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Algorithm 1 WAVE-bagging algorithm (Kim &, 2011)

Input:

— L : training data set composed of n instances
— Ly : class member of L

— k : number of classifiers in an ensemble
Output:
— C"(-) : Weighted combination of outputs of classifiers
Step (1) Generate k bootstrap samples L, (b=1,...,k) from L with n instances.
Step (2) Train classifiers Cy using L.
Step (3) Acquire an n X k performance matrix X = [X1,..., X}], consisting of 0’s (wrong) and 1’s (correct).
Xy, =I1{Cy(Ly) = Ly}, n X 1 vector
Step (4) T = X' (Jnr — X)(Jrr — Ii)

Jnr = n X k matrix of 1
I, = k X k identity matrix.

T wusul)l - «
Step (5) Calculate P* = ,(2171 Dl _ [P1,.... Py
1, (Ciy wiu)) 1k
Xi = eigenvalues of T, i =1,...,k

w; = eigenvector corresponding to \;
r = number of dominating eigenvalues such that
)\1:)\2:...:AT>)\T+1,1STSIC

Step (6) Aggregate the k classifiers using weighted combination of classifiers consisting of P* and X.

k
C*(z) = argmazy, Y, Py X I(Cy(xz) = Ly)
b=1

T E BFOA oS doleTt 2 A tEiA S B ng AAAA 5 HE
=7t o oA ane A4t 28X o7 WAVE-bagging 282 7]|£9] 2% 42 nyol 4
g Aol 7 AE Foldhs S AE5e] o ¥2 oS AFYEE M EF HE RIS UEs
etk

2.3. WAVE-baggingg ©]&3% &7 & 71A]2]7]

WAVE-bagging B2 2279 22 %o g} 71E2E A Sk AL o) 835le] B8 A4t
29 7 A] 7)o g3 & 5 Utk S So] 7FEXY B 7]E (threshold) S A%, BE7&S
G 2ok £5770100 taiAe B5 GBI AL e SR TIA IS ?‘f]% wetolt},

FE7IEY g2 WAl et & AE 28 = £7719 A4V WsE o5 Ark vheF
AR oAZ5o] ojgl2 tolHeld 287158 W50l o B2 ER7717F AES FAHES T 45 o
W, 1 W R AFeSe] &0l dolEegtd FE7|ES EFolo] A ERV|EW YAES TA}E

=2 3 2 0-7—]0]1;].

= = T =
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2 =2oXE WAVE-baggings ©]-&3 &7 FE 7HAA7] < 2670 A vlole ol 2833
i, A7 F971Eel] thste] 27 oS g FolE A HE okt

3. Lasso 3| AEX 3} EFAFE 7R 2]7]|o o] A&
3.1. Lasso 3#AEA

2 =L NS T A UK 0 x = () € 17 p Y A
gt WEUSE S LU B BANAS R R A2e) B EHel AL e
So] ol Ao their AR =Polatal 4xf. 7Nz, Zixij/N = 0,3 25/N =
1& W3t} Lasso (least absolute shrinkage and selection operator) 2] 7]%4] (Tibshirani, 1996)-2
3 o) AUk Tl of | oFe] Aourh Hofol Ik A AT A 4 (3.1)7 2o] 3]
ARy A4Es 2H Aotk 8 = (51,...,Bp)’a} 39 Lasso®] 2R (a,B)g 4] (3.1)3 2
o Sk A B1eIA > 0 AREALZA A%E 09 A A 002 Bes o

N 2
(&7 ,@) = argmin {Z <yZ —a— Zﬁjx”) } , subject toz 16| <t (3.1)
J

Lasso ﬁ-_ﬂ—?’“ﬂ F8 5L, Ao 2700 webx] Ao 27171 02 T EoEA sk, €
Ao AF4E 028 B ot olyst 542 Ao AFY TS od <A o= t=+ 7<ﬂ
xS 7?3_ FAF) A=A (ridge regression) 7= ApEE = Zlolth

Lasso 37282 A3 ARG n|siA] HAY (bias)E 2F woFA AT, E4F (variance) & &0 A
AA A 22 AFel 2EA Ak vlgo] 239 SHUTE Abolol] FAIAT} =S5 741-’?—7}
00] =& AgFo] UEhA Hol B fES WgEo| AFsHog AYHErt. fAR §4E 7K B
Fog HEAS el (subset selection) FFARFY SAHF ARG o] glor) H“O] —’H% *EF:J?E A
g 37 Ry At59] W3le] wigdsithe Fela 283 AHo®E A 32 L
o] ZolstA] ke HolA @o] EAFTE F Y FHE AT + U= J_US}O] Lasso 3|71 23]
g} & 4= 9lt} (Tibshirani, 1996).

