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OPTION PRICING UNDER STOCHASTIC VOLATILITY MODEL
WITH JUMPS IN BOTH THE STOCK PRICE AND THE
VARIANCE PROCESSES

JUu HonGg KM

ABSTRACT. Yan & Hanson [8] and Makate & Sattayatham [6] extended Bates’
model to the stochastic volatility model with jumps in both the stock price and
the variance processes. As the solution processes of finding the characteristic func-
tion, they sought such a function f satisfying

fl,v,t;k,T) =exp (9(7) + vh(T) + izl) .

We add the term of order v*/? to the exponent in the above equation and seek the
explicit solution of f.

1. INTRODUCTION

The Heston model [5] is the following risk-neutral stock price processes

(1.1a) dS; = rSydt + /U3 Sy dW ),
(1.1b) dvy = k(0 — vy)dt + op/redW/,

where S; is a stock process, r is the riskless rate of return, v; is the volatility of asset
returns, x > 0 is a mean-reverting rate, 6 is the long term variance, ¢ > 0 is the
volatility of volatility, and W,% and W} are two correlated Brownian motions under
the risk-neutral measure with constant correlation coefficient p.

The Bates [1] extended the Heston model (1.1) to include jumps in the stock
price process. The model has the following dynamics which define the evolution of

S, satisfying

(1.2a) dS; = (r — Nm)Sydt + /v SidW;? + S;_Y:dN},
(1.2b) dvy = k(0 — vy)dt + oy /v dW/
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where the volatility process 14 is the same as one in the Heston model and the driving
Brownian motions in the two processes have an instantaneous correlation coefficient
p, the process Nts represents a Poisson process under the risk-neutral measure, with
jump intensity A. The Poisson process is independent of the two Brownian motions
in the stock price and the variance processes. The percentage jump size of the stock
price is denoted by the random variable Y; with log-normal distribution.

Eraker et al. [3] extended Bates model to a stochastic volatility model with con-

temporaneous jumps in the stock price and its volatility
dS; = (r — X9m)Sydt + /v S dW; + S, _Y,dNy
dvy = k(0 — vp)dt + o/ve dW) + ZydNY .

Eraker et al. tested their model with empirical data and showed that the models
with jumps performed better than those without jumps in volatility. Makate and
Sattayatham [6] provide a formal ’closed-form solution’ of the stochastic-volatility
jump-diffusion model.

Heston’s [5] 'closed-form solution’ for risk-neutral pricing of European options is
given by first converting the problem into characteristic functions, then using the
Fourier inversion formula for probability distribution functions to find a more numer-
ically robust form which everyone won’t call it closed. To solve for the characteristic
function f; explicitly, Yan & Hanson [8] and Makate & Sattayatham [6] conjecture

that its solution is given by
(1.3) filb vtz t +7) = exp(g;(7) + vhy(7) + izl + 5;(7))

where $1(7) = 0 and B5(7) = r7. In this paper, we add the term of order v'/? to
the exponent in (1.3) for the exploit of nonlinearity and seek the explicit solution of
e

This paper is structured as follows. The introduction is given in Section 1. The
stochastic-volatility jump-diffusion model is explained in detail in Section 2. The

formulation for European call option pricing is given in Section 3.

2. STOCHASTIC-VOLATILITY JUMP-DIFFUSION MODEL

We assume that a risk-neutral probability measure ) exists. We also assume
that the asset price Sy under @ follows a jump- diffusion process, and the volatility
1 follows a pure mean-reverting and square root diffusion process with jump, e.g.,

our model is governed by the following dynamics
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(2.1a) dS; = (1 — X\9m)Spdt + \/p S dW; + S;_YidNY
(21b) dy; = /<;(0 — l/t)dt + J\/ZTtthV + thNtV.

where Sy, v, k, 0, o, W, W} are the same ones defined as in Bates model (1.2), r is
a risk-free interest rate, N;* and N} are independent Poisson processes with constant
intensities \¥ and A\” respectively. Y; is the jump size of the asset price return with
density ¢y (y) and E[Y;] = m, and Z; is the jump size of the volatility with density
¢z(z). Moreover, we assume that the Poisson processes N;° and N} are independent
of standard Brownian motions W;° and W} with Corr(dW;*,dW}) = p.

