Bull. Korean Math. Soc. 51 (2014), No. 6, pp. 1711-1726
http://dx.doi.org/10.4134/BKMS.2014.51.6.1711

INDEFINITE GENERALIZED SASAKIAN SPACE FORM
ADMITTING A GENERIC LIGHTLIKE SUBMANIFOLD

DAE Ho JIN

ABSTRACT. In this paper, we study the geometry of indefinite generalized
Sasakian space form M (f1, f2, f3) admitting a generic lightlike subman-
ifold M subject such that the structure vector field of M(f1, fo, f3) is
tangent to M. The purpose of this paper is to prove a classification
theorem of such an indefinite generalized Sasakian space form.

1. Introduction

In 1985, Oubina [22] introduced the notion of a trans-Sasakian manifold
of type (a,3). Now we say that a trans-Sasakian manifold M of type (a, 3)
is an indefinite trans-Sasakian manifold if M is a semi-Riemannian manifold.
Indefinite Sasakian manifold is an important kind of indefinite trans-Sasakian
manifold with @« = 1 and 8 = 0. Indefinite cosymplectic manifold is another
kind of indefinite trans-Sasakian manifold such that o = 8 = 0. Indefinite
Kenmotsu manifold is also an example with « =0 and g = 1.

Alegre, Blair and Carriago [1] introduced generalized Sasakian space form
M(f1, fa, f3). Indefinite Sasakian space form, indefinite Kenmotsu space form
and indefinite cosymplectic space form etc are important kinds of indefinite
generalized Sasakian space forms such that

fi=92, fo=fa= A=, o=fi=9 fi=fo=f3=%,

respectively, where ¢ is a constant J-sectional curvature of each space forms.

The theory of lightlike submanifolds is an important topic of research in
differential geometry due to its application in mathematical physics, especially
in the general relativity. The study of such notion was initiated by Duggal
and Bejancu [3] and later studied by many authors (see two books [5, 9]). Re-
cently many authors have studied lightlike submanifolds of indefinite Sasakian,
indefinite Kenmotsu and indefinite cosymplectic manifolds.
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In this paper, we study the geometry of indefinite generalized Sasakian space
form M (f1, fa, f3) admitting a generic lightlike submanifold M subject such
that the structure vector field of M (f1, fo, f3) is tangent to M. The main result
is a classification theorem of such an indefinite generalized Sasakian space form.

2. Indefinite generalized Sasakian space form

An odd-dimensional semi-Riemannian manifold (M, g) is said to be an in-
definite almost contact metric manifold ([6] ~ [18]) if there exist a (1, 1)-type
tensor field .J, a vector field ¢ which is called the structure vector field of M
and a 1-form 6 such that, for any vector fields X and Y on M,

(2.1) X =-X+0(X)¢, g(JX,JY)=g(X,Y)—ed(X)(Y), 0() =1,

where € is the causal character of ¢. In this case, the set {J, ¢, 0, g} is called
an indefinite almost contact metric structure of M.

In an indefinite almost contact metric manifold, we show that J{ = 0 and
6 o J = 0. Such a manifold is said to be an indefinite contact metric manifold
if d9(X,Y) = g(X, JY). The indefinite almost contact metric structure of M
is said to be normal if [J, J|(X,Y) = —2d0(X,Y)(, where [J, J] denotes the
Nijenhuis (or torsion) tensor field of J given by

[J,J)(X,Y) = J?[X,Y] + [JX,JY] - JJX,Y] - J[X,JY].
An indefinite normal contact metric manifold is called an indefinite Sasakian
manifold. 1t is well known [9] that an indefinite almost contact metric manifold
M = (M,g,J,¢,0) is indefinite Sasakian if and only if
(VxT)Y = §(X,Y)( — eb(Y)X,
where V denotes the Levi-Civita connection V on M with respect to g.

Definition. An indefinite almost contact metric manifold M is called indefinite
trans-Sasakian manifold [1, 22] if there exist two functions « and /3 such that

(22)  (VxJ)Y =o{g(X,Y)¢ —ed(Y)X} + B{g(JX, V) — ef(Y) X},
for any vector fields X and Y on M, where V is the Levi-Civita connection of

M with respect to the semi-Riemannian metric g. We say that {J, ¢, 0, g} is
anindefinite trans-Sasakian structure of type (a, f3).

