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Abstract Hamilton's Markov-switching model [5] was extended to the simultaneous equations model. A framework
for an instrumental variable interpretation of full information maximum likelihood (FIML) by Hausman [4] can be
used to deal with the problem of simultaneous equations based on the Hamilton filter [5]. A comparison of the
proposed FIML Markov-switching model with the LIML Markov-switching models [1,2,3] revealed the LIML
Markov-switching models to be a special case of the proposed FIML Markov-switching model, where all but the first
equation were just identified. Moreover, the proposed Markov-switching model is a general form in simultaneous
equations and covers a broad class of models that could not be handled previously. Excess sensitivity of marginal
propensity to consume with big shocks, such as housing bubble bursts in 2008, can be determined by applying the
proposed model to Campbell and Mankiw's consumption function [6], and allowing for the possibility of structural
breaks in the sensitivity of consumption growth to income growth.
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1. Introduction LIML(Limited Information Maximum Likelihood)
Markov—switching models[1-3] estimate the parameters

This paper deals with an important issue associated  of a single equation. However, LIML models can be
with a class of the Markov-switching model in the considered as a special case of the FIML(Ful
simultaneous equations. Information Maximum Likelihood) model where all but
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the first equation are just identified.

This paper extends LIML Markov-switching models
to a full set of structural simultaneous equations,
essentially going from LIML to FIML with the addition
to Markov-switching.

Using a framework for an instrumental variable
interpretation of full information maximum likelihood
by Hausman[4], this paper provides FIML
Markov-switching model in the simultaneous equations.

The findings of this paper are that the proposed
FIML Markov-switching model is a general form in
the simultaneous equations and covers a broad class of
models that could not be handled before. The
advantage of the proposed FIML Markov-switching
model is that we can deal with the problem of
simultaneous equations based on the Hamilton filter{5]
and we can directly interpret the economic meaning of
the estimated parameters without transformation of the
model and the proposed FIML Markov-switching
model don’t need another step to correct for the
standard errors of the parameter estimates such as
Kim's LIML Markov-switching model[2].

In this paper the Campbell-Mankiw consumption on
income problem[6] is used as an illustration.

This paper has been divided into five sections.
Section 2 presents the model specification. Section 3
compares the proposed FIML Markov-switching model
to LIML Markov-switching models[1,3]. Section 4
summarizes the empirical results. Section 5 concludes

this paper.

2. Model Specification

In order to get a consistent estimation of the
parameters of the Markov-switching model in the
simultaneous equations, we consider the following
FIML Markov-switching model.

YBgt+Zl 4=Usy
Ugs~i.i.d. N0,~ QI 1) )
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Y is the T x M matrix of jointly dependent
variables, Bs:is an M x M matrix and nonsingular. Z
is the T x K matrix of predetermined variables, I's; is
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K x M matrix positive definite and rank(Z) = K. Us; is
T x M matrix of the structural disturbances of the
system. Thus, the model has M equations and T
observations. The structural errors are assumed as a
nonsingular M-variate normal (Gaussian) distribution.
0 is the covariance of the error terms. X is a positive
definite M by M matrix with no restrictions. It is
assumed that all equations satisfy the rank condition
for identification. Also if lagged endogenous variables
are included as predetermined variables, the system is
assumed to be stable. An orthogonality assumption,
E(Z'Us)=0, between the predetermined variables and
structural errors is required and, we assume the
presence of contemporaneous correlation but no
intertemporal correlation in (1). If we assume that the
single Markov-switching variable S; has an N-state,
first-order Markov process, then we can write the

transition probability matrix in the following way:

P11 P12 - Pin

Pa1 Pa2 -+ Pan
PniPw2 - PN
where pl]: Pr(St:]|St—1:Z) with
N
M p ;=1 forali
=1

To include different first order Markov-switching
variables Sy Sz, Ss,r, In the proposed model, we
assume that the dynamics of an unobserved two-state,
first order Markov-switching variables, Sy, Sz, S,
are independent and can be represented by a single
Markov-switching variable, S;.