3.2. Lasso-bagging

Lasso 3|72 8- Yz 5U57E A& A Aol AR #geltt. 317 Chen¥} Jin (2010)

Lasso 37122 &7 AL A&staxt sigict. Ao A7k 270 Aol Fstol, 27 &

w A5 235 SR o g Age S5 R AFE, o

| 7Fs 8 %ol ok ohd, AR A7t F AR FEen, SHHss} THHS
2

?_
25 PIEE AL BRI A ATE 2 ASHE BRAE Laso S7E49] 23}
091 ohd ALTE A AlAY, A AT 2 A3 Fehesl ke BRI Lasso AL
£ 09 A%gke B Aotk 00] obd ASE AL BRI BF PN TS, G4

ol tjgk 7HA 7)) £HE AL 5 rh

3l Lasso 3 ART L SYHSE Alolof] AABA 7 =& Ao, hRxHE e SPHTE A
3 Yol tisiA AAG7) 00] He AZE AR ok o] AL WA FE Aol AF <l
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Algorithm 2 Lasso-bagging (Chen¥} Jin, 2010)

Input:

— L : training data set composed of n stances
— Ly : class member of L

— k : number of classifiers in an ensemble
Input:

C(+) : Combination of outputs of classifiers

Step (1) Generate k bootstrap samples L, (b=1,...,k) from L with n instances.

Step (2) Train classifiers Cy, using Ly,.

Step (3) Set {C1(L1),...,Cr(Ly)} = {37;, ey 1//;} as input variable and L, =Y as response variable.
Step (4) Filter out classifiers {i’;, ceey 1//;} using Lasso regression.
Step (5) Aggregate selected classifiers C;,j = 1,...,s and select the class having the plurality in them as the

predicted class of .

C(z) = argmax, il I(Cj(xz) = Ly)
j=

E3% Abole] AATATE & EFI1E FolA she] RIS AEsiA E Zeolth. wetA A=
EFR7ES AR Aolst BERIIEE o]FXth

ol4e] ofoltjo]E AP E W Lasso-bagging WHL HEAEANS EdiA WE BRI (Ch,b =
1,..., k)8 AF dSFTES SHHFZE, B A8 W3 (Ly)S £594F 3o Lasso ¥
A& Fsth Lasso 37249 EAo wet & EF/7] Wig A+ 00] Hrt Q:ﬂﬁﬂ
7F 091 ®F71& AlLsta, 00] obd AFE 7HAE F s7/hY 7717 AgEdvtd A89E 2771
(Cj,j = 17 ,8)E T —‘?—ﬁ W2 oSiA shte] YdE BP0 R At o] WS ¢uEE

B 2E YA AFRS BERF dAHE 232 Lasso—baggingl]- VVAVE—bagging7 a8 7FA X 7] 7
7L Al 7HA] BYolth BF HFE EFEY F
7152 Y e AE R AFASIUE Eriji"]-% Al ARSIt 4180 E B =
oAlA ARE-3F HolE ol s AHS

BHEA AAE] AW E Aot

24,
ro
=
F
s
do
S
>
N
D)
)
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1o
i,
i)
fru
>
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r{n dr e
Sl
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4.1. A7 A9

Table 4.1 Ao ALH AA dlo]gf o tfgh 7hekst @EO]D}- AREE AR EL 22719 AA AR
2} 4719] 3144 A& (Cir, Rog, Trn, Twn)Z o|FoH 1 F 7o) AFLeZ EH5 & ¥ (binary
response variable)E 7} 31 Qltd. tfRE2] 25 = University of California at Irvineo| A #|&3h=
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Table 4.1 Data description