3. FORMULATION FOR EUROPEAN CALL OPTION PRICING

Let C denote the price at time t of a European style call option on S; with strike
price K and expiration time 7. The terminal payoff of a European call option on

the underlying stock Sy is
max{Sr — K,0}.

Assume that the short-term risk-free interest rate r is constant over the lifetime
of the option. The price of the European call at time ¢ equals the discounted and

conditional expected payoff

C(Sy, v, t; K,T) = eiT(Tft)EQ [maX(St - K, 0)‘5}, Vt]

A ) ( / St Po(St|Si, ) dST — K / PQ(ST|St,ut)dST)
K K

1 [e¢]
= St <M /I( STPQ(ST|St, Vt) dST)

L Ker(T-0) / Po(S7|S,, v1) dSy
K

s <EQ[ ST1| 5o /K " S0 Po(SrlSe, ) dST>
—Ke(T) / h Pq(Sr|St, v) dSr
(3.1) = SePi(Se,w, T KITT) — KPy(St, v, T; K, T),
where Eg is the expectation with respect to the risk-neutral probability measure @)
and Pg(St|St,14) is the corresponding conditional density function given (S, 14).

Since

/ Sp-Po(S7|Ss, vi)dSt = EolSt|Se. v,
0
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Py(Si, v, T; K, T) = / St Pqo(Sr|St, i) dSt

EQ[ST|S15, I/t
is a risk-neutral probability such that
ST > K, EQ [ST’St, l/t] = GT(T_t)St.

Py(Si, v, T; K, T) = Probg(St > K|S, 1) is the risk-neutral in-the-money proba-
bility. Note that the complement of P, is a risk-neutral distribution function. It
is difficult to find the cumulative distribution function in European option pricing.
The main job is to evaluate P; and P, under the distribution assumptions embedded
in the risk-neutral probability measure.

We make a change of variable from S; to L; = InS;. Let £ = In K. By the
jump-diffusion chain rule, In.S; satisfies the SDE

(3.2) dln S; = (r — ASm — %) dt + /7 dWE + In(1 + Y;)dN?.
The value C of a European-style option as a function of L; becomes
C(Sy, v, t; K, T) = C(e™5 y, t;emE T)
= C(elt, v, t;e 1)
= é(Lta v, t; kv T)7
that is, we have
Cll,v,t;k,T) = e_T(T_t)EQ [max{eLT —K,0}Ly =Lty =v].

The Dynkin’s theorem [4] shows a relationship between stochastic differential equa-
tions and partial differential equations. If we apply two-dimensional Dynkin’s theo-
rem for the price dynamics (3.2) and volatility v in (2.1b) to C(L¢, v4, t; k, T), then
we obtain the following Partial Integro-Differential Equations (PIDE)

aC
0 = §+A[ ](E,Vt,t;k:,T)

+2S / [Cle+y,v,t:k,T) = Cl v, 8, T)| by (y)dy
R

o [ [+ 2 kD) - Ctnti k)] 62(:)ds
R
where A is defined as
. 1 aé oC v oAl
. _ S, _ = i A S
AlC|(l,v, t; k,T) = <7“ A°m 1/) 50 + k(0 u)al/ —1—2 50
?C 1 2, 9*C

oty 27 Vo

+pov —rC.
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In the current state variables L; = ¢ and v, = v, the option value (3.1) becomes
3.3)  Cl,v,t:k,T)=e'P(l,v,t;k,T) — TPy (0,0, t; k, T),
where f’j(ﬁ, vt k,T) := Pj(ee,l/,t; ek, T) for j =1,2.

Lemma 3.1 ([6]). The functions Py in (3.3) satisfies the following PIDEs

B oP, . . 0P, P, S NE
0 = 5 + AP, vtk T) + v 57 + pov 5 + (r—=X"m)P,
+A8 / (" = V)P +y, v, 85k, T)| oy (v)dy
R
oP -
(3.4) = aTl + A [P, vt K, T),
with the boundary condition at expiration timet =T
Pl(f, v, T k, T) = Ip> k.

