can see that the uncer-
tainty is not defined constraint-wise. In other words, the 
same uncertainty may affect the feasibility of more than 
one constraint. Hence in general, if the uncertainty is not 
constraint-wise, even the robust LP with a simple ellip-
soidal uncertainty set may be intractable. 

3.2 Robust Conic Optimization 

A canonical form of cone programming problems 
is the following: 

 
 , 1, , }m n : ,i { T

j j jK j m+ ∈ =c x A x b   (9) 
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where jK  is a simple convex cone, usually one of the 
following: nonnegative orthant, Lorentz cone, both de-
fined on the vector space ,jmR  or semidefinite cone de-
fined on the space of symmetric matrices (for a general 
background on the conic optimization, see Ben-Tal and 
Nemirovski, 2001). Uncertainty can be imposed on the 
data of the problem; , , , 1, , .j j j m=c A b  The correspon-
ding robust counterpart can be written as: 

 
0,min{ : ( ) ( ,) ( ) j

T
j jt t K− ≤ ∈+c u x A u x b u   (10) 

1, ,( ), ( ( ), (( ) ) }.) j mj j U=∀ ∈c u A u b u  

 
Unfortunately, the robust cone programming prob-

lem turns out to be rarely tractable. One notable excep-
tion is the second-order cone programming problem (cor-
responding to the Lorentz cone) with an ellipsoidal un-
certainty set (in this case, the robust counterpart is a se-
mi-definite program). However, the problem becomes 
intractable even when the uncertainty set is polyhedral 
or an intersection of ellipsoids (Ben-Tal and Nemirovski, 
1998, 1999; Ben-Tal et al., 2002). For the case of semi-
definite program (SDP), the robust counterpart is NP-
hard even under simple ellipsoidal uncertainty sets (Ben-
Tal and Nemirovski, 1998).  

In general, robust counterpart of conic optimization 
problems is computationally intractable. Hence the re-
search on the robust conic optimization is focused either 
on finding tractable special cases (for an example of a 
tractable robust SDP, see Boyd et al., 1994) or on find-
ing tight tractable approximations of the robust counter-
part (see El Ghaoui et al., 1998; Ben-Tal and Nemirovski, 
2000; Bertsimas and Sim, 2006). 

3.3 Robust Discrete Optimization 

Unlike robust linear programming problem, robust 
discrete optimization problems are usually NP-hard. As 
discussed in Kouvelis and Yu (1997), the problem of 
minimizing the maximum shortest path on a graph can 
be shown to be NP-hard even for the case of only two 
scenarios for the distance vector.  

One notable exception is the result of Bertsimas 
and Sim (2003). A general discrete optimization problem 
can be stated as in{ : },m T X∈c x x  where X is a set of fea-
sible solutions. The uncertainty set proposed in the pa-
per is the following; each parameter has its value in an 
interval, that is, [ , ]jj j jc cc d∈ +  but the maximum num-

ber of possible deviations from the nominal value jc  is 

restricted to no more than .Γ  Under this uncertainty set, 
the robust discrete optimization problem can be stated as 

{ : , }| |min{ max : },T
S S N S jS jj Xd x≤Γ ∈⊆ ∈+ ∑c x x  where {1,N =  

, }.n  In this case, the robust counterpart can be shown 
to be solvable by solving no more than 1n+  instances of 
the nominal problem. Hence if the nominal problem can 
be solved efficiently, the robust counterpart can also be 
solved efficiently. As an application of the model, Lee et 

al. (2012) applied the result to a telecommunication net-
work design problem with demand uncertainty. 

4.  RELATIONS WITH CHANCE CONST-
RAINTS, DISTRIBUTION-ROBUSTNESS, 
AND RISK MEASURES 

In this section, we consider relations of the robust 
optimization approach with various other relevant optimi-
zation approaches under uncertainty: chance constraints 
in stochastic optimization models, distribution-robust op-
timization, and risk measures used in risk-averse opti-
mization models. The results are helpful to get a sound 
understanding on the nature of the robust optimization 
approach. Moreover, they can give some insight on how 
to construct suitable uncertainty sets. 

4.1 Chance Constraints: Probability Guarantee and 
Safe Tractable Approximation 

As in the previous section 2, we will focus on a 
single linear constraint 

T b≤a x  for the sake of simplicity. 
Suppose a is a random vector that follows a probability 
law P. The chance constraint (see Birge and Louveaux, 
1997, for background materials) is defined as 

 

(ChC)       ][ ,T b> ≤P a x ε  (11) 

 
where ε  is a small positive number.  