For example, if our model involves only two
unobserved two-state first order Markov-switching
variables such as Sy and Sy The dynamics of
Markov-switching variables such as Sy Sz can be
represented by a single Markov—-switching variable S

in the following manner:

S, =1 if S, =0andS, =0
S, =2 if S}, =0ands,, =1
S, =3 if S, =1landS,, =0

S, =4 if 8, =1andS, =1

with p;; = Pr (S, = jl5,_, =),

4
Zpij =1

j=1
Hausman[4] showed an instrumental variable
interpretation of FIML for simultaneous equations

where the function is maximized

L(B,I,%) = (2r)” M2 5" 72 BT
exp|— %tr( YB+ ZI') % ' (YB+ zI')']

= (271)” AIT/2|E|7 T/2|BT|
1 &
exp[— E (y, B+ 2z’

f:1

- (th+ th),}

)

where y; is the tth row of the Y matrix. z is the tth

row of the Z matrix.

To derive the FIML Markov-Switching Model in the
simultaneous equations, we can obtain Pr (S ;= R t)
by applying a Hamilton filter[5] as follows:

Step 1 :
At the beginning of the tth iteration,
Pr(S,_,=ilv, ), i=0,1,, N is given.

And, we calculate
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Pr(S; :jwjtfl)

N
=Y Pr(S_, =i,8 = jlv, ;)

i=1

N
= Y Pr(8 =8, =)
=1
Pr(S,_, =ik, _,)

where Pr (S, = jIS,_, =1),
1=20,1,---,N, j=0,1,---,/V are the transition
probabilities.

Step 2 :
Consider the joint conditional density of y, and

unobserved S =7 variable, which is the product of

the conditional and marginal densities:

f(ytvst :jw)t*l)

:f(yt|5t :jth—l)Pr(St :jW)t—l)

from which the marginal density of y / is obtained

N
)= 25 £y S, = i)
N
= Zf(ythgt :jvibt—l)Pr(St :j|¢t—1)

Jj=1

where conditional density is obtained from (2):

f(yt|5t :jthfl)

— (27T)7 1L[/2|Zst|f 1/2|BSt|'
1 _
exp[— E(thSt + ZtFSt)EStl
(thSt + ZtFSt)’]
3

where
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1 ,
Yo = ?(YBSt-i'ZFSt) (YBg,+ ZI's,)

y, is the tth row of the Y matrix. z, is the tth

row of the Z matrix. B, and T g 1S obtained from
Q).

Step 3 :
Once y : is observed at the end of time t, we update
the probability terms:

Pr (S, = jlv,)
=Pr (S, =jlv,_1,y)

f(Sf =j7yt|1/}t71)
f(ythptfl)

f(yf|5f :jthfl)Pr(S;% =J |1/Jt71>
f(ythptfl)

As a byproduct of the above filter in Step 2 we
obtain the log likelihood function:

T
InZ= Y Inf(y, |, )

t=1

which can be maximized in respect to the parameters of
the model.

3. Comparison of the proposed FIML
MS model to LIML MS models

To solve the problems of the regressors being
correlated with the disturbance in the Markov-switching
models, we can adopt two models.

The first model is LIML Markov-switching model
proposed by Kim[1,2] and Spagnolo, et al[3]. The
characteristics of LIML Markov-switching models
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estimate the parameters of a single equation.

In the case of LIML Markov-switching model, the
result of the “standard” estimation method proposed by
Spagnolo, et al.[3] is mathematically identical to the
“alternative” estimation method proposed by Kiml[1].

The second model is FIML Markov-switching
model which we provide in this paper. The merit of the
FIML Markov-switching model is that it provides the
complete model in the case of simultaneous equations
problem and solves the joint endogeneity of variables in
simultaneous equations concurrently.