Py in (3.3) also satisfies the following PIDEs

OP. . . 9P N
(35) 0= a—f + AP (6, v, t; k, T) + 1Py := 6—; + Ao P1)(4, v, t K, T),

with the boundary condition at expiration timet =T

PQ(@, v, T; k?, T) = Ig>k.
A1 and A in Lemma 3.1 are respectively defined as

Ai[fl(l, v, t5k,T) = (r A+ ;V> of

S+ (0 = v) o) S D

oo 2 +102V82f_Asmf+/\s/[(6y—1)f(€+ v, t; k, T)] oy (y)d
PV ator T 27 R R

Y /R Uyt k. T) — F(E vtk Ty (5)dy

Y / v+ 2,60 T) — (6ot b, T)]é2(2)dz,
R

and
: — (oS L)Y _N\Of v
A f1(l, v, t;k,T) = <r Mom 2u> 5 TrO -+ 55
*f 1, 3%f

oty 27 Va2

A /R gtk T) — F(Evt b, Ty (y)dy

+pov

+)\”/[f(€, Vo bk T) — F(6 vtk T by (2)de.
R
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For j = 1,2 the characteristic functions for 15j(€, v,t;k,T) with respect to the
variable k are defined as
(0.)
[ vtk T) = —/ e“dePj(f, vt k,T),
—00

in which a minus sign is given to account for the negativity of the measure d]f’j. For
Jj = 1,2, f; satisfies similar PIDEs as in (3.4) and (3.5)

f
ot

with the boundary conditions

(3.6) + A0 vt R, T) = 0,

filv, Tk, T) = —/ R dP; (0, v, T; k,T)

—00

_ _/OO ¢k (—§(k — 0)dk) =

—00
since dP;(¢,v,T;k,T) = dIj>), = dH({ — k) = —5(k — £)dk.
Let’s find the characteristic functions f; for j = 1,2. Let 7 = T — ¢ be the time
to go. We seek the functions f; and fy satisfying

[tk T) = exp (g1(r) + v 2 (7) + (122 h(7) + iat )
folb,v,t; K, T) = exp( o (7) + 2 hg (1) + (v?)2hy(7) +ia:€+r7') ,
respectively with the boundary conditions
gi(0) =0=h;(0) fori=1,2 and j =1,2,3,4.

Lemma 3.2. The functions Py and Py can be computed by the inverse Fourier
transforms of the characteristic function, e.g.,

+o0 —ixk £, .
+1/ Re [e f](fl,u,t,k,T)} d.
™ Jo

+ (24

(3.7) Pi(l,v,t;k,T) =

1
2
for j =1,2. Re[] denote the real part of the complex number.

The characteristic function f1 is given by
filb,v, t;k, T) = exp ( V(7)) 4+ 2Ry (7) 4 vha(T) + ixf) .

ho is given by

(i — A1) (7 -

hQ(T):c;Q[erAl—( Alr ' ZbT
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where m = po(iz + 1) — k and Ay = \/n? — o2ix(iz + 1). hy is given by
2

o0
. g
= E a;m", a1 = 71(0+), (n+1)ansy1 = %an t5 E a;bj,
- i+j=n

1<i,j<n

where ~v1(04) represents a small value factor which appears in the coefficient of vi/2

as the one of v3/2.

gi(t) = 59/ ho(T dT—)\SmT—i—(r—)\S )Z:IJT+/ h2

AT /R (1w 1) gy (y)dy + A / / (2 ~1) 6(2)dzar,

which is equal to the equations as in [6] if the coefficient hy(7) of order vY/? is zero.

The characteristic function fo is given by
Fo2(b, 0, T3k, T) = exp ( o (7) + M 2hs(7) + vha(r) + izl + rT) .

hy is given by
( 2 AQ) ( Aor _ 1
o2 e + Ao — (72 — Ao) BAQT ZdT

ha(T) =

where 1y = poir — k and Ay = \/n5 — o%iz(iz — 1).
hs is given by

2
. g
ZCZ , 1 ="%(04), (n+1)cpp1 = %cn +5 Z cidj,

where v2(0+4) represents a small value factor which appears in the coefficient of v1/2

as the one of v3/2.

wir) = w0 [ iy + = w5 [ hir

+A57 /R (1% = 1) gy (y)dy + N / / (2 = 1) 65(2)dzdr,

which is equal to the equations as in [6] if the coefficient hs(7) of order v'/? is zero.
Theorem 3.3. The value of a European call option of (3.3) is

Cl,v,T;k,T) =e"'PL(l,v,T; k,T) — " "I Py (0,0, T k, T),
where ]51 and 152 are given in Lemma 3.2.