The meaning of (ChC) is that we want the solution 
to be feasible except in the case of some rare events. 
Though the rationale behind the chance constraint is in-
tuitively clear, it usually renders the problem computa-
tionally intractable (usually the feasible solution set is 
not even convex). Moreover, in many cases, the prob-
ability law cannot be known precisely but only partial 
information on it is available. Hence it is more appropri-
ate to consider the following distribution-ambiguous 
chance constraint: 

 

max [ ,]T b∈ℑ > ≤P P a x ε    (12) 

 
where ℑ  is a family of probability laws. The meaning 
of the above constraint is that the solution should be 
feasible except in the case of some rare events for all 
probability laws in the family. 

A relevant issue in robust optimization is the prob-
ability guarantee, which is the problem of finding a fam-
ily ℑ  of probability measures and a real number ε  sa-
tisfying  

 

, [ ] ,T Tb bx xU≤ ∀ ∈ ⇒ ∀> ≤ ∈ℑa aa P Pε .  (13) 

 
If an answer of the above problem can be found, 

we can use it to construct an approximation (in the form 
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of robust optimization problem) of the (distribution-am-
biguous) chance constraint. Moreover, it can serve as a 
guide to choosing a suitable uncertainty set. There are 
many results on the probability guarantee of the robust 
feasible solutions, for example, see Ben-Tal and Nemi-
rovski (2000), Bertsimas and Sim (2004), and Chen et al. 
(2007).  

Here we consider the following simple case found 
in Ben-Tal and Nemirovski (2000). Let (1 ,)jj j= +ua a  

where a  is a nominal (deterministic) value and ( )j=u u  

1, ,j n=  is a random vector. Assume the random variables 

1, ,{ }i i n=u  are independent with mean 0 and each of which 

support is [ 1, 1].−  Consider the following robust const-
raint 

 
2 2

j jj j jjr a xa x b+ ≤∑∑ ,    (14) 

 
which is a robust counterpart corresponding to the uncer-
tainty set 

2
}.{ :U r= ≤u u  Then it can be shown that the 

robust solution violates the chance constraint with pro-
bability at most 

2exp( / 2)r−  for any probability law spe-
cified above (that is, independence and finite support). 
Since the inequality (14) is a second-order cone constra-
int, the robust counterpart is tractable. Hence we can say 
that the robust counterpart is a safe tractable approxi-
mation of the chance constraint (specifically we can set 

2lnr ε= −  to guarantee (12)).  

4.2 Distribution-Robustness 

Distribution-robustness has been used to cope with 
the problem of incomplete information on the relevant 
probability measure. In a broad sense, the distribution-
robust optimization can be viewed as a generalization of 
the robust optimization approach. Formally, the distribu-
tion-robust optimization problem can be stated as  

 
min max [ ( , )],X f∈ ∈ℑx P PE u x  

   
where ℑ  is a family of probability measures and u is a 
random vector. PE  is expectation evaluated with respect 
to the probability law P. Note the relevant probability 
law is not specified exactly but it is assumed to be a 
member of a family of probability measures. A usual 
choice of the family is a set of probability measures whose 
moments up to some order are given. The research on 
the distribution-robust optimization is vast and we only 
consider some results that are directly related to the re-
sults given in the previous sections. 

Using the results in Bertsimas and Popescu (2004), 
it can be shown that  

2] /(su ( )p [ ),T T TT b b +> = − +P x Σx μ x x Σxa x  

where a is a random vector with mean μ  and covariance 
matrix Σ  and max( , 0).a a+ =  Now consider a (distribu-

tion-ambiguous) chance-constraint up .]s [ T b> ≤P a x ε  Then 
it can be shown to be equivalent to 

 

( )T Tx x x bμ κ+ Σ ≤ε , 
 

where ( ) /(1 ).κ ε ε ε= −  It can be easily seen that the above 
constraint is a robust constraint with an ellipsoidal un-
certainty set. Hence the robust optimization with an el-
lipsoidal uncertainty set can be viewed as a distribution-
robust optimization problem with partial moment infor-
mation. For more general results, see El Ghaoui et al. 
(2003), Popescu (2007) and Xu et al. (2010). 