The gain of the reduction in the asymptotic
covariance matrix in the FIML Markov-switching
model brings with it an increased risk of inconsistent
estimation. However, LIML Markov-switching models
can be considered as special cases of the proposed
FIML Markov-switching model where all but the first
equation are just identified. Moreover, Kim's LIML
Markov-switching model[1,2] needs transformation of
the model by Cholesky decomposition of the covariance
matrix and Spagnolo, et al.[3] LIML Markov-switching
model needs transformation of the model by 0
constraints on the covariance matrix of the residuals,
whereas the proposed FIML Markov-switching model
is a general model which does not need any
transformation.

Spagnolo, et al.[3] LIML Markov-switching model is
very similar to the example of Hausman(7] equation
(2.3) which has 0 constraints on the covariance matrix
of the residuals in the simultaneous equations.

When we compare the proposed FIML
Markov-switching model to Kim's LIML
Markov-switching modell1], we find the proposed
FIML Markov-switching model is mathematically
identical to Kim's LIML Markov-switching model[1]
with |B 5{| = 1 in equation (3). However, the difference
between the proposed FIML model to Kim's LIML
Markov-switching model is that Kim's LIML model
needs another step to correct for the standard errors of
the parameter estimates[2] but the proposed FIML

model don't need another step to correct for the
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standard errors of the parameter estimates. Moreover,
the proposed FIML Markov-switching model includes

not only the case of |5 5€| =1, but also the case of
|B&| # 1.S0 Kim's LIML Markov-switching model[1]

can be considered as a special case of the proposed
FIML Markov-switching model.

4. Application

Let’s consider Campbell and Mankiw’s consumption
model[6] as an example given by equations (4) and (5).

AC =a+[AY, +e, 4)
AY, =25+, 5)

where Y, is the log of per—capita disposable income;
C, is the log of per—capita consumption on
non-durable goods and services; e, and v, are
correlated; z, is a vector of instrumental variables not
correlated with e,.

Following Campbell and Mankiw[6], the vector of

instrumental variables employed z, is given by

[AY, 0 AY, yAY yAG 5 AG s,
ACYt—AL’Ait—Q’Ait—S’Ait—ZL]

where 7, is the first difference of the three-month
T-hill rate. 3 is interpreted as a fraction of aggregate
income that accrues to individuals who consume their
current income in the presence of liquidity constraints.

In equation (4) it can be seen that e, and A Y, are
6 woud be
overestimated by OLS. To solve the problem of the

positively  correlated,  therefore
bias in the simultaneous equations (4) and (5), we can
adapt the likelihood function of the simultaneous
equations model in equation (2) following Hausman's

instrumental variable interpretation of FIM[4].
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While there seems to be a consensus that there is p 1—g
excess sensitivity of consumption to current income b= [ }

I=p ¢
which is represented by (3, there is a disagreement as
to the source of this excess sensitivity and whether (3 2, =AY, AY, 3, AY, AC,_5,AC,_;,

is constant or not. AquAitfwAitfyAitfﬂ
In equation (4), Campbell and Mankiw([6] assume the
constant G .However, in light of the literature on 5= [y, Pos P3s Dy Py s Dy s Do)

precautionary saving, the parameter (3 in equation (4)

can also change when the economy is facing a great To solve the equations (6)-(7) together, we can
degree of uncertainty. Kimball[8] predicts that the  rewrite them as follows:

marginal propensity to consume should have been

higher in the 1970's, when there was great uncertainty 1 0 .
about the future rate of productivity growth. Kim[2] [A G A Yi] [_ B 1} “ 0 ¢:q [an 0}
adopts a two-step MLE procedure with a three-state = U, (
Markov switching model using the same variables in

Campbell and Mankiw[6] for quarterly real data from  where

FRED, collected by the Federal Reserve Bank of St. Ug ~ i.i.d.-N(0, 2 ¢ ® I;)where
Louis. Kim[2] found that in th e 1970's and 1980’s,

during which time uncertainty in future income growth A -~

was highest, the measure of sensitivity was highest Z St — U/g USAM}

and statistically significant while it was not statistically Ttz 92

significant in the rest of the sample. g = S, +a (1— S, )

Taking these into consideration in this paper, we try
to find out whether (3 is really constant or not. To do Bs = 515, + By (1- St)
this, first we extend equations (4) and (5) in the
following way which adopts simple two—state Markov s = 015, 0 <1 B S;)
switching parameters in order to incorporate structural Pr ( S, = 0l S,_, = 0) =q
breaks.