Dataset Description # instances # variables Source
Aba Abalone 4,177 8 UCI
Ail Aileron 13,750 12 Loh (2009)
Aus Australian credit approval 690 14 UCI
Bew Breast cancer Wisconsin 699 10 UCI
Bld Liver Disorder 345 6 UCI
Bod Body dimension 507 24 Heinz 5 (2003)
Cir Circle in a square 10,000 10 mlbench
Cre Credit approval 690 15 UCI
Cyl Cylinder bands 540 35 UCI
Dia Diabetes 532 7 Loh (2009)
Ech Echocardiogram 132 12 UCI
Ger German credit 1,000 20 UCI
Hea Statlog (Heart) 270 13 UCI
Hep Hepatitis 155 20 Loh (2009)
Int Chessboard 1,000 10 Kim & (2011)
Ton Tonosphere 351 34 UCI
Mam Mammographic mass 961 6 UCI
Pid Pima indians diabetes 768 8 UCI
Pks Parkinsons 197 23 UCI
Rng Ringnorm 1,000 10 mlbench
Snr Sonar 208 61 mlbench
Spe SPECTF heart 267 44 UCI
Tel MAGIC Gamma Telescope 19,020 10 UCI
Trn Threenorm 1,000 10 mlbench
Twn Twonorm 1,000 10 mlbench
Vot Congressional voting records 435 16 UCI

Machine Learning Repository (Frank$} Asuncion, 2010)914 31, 4825 = R glo|H g 9
3hbQl ‘mlbench’ oA Fth o] EA THE A8 REFHES (y)£ 0, 19 F 7H4 o g HEA AT

4.2. Lasso-bagging?] A3u}¥

=& 47 HsiA 2671 ALE el 107 2SS (10-fold cross validation)& ©]-83}
o B2 GEn WA ARF YL 0/109 ARE TVARL AL, 004 A
(L1,...,Lo00) & B2E SIA BE T, o]AS vfE e Z CART (Breiman 5, 1996) S 9]
%5}04 =5 ] Ch ~-.,C2oo% sttt AS5Z29 (Co(x ))‘é‘ ESHNTE ARSS A A5 AFH®
<3 /—T@

1% 49

( O_u
Jlx ‘o
é

= 2 T @t
Lasso 8|71 249 ASZEe 48 77 JEony S5 Iuk A9 BRISL ASgt @
Aol 2L AEAE 25 FEPAS mET 1/109] AFAE AGE £F7)9 AGIZGS 7o
3, 5Y AAEAC A% FEPAL Agel AF NSRS T F 4A AFH vlasto] o3 AHE
£ 2739k o] HYS 108 WEse] 107 WARFS BAATE °] HIL 10006 AHAA Wus
o FFHA £F A5 JAEE At
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4.3. WAVE-bagging?] 234

Wave-bagging< Lasso-bagging®] AWy} 5Lt WYAloz 48)3lt}. Lasso-baggingd x}o]d
CART W& o83l 57 Cu,...,Con& BEL EAARY
u

= Yy Ly oke] ws FsiA
XE e 7, o] AFAE ol &5l 7k HE (P1)E BEE Aotk =3, 7R £97%0
oo}, £H7IES W2 2R7IE AHEL o5 7Y 2F eSS A8 1/109 A5A=
€ Uder A9l BF

71 AT ZH2, B AN o8 R A AT A3
153} sl % FGEE 27

: < 100 Mol 24 WEste] FgAQd EF A5 4 l._‘-:_% Zﬂf&ﬁir/‘r.

3t 2 A3 wAdA = Lasso-bagging B3 o] 7I5X& LA goen=z FAHT
WS A5 WAVE baggingol A= AR 2 Ae] AOINE F1EANE ABoA Brlm o A
ojty. wpR|Ero 2, 7R X 7] 7} Q= v Aol thdt A2 Lasso-bagging® WAVE-bagging2] A3 o] A
ZWAA 715 3HA] g2 DAY A5 bEstd At