Replacing Y by ¢ in (2.2), we get
(2.3) Vx(=—eaJX +eB(X —0(X)(), dI(X,Y)=g(X, JY).

Remark 2.1. If 3 = 0, then M is said to be an indefinite a-Sasakian mani-
fold. Indefinite Sasakian manifolds ([6]~[18]) appear as examples of indefinite
a-Sasakian manifolds, with @ = 1. Another important kind of indefinite trans-
Sasakian manifold is that of indefinite cosymplectic manifolds ([15], [17]) ob-
tained for « = 8 = 0. If = 0, then M is said to be an indefinite 5-Kenmotsu
manifold. Indefinite Kenmotsu manifolds ([13], [14]) are particular examples of
indefinite -Kenmotsu manifold, with 5 = 1.
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Definition. An indefinite almost contact metric manifold (M, J, ¢, 6, g)
is called indefinite generalized Sasakian space form [1, 23] and denote it by
M(f1, fa, f3) if there exist three smooth functions fi, fo and f3 on M such
that

(24)  RX.Y)Z = fi{g(Y. 2)X - §(X, 2)Y}
+ f{9(X,J2)JY —g(Y,JZ)JX +2g(X,JY)JZ}
+ [s{0(X)0(2)Y — 0(Y)0(Z)X
+9(X,2)0(Y)¢ — g(Y, Z2)0(X)C},
for any vector fields X, Y and Z on M, where R is the curvature tensor of the

Levi-Civita connection V on M (f1, fa, f3).

Example. Indefinite Sasakian, Kenmotsu and cosymplectic space forms are
important kinds of indefinite generalized Sasakian space forms such that

43 —1. _ =3 _ o ctl. e
=< fa=fa=F A= == hi=f=f;=5%

respectively, where ¢ is a constant J-sectional curvature of each space forms.

Let (M, g) be an m-dimensional lightlike submanifold immersed in an (m +
n)-dimensional indefinite trans-Sasakian manifold (M,g). Then the radical
distribution Rad(TM) = TM N TM> is a vector subbundle of the tangent
bundle TM and the normal bundle TM*, of rank r (1 < r < min{m, n}). In
general, there exist two complementary non-degenerate distributions S(7T'M)
and S(TM~) of Rad(TM) in TM and TM, respectively, which called the
screen and co-screen distributions on M, such that

(2.5) TM = Rad(TM) ®oper, S(TM), TM* = Rad(TM) ®oper, S(TM?),

where @,,+n, denotes the orthogonal direct sum. We denote such a lightlike sub-
manifold by (M, g, S(TM), S(TM=)). Denote by F(M) the algebra of smooth
functions on M and by I'(E) the F'(M) module of smooth sections of a vector
bundle E over M. We use the same notation for any other vector bundle. We
use the following range of indices:

i g, ky...e {1, ..., 1} a,bye,...e {r+1,...,n}

Let tr(TM) and ltr(T M) be complementary vector bundles to T'M in T' M
and TM* in S(TM)*, respectively and let {Ny, ..., N,.} be a lightlike basis
of ltr(T'M),,,, where U is a coordinate neighborhood of M, such that

g(Ni,&5) = dij,  g(Ni, Nj) =0,
where {&1, ..., &} is a lightlike basis of Rad(T'M)),,. Then we have
(2.6) TM =TM & tr(TM)
= {Rad(TM) @ tr(TM)} ®ortn, S(TM)
— {Rad(TM) & tr(TM)} @yrun, S(TM) Sori, STMY).

les>
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We say that a lightlike submanifold (M, g, S(TM), S(TM™1)) of M is

(1) r-lightlike if 1 < r < min{m, n};

(2) co-isotropic if 1 <r=mn<m;

(3) isotropicif 1 <r=m <mn;

(4) totally lightlike if 1 <r =m =n.
The above three classes (2)~(4) are particular cases of the class (1) as fol-
lows: S(TM*) = {0}, S(TM) = {0} and S(TM) = S(TM+*) = {0}, respec-
tively. The geometry of r-lightlike submanifolds is more general form than
that of the other three type submanifolds. For this reason, we consider only
r-lightlike submanifolds M = (M, g, S(TM),S(TM*1)), with following local

quasi-orthonormal field of frames of M:

{615"'567“5 Nla"'7NTa FT+13"'7F7TL5 WT-‘rla"'aWn}a

where {Fr41,...,Fpn} and {Wy4q, ..., W, } are orthonormal bases of S(T'M)
and S(T M), respectively. Now we set ¢, = g(W,, W,) is the sign of W,.