Pr(S,=11S,_,=1)=p

ACG=a,+BuAY ey © 5 =AY, 5 AY, AY,  AG

NG5 AC Ny g, Ny 5. Ny y]

AY,=z5+, (7)
N Fig. 1 depicts the relationship between Consumption
where
g =o,8 +a,(1—-25) A C, and Income A'Y,
Fig. 2 depicts the two-state FIML Markov switching
Bst = B15; + By (1- St) probabilities.

Fig. 3 depicts the two-state Kim’'s LIML Markov

€Co ™ ZZdN(O, USt)
switching probabilities.

Pr(S,=0lS,_,=0)=g¢q

Pr(S,=1S5_,=1)=p
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[Table 1] Maximum Likelihood Estimation (5311 ~141T)

Parameters FIML Ist (I)Ql'r;,s ]éﬁll\dﬂi\dLE

@ 0.23 (0.06)” 0.30 (0.05)"
a 020 (0.06)" 0.23 (0.05)°
yel 047 (0.14)" 029 (0.09)
4 065 (011 057 (009
9 - -0.33 (0.09)
i - -0.26 (0.09)°
@ 0.01 (0.04) 0.04 (007 -
@ -009 (005) | -0.11 (0.07) -
& -0.09 (0.05) | -0.17 (0.07) -
& 038 (0.1D)° 021 (0.14) -
& 062 (012 | 066 (015 -
& 0.06 (0.11) 028 (0.14) -
& -017 (0.06)"| -025 (00" | -
& -0.03 (0.08) | 008 (0.09) -
) -0.09 (0.06) | -0.14 (0.08) -
@ 024 (0.11) 021 (003
a2 -0.37 (0.11) -

0.24 (0.06)" 042 (0.03)™
a2 -0.22 (0.08)° -
® 0.72 007 -
a 0.84 (019 0.89 (0.07)
p 0.9 (0.10)" 0.9 (0.04)”

Likelilﬁooid 40268 10275

Standard errors are in the parentheses. *=significant at 5%
sx=gignificant at 1%

Table I reports estimation results for the proposed
FIML  Markov-switching  model LIML
Markov-switching models.

The coefficients B, 3 of the FIML Markov-switching

model are significant, and the degree of the upward

and

movements is large, from 047 ( = ;) to 065 ( = ;).
The coefficients o 5, 07,5 of the FIML Markov-switching
model are also significant. So, we can assume marginal
propensity to consumption (3 is not constant because
the difference between (5, and [, is large.

This result is same as the result of LIML
Markov-switching models. The coefficients 3,, 3; of
Kim's LIML Markov-switching model are significant,
and the degree of the upward movements is large, from
029 ( = By) to 057 ( = B;). The coefficients 7y, , 7,
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of Kim's LIML Markov-switching model are also
significant.

From the results of the FIML Markov-switching
model and LIML Markov-switching models, we can
conclude that marginal propensity to consumption 3 is
not constant.

From Figure 4, we can find that the inferred
probahilities Pr (S, =115, _; =1) = p of the FIML
and Kim's LIML Markov switching model are very
similar to those of LIML Markov switching models.
However, the inferred
Pr(S, =1lS,_,=1)=p of the FIML Markov
switching model and LIML Markov switching models
accord with U.S recessionary dates after 1990. Especially

we can find that a excess sensitivity of marginal

probabilities

propensity to consumption with big shocks such as
housing bubble bursts in 2008.

We can also find that the inferred probabilities
Pr(S, =1lS,_, =1)=p are not consistent with
Kimball[8], who suggests that the marginal propensity
to consumption should have been higher in the 1970's
when there was great uncertainty about the future rate
of productivity and income growth after two major
OPEC oil shocks in 1973-1974 and 1979-1980.