—Yi 2
o,
_n
o,
i)
oX,
flo
—
[an]
k&"
J}E it
o
£ o
—
[ew]
oY
=1
v T
N

ﬂl[ﬂl

o] Aol 267 ARE o83 AFA L AHAE AR Y HHE, HERE t-FAH,
5

A& = 1283 dominance rankE ©]-§3lo] ZF B7 JAE e A5E v w ez} st

5.1. Fohd A= t-EAZ

WAVE-bagging¥} Lasso-bagging 2&-& 53
)& HHE (relative improvement)®} th-F = ° Ol
MNAEE 23 B LEFE (es) B¥ AY E7E (ea)= HlWdhs 20 thad) o] Aoy

2] (5.1)2 A2l =30l Boj nlsiA Aujdoz ¢ iy
ZF2 A9 e EFEC] B~°4 9——‘?-1‘:‘%%3@ U= 7MdAA (Ho:ea=ep vs Hitea <ep)ol gt
_Q_If_

Lasso- baggmgil} WAVE bagglng7 w7 5o 2% AHE vy CART 29
A=Y e 2= T8¥ Figure 5.1(a)2F Zo] UeRE 4= STt o] 7]ollA wj

[e] [e]

AEE o|RE BER7Y vt BolAd 2] AUF MAET F718ke S & = Ut Lasso-

bagging®] Lol Aol =& 450 By wlogn e &2 £329 AMEE HITh o
Lasso-bagging o] A3 822 GAHE 7]'7<]5<] 7] WA Bl Aot

FFES °1$% 257719 7l4=el webs WAVE-bagging©] Lasso- bagging°ﬂ Hs|A B £ /A=

& BAL=E vehlie 497 dok= Zi% A

o] Lasso- bagglngiﬂr o Aud YL ¢ A5 A Alﬁ}i %li}. 5, €870 A48 Add
H WAVE-baggingoll 2] 8t 7}2] 2] 7] ®H o] Lasso-baggingell &]st 7}A1 X 7] ®PHETE 58 & Q)
W7 e E771E 25 AREE o Y oS BE=E 2E= 2ol v]siAl, Lasso- bagglngo]
L} WAVE-bagging 92 HAHE 7122719 AFEA vz A AL 49 BER78 ZAH YL o=
& Age s}t A A3 st oh, WAVE-baggingoll A £87]5< wi$ =4 AAsd a2 7}
A 717y 3= A ¢47] wjEoll wi R Ao} AX e Arle e Hch

;l L ok Jlx
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Bagging ©]1} WAVE-bagging¥+= th2A| Lasso—bagging% o] g3t BF dAAE 232 EF7|9
T7F ATE ol oS Aol 2 WEt gl Ae € 5 Ak ol HE EIS olFeE £
F718] W7k S7Fstol = Lasso 3712404 0°] OH/J FeAE M 257719 Aert A wE

o uehd d4toltt.

0 0 |
s — WAVE s — WAVE
--- Lasso-Bagging --- Lasso-Bagging
<<<<<< Bagging g 4 .-+ Bagging
T o
% g b wn
5 g T
£ :
W
N &
g s
w _
S o |
b 2

T T T T T
0 50 100 150 200 0 50 100 150 200

Ensemble Size Ensemble Size

(a) Relative improvement (b) Matched pair t-statistics
Figure 5.1 Relative improvement over single tree and matched pair ¢-statistics

Figure 5.1(b)ll A= Figure 5.1(a)$} vl8t Fef] th-g8E -FAF 2 =7t vehdth. o7 A,
EEE t-ZAZS CART 2o thdlA] WAVE-bagging, Lasso-bagging, 12|11 ¥j7o] ©f ¢
st & AFEEE 7RITH:e tiE M gt BB AZ eIt AL 27)de S48 Skt
AuketA F7kste] 7t B ERVIE TEAZAE o Fu AR EAD =Dt FHE BTt
Lasso-bagging = GAE 23] 7|7} ol AE o]/ito] HW th-gx 2 t-FAZo] AAsk= d/dol
Holil, WAVE-bagging®| A9 S7Fsltirt adks Felg HAdth AM7EA 2/ d4E 232 &2
+ CART 234 HliA L2 A& AFEE ZEvHe AS BoF1 Q. WAVE-bagging™} Lasso-
bagginge ©]-&3 GFE 7R A7) W2 AME AR A& Aes Blvty & ¢ glo, F e
BE i Hohe o AE3 ielst & 5 Ik