Let P be the projection morphism of T'M on S(T'M) with respect to the
first decomposition in (2.5). For any r-lightlike submanifold, the local Gauss-
Weingarten formulas of M and S(T'M) are given, respectively, by

(2.7) VxY = VxY 4+ WX, Y)Ni+ Y hy(X,Y)W,,
=1 a=r+1

(28) ?XNi = —ANiX—FZTij(X)Nj—f— Z pia(X)Waa
Jj=1 a=r+1

(2.9) VaWe = =A, X+ 6a(X)Ni+ > 0ap(X)W,
i=1 b=r+1

(2.10) VxPY = VXPY +) hi(X,PY)¢,
=1

(2.11) Vx& = —ALX =) mi(X)g,
j=1

forany X, Y € T'(T'M), where V and V* are induced linear connections on T'M
and S(T'M), respectively, hf and h¢ are called the local second fundamental
forms on TM, h} are called the local second fundamental forms on S(TM).
ANi, Azi and Awa are linear operators on T'M and 7ij, pia, Poi and o,p are
1-forms on TM. Since V is torsion-free, V is also torsion-free and both hf
and h? are symmetric. From the fact h(X,Y) = g(VxY,&;), we know that
each h! are independent of the choice of S(T'M). The above three local second
fundamental forms are related to their shape operators by

(2.12)  g(A;, X,Y) = hi(X,Y) + Y _BS(X, &)n;(Y),  g(A;, X, N;) =0,

j=1
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(213)  g(A,, XY) = eahf(X,Y) + Y dai(X)ma(Y),
i=1
G(Ay, X, N;) = €apia(X), €0ab = —€aOba,
(2.14)  g(A, X, PY)=h;(X,PY), n;(AyX)+ nz-(ANjX) =0,
where X, Y € I'(T'M) and ;s are the 1-forms such that
ni(X) =g(X,N;), VX eI(TM).

Denote by (-.+); the i-th equation of (-.-). We use same notations for any others.
Replacing Y by &; to (2.12)1, we have

(2.15) (X, &)+ hj(X,&) =0, hi(X,&) =0, hi(&,&) =0.
For any r-lightlike submanifold, replacing Y by &; to (2.13), we have
(2.16) hi(X,&) = —€atai(X), VX € T(TM).

We need the following Gauss-Codazzi equations for M and S(T'M) (for
a full set of these equations see [3, Chapter 5]). Denote by R and R* the
curvature tensors of the induced connection V and V* on M and S(T'M),
respectively. Using the Gauss-Weingarten equations for M and S(TM), we
obtain the Gauss-Codazzi equations for M and S(T'M):

(217)  g(R(X,Y)Z, &) = (Vxhi)(Y, Z) — (Vyhi)(X, Z)

£ Y, Z)m(X) — B, Zyra(V)}

j=1

+ Z {hZ(Yv Z)d)az(X) - hZ(X’ Z)¢ai(Y)}a
a=r+1

(2.18) € g(R(X,Y)Z, W,) = (Vxh)(Y,Z) — (Vyhi)(X,Z)
+ Z {hi(Y, Z)pia(X) = hi(X, Z)pia(Y)}

+ AR, Z)ova(X) — hi(X, Z)owa(Y)},
B=r+1
(2.19) G(R(X,Y)Z, N;) = g(R(X,Y)Z, N;)
+ Z {PS(X, Z)ni(Ay,Y) = W5(Y, Z)mi(Ay, X)),

Jj=1

+ Y eadhi(X, Z)pia(Y) = hi(Y, Z)pia(X)},
a=r+1

(2.20) g(R(X,Y)PZ, N;) = (Vxh)(Y, PZ)— (Vyh})(X, PZ)
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+ i {h5 (X, PZ)7i;(Y) — hj(Y, PZ)m;(X)}.

j=1
3. Classification theorem

In the entire discussion of this paper, we shall assume that ( is tangent to M,
such M is called a tangential lightlike submanifold of M. Calin [2] proved that
if ¢ is tangent to M, then it belongs to S(T'M) which many authors assumed
in their works [7, 8, 9, 12, 16, 18]. We also assume this result. Therefore

(31) 9(51) = €g(§,£l) = 0’ G(NZ) = €g(C, Nz) = 0’ G(Wa) = Gg(ﬁ, Wa) =0.