5. Conclusion

In this paper, Hamilton's(1989) Markov-switching
model is extended to the simultaneous equations.

The proposed FIML Markov-switching model is
applied to Campbell and Mankiw's consumption
function[6], by allowing for possibilities of structural
breaks in the sensitivity of consumption growth to the
income growth. From the empirical results of the FIML
Markov-switching model and LIML Markov—-switching
models, we can conclude that marginal propensity to
consumption 3 is not constant. Especially we can also
find that a excess sensitivity of marginal propensity to
consume with big shocks such as housing bubble
bursts in 2008.
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Appendix |

I. COMPARISON OF KIM'S (2004) LIML MODEL
TO THE SPAGNOLO, F., PSARADAKIS, Z. and
SOLA M. (2005) LIML MODEL

1. THE SPECIAL CASE OF THE MARKOV-
SWITCHING MODEL

In this section, we discuss representation of the
special case of the Markov-switching model. Error
terms are autocorrelated with AR(1). The model needs
instrumental ~ variables. The

represented in the following manner:

dynamics can be

Yy = Y Byt Xjay +egy ®)
where e, = ¢ey 1+ vy

Y, =Y, .0, + Z,0,+uw, )

ag =a;8 +a,(1—25,)

By =015, + B, (1= 8;)

eq ~ i.i.d.-N(0,04)

oy =09, +o,(1—25,)
Pr(8,=01S,_,=0)=g¢q
Pr(s,=11S,_,=1)=p

E(ww,,) = 0—>E(Ye,)=0—>E(Yv,)*0

where y, is T x 1. The endogenous explanatory
variable Y, = [0,y 07] is T x (M-1) and B
is (M-1) x 1. The exogenous explanatory variable

X, = [z, 7] is T x Kl and ag, is KI x 1.
e isTx1 Y,_;is Tx (M-D and 6, is (M-1)
x (M-1. Z,
K2x(M-1). We can consider Y, ; and Z, together as

(2415 24 g is T x K2 and 6, is

the instrumental variables in the equation (9) because
of E(Yv,,) 0.
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2., COMPARISON BETWEEN STANDARD
AND ALTERNATIVE INSTRUMENTAL

VARIABLE ESTIMATION

In equation (8) it can be seen that e, and Y, are

correlated. The procedure to derive a Markov-switching

model is as follows:

Yy = VB + Xy +eg
Oy 1= 0Y, 1By T X, oy, T ey

®
(10)

After we calculate equation (8)-(10), we obtained
the following Markov—switching model.

Yi :¢yzf1+(yt_¢ytfl)ﬂst+

(Xt - ¢Xt—1)0‘st + (est - d)est—l)
= ¢yt—1+(Y£_¢Yt—1)ﬁst+

(Xt —oX, >ast toug

The standard
method proposed by Spagnolo, et al.[3]. needs the

instrumental variable estimation

following two-step procedure.

Step 11 Regress Y, on Y, |, Z, and get )7;
from the equation (9).
Y, = Y101+ Zbyt w= Vit o,

Step 20 Insert ?, to the egs. (11) and get the

following regression

g =0y, 1+ (Y=Y, )8, + (12)

(Xt 2 )ast tuy
The alternative instrumental variable estimation

method proposed by Kim[l] needs the following

two—step procedure.
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Step 1 Regress Y, on Y, |, Z, and get residual

Jt from the equation (9).
w,=Y, = Y, 10,— 20,

Step 2: Insert residual 15,5 to the equation (11) and

get the following regression

yt:¢yt71+(yt_¢)/tfl)ﬁst+ 13

<Xt — X, )ast + 7;1&)\% t g

In order to show that equation (12) and (13) are

mathematically identical, we need the following

procedure from equation (12).
First, we get Y, = )Aﬁ-&- u)At
Second, insert 57,5: Y, — wAt to the equation (12),

then we can get the following regression

Yy :¢yt71+(yrt_¢yrtfl)/85t+

(Xt — X, )ast toug

=gy, + (Y, =Y, )b, + (14)

(Xt - ¢Xt7 1 )ast + ";t(_ ﬁst ) + v,

The equation (14) is mathematically identical to the
equation (13) with A, = (—3,;) .