Now we prove Lemma 3.2.
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Proof. For the derivation of the equation (3.7), refer to the paper [6]. Let us compute
PDE (3.6). First let’s calculate some differentials regarding to f;.

0 0
% = (—gi(r) = V2B (7) — vh (D)) fr, gzmﬁ,
W - <;”1/2h1<7>+h2(7)> fis

aij(;ly = iz <;l/_1/2h1(7') + h2(7’)> f1-

ﬁ — hQ(T) + ly—l/th(T) 2 fl . ll/_S/zhl(T) _ §(coeff of VS/Q)V—l/Q fl
ov? 2 4 4

= (h%(ﬂ + iu‘lh%) + hy(T)ha(r)y 2 4 > fi- iu—?’/?hl(ﬂfl.

fll+yvtat+7) = fill,v ot +7) = (€Y = 1) fi(l, v, t; 2t + 7).
We use the series expansion, which is valid only when |z| < v
(1/ + 2)1/2 — ]/1/2 + ly_l/zz _ 11/—3/222 4+ ...
2 8
in the following equation.

filbbv+z, it +71)— fill,v, tyx, t + 1)
= [exp (sha(r) + {(v + 2)'2 = 12} (n)) 1] 1

= [eZh2(T) {1 + <;y1/2z — éyfg’/zzZ + %V*E’/QZB +-- ) hi(T)

1 /1 _
I LI e
z 22
= [GZhQ(T) <1 + §V_1/2h1(7) + gV_lh%(T) +- > - 1} fi

2
_ <ezh2(r) _ 1) o+ ghl(T)V—uzezhz(T)fl 4 %h%(ﬂyqezhz(f)ﬁ T

If we substitute the above differentials and equations into the equation (3.6), then

we have

1
0 = —g\(r) —vhhy(r) — 204 (1) + (r — XWm)iz + §mV —\m

+r0 <h2(7') + %V71/2h1(7) + g(coeff of 1/3/2)1/1/2> — %121/



OPTION PRICING UNDER STOCHASTIC VOLATILITY MODEL WITH JUMPS 303

-I-V(pa(ix +1) - m) <h2(7') + %Vﬁlﬂhl(v') + ;(Coeﬂ" of 1/3/2)1/1/2>
307 (hg(f) £ ) + (Db = () - )
08 [ (= 1oy )y

R

+)\”/ {(ezhzm - 1> + Ehl(T)I/_l/z(eZhQ(T) + | pz(2)dz.
R 2
The coefficients of v are
, 1. . Lo 155
hy(T) = i + (po(ix + 1) — k)ha(T) — 2% + 2 hs(T).

The solution of he(7) is given by

(=AY (e 1)
D7) = s Ay = (= Ay)eA]

where 1 = po(iz + 1) — k and Ay = /nf — giz(iz + 1) (See [6] for detail). The

1/2

coefficients of v'/< are

(38) M) = gmhi(r)+ 50 h()ha(r) +1(04),

where we denote 1 (0+) a small value factor which appears in the coefficient of 1/1/2

as the one of /2, We seek hy(7) as series solution such as

(3.9) hi(1) = Zaﬂ'i.
i=1
ho can be written as
AT ) K,
(310) hQ(T) = w = ;bﬂ' )
A1\ AlA% 1 1
by = by — T
=B U2 T oi\2 B 1)

where Ay = 0= 2(m + A1), By = (m + A1)/(m — Aq). Substituting (3.9) and (3.10)

into (3.8), we obtain
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ay = 71(04—),
2&2 = %ala
m o?
3az = o 02 + Ealbla
2
day = %a:s + %(ale + asby),
g; o?
(n+1anyr = Ean—l- > Jrz: a;bj,
120
which can be solved in turn.
The constant terms are
2
Gd(r) = KOho(r) — ASm + (r — Mm)iz + %h%)
(3.11) A5 / (e@“l)y - 1) by (y)dy + N / (ezhﬂﬂ - 1) b7 (2)dz.
R R

By integrating (3.11) from 0 to 7, we obtain

T 2 T
gi(t) = /19/ ho(T)dT — Nomr + (r— )\Sm)z’m' + 08/ h3(r)dr
0 0

+)\ST/ (e(m"'l)y - 1) oy (y)dy + N /T/ (eth(T) - 1) ¢z(z)dzdr.
R 0 JR

Similarly, we can compute hg, hs and go. O
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