4

Figure 5.1 &34 € & & A2 AA A= tf-& 3- FAF e Aol AT G
£9] m7]9 webr] WAVE-bagging W o] Lasso-bagging ] ]OHH o A& =7t =2 73

o] A= Aelth

5.2. 2§ Adc

267 Az thdl A WAVE-bagging 3} Lasso—bagglng, 8] uj7 Hl
Table 5.1 A|AI&HTE 2z dlojE] M2 713 2R o2 Aw7} 22 e F2 A=
At od7A EF o= AYEE= 107 ﬂx}ﬂz é-»}./] 1003] FFZS 22319t WAVE-bagging
o] BE o= A3ler thE up o) bls) o 243 3147 gk AL B T 4 gk o)A
WAVE bngsinge] €672 3 20075 2577 FAA AFA 5L 5079 BRI Qe w S
ARE AT 2F oS A=l oIzt F A Apo] v+ 538X APt E 3t
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Table 5.1 Accuracy of ensemble methods on 26 datasets

Data WAVE-bagging Lasso-bagging bagging

Aba L7795 (.0004) L7767 (.0003) 7751 (.0005)
Ail .8521 (.0004) .8598 (.0001) .8401 (.0005)
Aus .8609 (.0005) .8568 (.0006) .8639 (.0004)
Bew .9611 (.0006) .9655 (.0003) 19580 (.0007)
Bld .6940 (.0023) .6788 (.0020) .6911 (.0025)
Bod .9330 (.0009) .9459 (.0005) 19229 (.0011)
Cir .8216 (.0005) .7535 (.0010) .8087 (.0005)
Cre .8563 (.0009) .8580 (.0006) .8583 (.0007)
Cyl .7348 (.0016) .7584 (.0009) .7184 (.0015)
Dia .7573 (.0010) 7506 (.0010) .7561 (.0009)
Ech .6818 (.0016) .6512 (.0029) .6887 (.0016)
Ger .7459 (.0010) .7452 (.0009) .7438 (.0011)
Hea .8072 (.0017) .8128 (.0013) .8043 (.0019)
Hep .8184 (.0013) .7987 (.0019) .8201 (.0014)
Int .9006 (.0007) .9015 (.0007) .8145 (.0010)
Ton 19121 (.0014) .9151 (.0009) 19057 (.0015)
Mam .8325 (.0005) .8315 (.0004) .8302 (.0004)
Pid L7720 (.0012) .7644 (.0010) L7731 (.0014)
Pks .9138 (.0008) .8899 (.0016) .9035 (.0010)
Rng .8962 (.0006) .8726 (.0007) .8843 (.0006)
Snr .8085 (.0017) .7902 (.0021) .7945 (.0014)
Spe .8001 (.0017) 7917 (.0015) .8040 (.0014)
Tel .8319 (.00020) .8381 (.0001) .8258 (.0003)
Trn .8442 (.0006) .8101 (.0010) .8365 (.0006)
Twn .9521 (.0004) .9131 (.0008) .9459 (.0004)
Vot .9489 (.0008) .9538 (.0005) .9552 (.0005)

5.3. £9€ %3} Dominance B3

Dominancex= AR Q] o& A=l BRYPL ¢S AZJTE vludh= Y7 (Hi:acca >aces)
o h hIEE (29SS ANE QT A0RA, FUASE %A FT ol ATl
BE ‘o|Att (win)’E, (Hi :acca < accg)d o F+93 3 ‘At (lose)’ 2 R o], 267] Tlo]
Eof EHOHH A H]—\:ﬂo] B & o7 Q-’F"ﬂ’ﬂ 2 245 W gre ouisit. weF M 23 A, B, C7}
ik, & 267) vlolE] ZHatol tisjo] (A Wlo] BE o171 314 + A Whle] CF 011 A%) — (A ¥
el Bl 2 5% + A whilel Coll & 54)2 el A