This result shows that the two estimation methods
are mathematically identical even in the special case of

the Markov-switching model.

Appendix I

1. COMPARISON OF THE PROPOSED FIML
MODEL TO KIM’ S LIML MODEL[1]

that Kim's LIML

Markov—switching model[1] is a special case of the

In order to show
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proposed FIML Markov-switching model, we can
consider the following Markov-switching model

Y = Y8y + Xiay ey
Y, =2yl + 2,11, + v,

15)
16)

In equation (15), y, is T x 1. The endogenous
explanatory variable Y, = [y,9,-+,y,) is T x
M- and (g is (M-1) x 1. The exogenous
explanatory variable X, = [, ", 2, ] is T x Kl
and ag, is K1 x 1. The error term e, is T x 1. The

reduced form of the equation in (16) has the

instrumental variables Z,; and Z,,. Z,; is T x KL
II, is Kl x (M-D). Z,y is T x K2, IT, is K2x(M-1)
and v, is T x (M-1). The covariance matrix of

leg,v,] ~ N(0,82) is given by (17).

o[

where o, = Var(e,,), d,, = Cov(ey,v,),

02, = Var(vt)

Ost 5St

(17
dst 125

From equations (15) and (16), we obtain the
likelihood function in the simultaneous equation

L(®) = (2r) 1720~ T2 BT

exp|— %tr( YB,,— RI)Y '(YB,, — RIT)']

_ (27T)7 MT/2|Q|7 7/2,

exp tr(— %(Q— RH)/(Q— RINQ Y

(18)
where
P = (6st’ast’nlvn2’astv92’5st ),

Q=YB, = (yt_ Y8, Yt)
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1 0

Y= [yf Y;‘L Bst = [_Bst 1

|

Bil=1 B=(X2.2,)
0= [ogn 6,57‘ A gy 0
5St 92 y =0 Hl ’
0 I,

Oy = Var(est),
551& = Cov (ewvt),

2, = Var(vt),

“exptr” denotes “exponential and trace”

We can obtain 2! by factoring as suggested by
Radchenko et al.[9] as follows,

|

Then, the likelihood function in (18) may be

transformed into

1 0

w}tl 0
— 50 T

0 2, !

1— 6,02,
0 I

971

L(@) _ (27T)7411T/2|92|7 /2
1 ’
‘exp|— 5”( Y, — Zy I, — Z,11,)
(Yt_Ztlﬂl _ZtQHQ)}

1 ~ ,
'exp[— 2w, (yt =Yy~ Xy — ’Ut>‘st)
(yt — Y8y — Xjagy —v Ay )]
(19)
where
Wt = Ogp — 5;19; 15575 =0t (1- Pit)

2 ! -1
Pst — 6st‘92 6st/ast ’

|39{ = 1 ’ Ast = Q; 1657,‘? and
v=Y,- Y,
The equation (18) of the proposed FIML

Markov-switching model is mathematically identical to
the equation (19) of Kim's LIML Markov-switching
model[1]|BL|=1 with

|
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As Kim's LIML Markov-switching model uses
Wy = Tgp — (5;t(22_ 16, =0, (1—p?,) instead of
04 Kim's LIML Markov-switching model needs

another step to correct for the standard errors of the
parameter estimates such as Kim[2] but the proposed
FIML Markov-switching model don't need another step
to correct for the standard errors of the parameter
FIML
Markov-switching model includes the case of in
#1 (18

So, Kim's LIML Markov-switching models can be
considered as special cases of the proposed FIML
Markov-switching model.

estimates. Moreover, the proposed

. T
equatlon.‘Bst
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