4.3 Coherent Risk Measures: Constructing Uncer-
tainty Set from the Preference 

Apparently, the choice of the uncertainty set should 
be problem-specific. However the commonly used un-
certainty sets considered in Section 2 are basically ad-hoc. 
In an effort to present a systematic method of choosing 
an uncertainty set, Bertsimas and Brown (2009) propose 
an approach based on the decision-maker’s preference. 
The approach is based on the following result on the 
representation of coherent risk measure (Artzner et al., 
1999). A given functional μ  on the space of random 
variables is a coherent risk measure if and only if there 
exists a family of probability measures ℑ  such that 

 
( ) sup ( ).X Xμ ∈ℑ= −P pE    (15) 

 
Now consider a linear constraint ,T b≥a x  where a 

is a random vector. We can define a risk constraint for it 
as )( 0,T bμ − ≤a x  where μ  is a coherent risk functional. 
Then by using the above result (15), we have the following 

 
 ) 0 inf( ][ .T Tb bμ ∈ℑ≤ ⇔− ≥P pa a xEx   (16) 

 
The right-hand side of the above relation (16) can be 
expressed as a robust constraint 

 
, conv({ [ }).]:T b U≥ ∀ ∈ = ∈ℑpEu x u a P   (17) 

 
The above result is particularly useful when the 

support of a is a finite set (the case when empirical data 
is used) and the corresponding family of the probability 
measures is also finite. For example, the well-known 
coherent risk measure CVaR (conditional value at risk) 
induces an uncertainty set that is a bounded polyhedron, 
see Bertsimas and Brown (2009). This type of results 
provides a linkage between the uncertainty set and the 
type of user’s risk preference.  

A closely-related result is the study of Natarajan et 
al. (2009) where they considered the reverse direction of 
the relation (16). Specifically, they considered the issue 
of inferring the form of risk measures from the structure 
of uncertainty sets. 
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5.  DYNAMIC ROBUST OPTIMIZATION 

The problems considered so far are static in their 
nature. All relevant decisions should be made before any 
uncertain data is realized (also called single-stage prob-
lem or here-and-now problem). In some applications, a 
part of decisions can be made after the uncertainty is 
resolved. In this case, the corresponding decisions can 
be adapted to the realization, so that they are functions 
of the realizations (information gathered up to that time). 
This type of decision making problem is called a dy-
namic (multi-stage or sequential) optimization problem.  

To gain an insight on the multi-stage robust opti-
mization, consider the following two-stage problem: 

1 1 1 2 2 ,min{ : ( ) }( ) ( )T U+ ≤ ∀ ∈c x A u x A bu x u u .  (18) 

The variable 1x  is the first-stage decision whose value 
should be specified before the uncertainty is resolved. 
On the other hand, the variable 2 ( )x u  is the second-stage 
decision whose value is a function of the realized value 
u, meaning that their value can be determined after ob-
serving the data. Hence the value of the second-stage 
variables can be adapted to the realized values of uncer-
tainty.  

Unfortunately, the sequential robust optimization 
problem (18) is in general NP-hard. Hence research has 
been focused on the approximation methods of the prob-
lem. For instance, Ben-Tal et al. (2003) propose an ap-
proximation scheme called an affinely adjustable robust 
counterpart (AARC). In this scheme, instead of an arbi-
trary form of functions, the second-stage decision is 
restricted to be an affine function of the disturbance 
(called linear decision rule in control theory) such as  

2 ( ) .= +x u Qu q    (19) 

Then with the newly defined decision variables ( , )Q q  
together with the first-stage variable, the problem (18) 
reduces to 

1 1 1 2min{ : ( ) ( )[ ,] }T U+ ≤ ∀ ∈+c x A u x A u bQu q u .  (20) 

However, the general form of the above approximated 
version still remains to be NP-hard. This is because the 
structure of the dependency on the random disturbance 
is quadratic (see the term 2( ) ).A u Qu  Hence to avoid such 
a problem, the second-stage matrix is assumed to be con-
stant, that is, 2 2( ) =A u A  independently of the random 
disturbance. In stochastic optimization literature, this is 
the case of fixed recourse (see Birge and Louveaux, 1997). 
Then the problem becomes a basically robust linear op-
timization problem. Ben-Tal et al. (2003) show that the 
robust counterpart can be cast as a conic optimization 
problem if the uncertainty set in itself is conic. Erera et 
al. (2009) propose a closely-related scheme for a mixed-
integer programming problem with right-hand side un-
certainty. 

6.  FUTURE RESEARCH DIRECTIONS 

In the previous sections, we gave a brief overview 
of known theoretical results on the robust optimization. 
The followings are the issues that call for more investi-
gation, which can serve as future research directions. 

 
Tractable Approximation of Dynamic Robust Opti-
mization Dynamic optimization models are very impor-
tant in solving many practical problems. However, as 
we saw in the previous section, the current results are 
quite limited. More research is in order to build a suc-
cessful theoretical foundation comparable to that found 
in the static robust optimization. 

 
Extending the Meaning of Robustness One natural que-
stion on the robust optimization approach is how the 
robust optimal solution behaves if the problem data falls 
out of the specified uncertainty set. 
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