2671 A&l t3A] Lasso-baggings WAVE-bagging, ¥} 7 2] 23-& W] 3 Dominance] ZA3}91
Table 5.25 Wlgoz HdyS 3, 247 B3-S v|wd2E 52719 vl #o] &Afsit). 2y u}
ZhA 793t 2pol 7t bt A= F 47719 B9o]1. WAVE-bagging®] 7%l w73} Lasso-bagging©]]
A & 331 SAACR [t oIS A=t Eokal, 14 SAHCE AF Fert ot
w2kA Dominance:= ©]71 AoA X ALE wh 197} Dt} A= WAVE-bagging o] 714 o=
Aol 2L WY Ao Heln,

Table 5.2 Dominance 1: WAVE-bagging, Lasso-bagging and bagging

Methods Dominance Wins Losses
WAVE-bagging 19 33 14
Lasso-bagging -9 19 28

Bagging -10 18 28

Lasso-bagging®} WAVE-bagging T+ ®HS A -{ A o2 Hwst7] A Table 5.3 AH 2™, A
Al 2670 A5 FoNA 2470 AFZAA F gt 2ko)7t 191a, WAVE-bagging HHS 083 o5 4&



Comparison of Lasso-bagging and WAVE-bagging methods 1381

57} Lasso-bagging HE< o] 83t o5 Fgr o) vjaii FAZLE A EUE A5 A7t
1572k 21& & & Qlth Table 5.29} up7}A 2 WAVE-bagging W o] o £& o5 AF=E 7
Ui Slths 21 Hojeth

Table 5.3 Dominance 2: WAVE-bagging and Lasso-bagging

Methods Dominance Wins Loses
WAVE-bagging 6 15 9
Lasso-bagging -6 9 15

6. 2% 2 FF A4

O

EFITE 7HAX7] BHES] 3l Lasso-baggingd 7HeXE ARSSH R HHES el
WAVEE #-83F WAVE-bagging o] H|XE F3A GFE 7HA27] BH& vlas) Bojrh AA =
B9} 71 28 267000 thafiAl 2 ibES A8s 235 HokE uwf, WAVE-bagging®] <& H&=7}
Y %2 7757} Lasso-bagging®] & HE= 7} Eﬂ =2 ko] EA1tth. 23A 22 Dominances

[o

ft

of

7202 HS uwl], WAVE-bagging=S A3+ Aol o B2 dlolEjoA] FAZAZ Fosith= A
< &)
WAVE—baggin el B8 7|EE VT B AASHA HE dE5AET I Zaske] el A 22

2~
T
itk A2 € 5 ok Whdol Lasso-bagging®] B-fole i8S olF< £7718 A+

7} ‘34” Z*‘: o Hu oS FEEE AT 5 Arke FH o] AATh

oS FEg=rt dAHA 2 EPE £ 2P0zt A4S, Lasso-baggingd] & A&
WAVE-bagging?] d& AE=7} 714 294 32 ©4F £Y & AU, WAVES 71 2 77He
AL FAL = e IFE 2o 2 2L Zojth. o3 MM F IHA P2 FEE
ZAgsto] Lasso 37242 s ER/7E MPoE 7HXE Fosiy, 2 7|%°] & e
WAVEE F&3M: 2= 3o Whe] E 4 91 Zlolt}. Lasso-bagging®] A& 7} & AME3)
£ A5 2 Yol 2 & Utk AT AL 08T Z 71 E § 7] wiiel o] ALE IR
Ve &2 AR 5 itk et PHES o)FE £7719 7 A7 0BT Z2AY Atk Ak Ae

F74se] BRI BEE AR e £ 5 9 Aelth
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Abstract

Classification ensemble technique is a method to combine diverse classifiers to en-
hance the accuracy of the classification. It is known that an ensemble method is suc-
cessful when the classifiers that participate in the ensemble are accurate and diverse.
However, it is common that an ensemble includes less accurate and similar classifiers
as well as accurate and diverse ones. Ensemble pruning method is developed to con-
struct an ensemble of classifiers by choosing accurate and diverse classifiers only. In
this article, we proposed an ensemble pruning method called WAV E-bagging. We also
compared the results of WAVE-bagging with that of the existing pruning method called
Lasso-bagging. We showed that WAVE-bagging method performed better than Lasso-

bagging by the extensive empirical comparison using 26 real dataset.

Keywords: Bagging, classification, data mining, ensemble, pruning.
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