In case g is non-degenerate, there exists a class of submanifolds of an almost
complex manifold M. We say that M is a generic (anti-holomorphic) subman-
ifold of M if the normal bundle TM ' of M is mapped into the tangent bundle
TM by action of the structure tensor .J of M, i.e., J(TM=) C TM [19, 20].

Although S(TM) is not unique, it is canonically isomorphic to the factor
vector bundle S(T'M)* = TM/Rad(T M) considered by Kupeli [21]. Thus all
screen distributions S(T'M) are mutually isomorphic. Moreover, while TM
is lightlike, all S(T'M) are non-degenerate. Due to these reasons, we defined
generic lightlike submanifolds of an almost complex manifold M as follow:

Definition. We say that an r-lightlike submanifold M of an indefinite almost
complex manifold M is a generic r-lightlike submanifold [6, 17] if there exist a
screen distribution S(T'M) of M such that

(3.2) J(S(TM)*) c S(TM).
Example. Any lightlike hypersurface M of an indefinite almost contact metric
manifold M is a generic lightlike submanifold of M [10, 13, 15, 16]. Also, any

1-lightlike submanifold M of codimension 2 of an indefinite almost contact
metric manifold M is a generic lightlike submanifold of M [11, 12, 14, 18].

For the rest of this section, a generic lightlike submanifold we shall mean a
tangential generic r-lightlike submanifold unless otherwise specified.

For any generic lightlike submanifold M, from (3.2) we show that the distri-
butions J(Rad(TM)), J(ltr(T'M)) and J(S(TM+*)) are subbundles of S(TM).
In this case, there exists a non-degenerate almost complex distribution H, with
respect to the structure tensor field J, i.e., J(H,) = H,, such that

S(TM) = {J(Rad(TM)) & J (itr(TM))} @oren J(S(TM)) @orun Ho.
Denote by H the almost complex distribution with respect to J such that
H = Rad(TM) ®orth J(Rad(TM)) ®orer, Ho.
Therefore the general decomposition (2.5); of TM is reduced to
(3.3) TM = H & J(Itr(TM)) @open J(S(TM™)).
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Consider local null vector fields U; and V; for each 4, local non-null unit
vector fields F, for each a, and their 1-forms u;, v; and e, defined by

(34)  Ui=—JN, Vi = —Jé, E, = —JWa,
(35) ui(X):g(Xa‘/i)a Ui(X):g(X’Ui)a ea(X):eag(XaEa)'
These vector fields U;, V; and E, on S(T'M) satisfy
g(U’LvUj) = g(‘/’ba‘/j) = g(UiaEa) = g(‘/i;Ea) = 05
9(Vi,Uj) = dij,  9(Ea, Ep) = €a0ab-

Denote by S the projection morphism of TM on H with respect to (3.3). Then,
for any vector field X on M, JX is expressed as follow:

(3.6) JX =FX + iui(X)Ni + zn: ea (X)W,

1=1 a=r+1

where F is a tensor field of type (1, 1) globally defined on M by F'= Jo S.
Applying Vx to (3.4)1,2,3 by turns and using (2.2), (2.7) ~(2.9), (2.11),
(2.12) ~(2.14), (2.16) and (3.4) ~(3.6), for all X, Y € I'(T'M), we have

(3.7) RAX,U) = hE (X, V), eahi(X,Eq) = h3(X,Uy),
l ¢ l s
hj(X,Vi):h.(X Vi), eah; (X, Ey) = hi (X, V),
Ebhi(X E )— €ah (X Eb)

(3.8) VxU; = F(A, X) +ZTU )U; + Z pia(X
7j=1 a=r+1
—{ami(X) + Bvi(X) }¢,
(3.9) ViV = F(ALX Zm G+ D WX, 6)U;
j=1
- Z €a¢ai(X)Ea _Bui(X)Ca
a=r+1
(3.10) VxE,=F(A, X)+Y ¢a(X)Ui+ Y. ou(X)E,
=1 b=r+1
— eafeqa(X)C.

Theorem 3.1. Any indefinite generalized Sasakian space form M(f1, f2, f3),
equipped with indefinite trans-Sasakian structure of type («, 8), admitting a
generic lightlike submanifold satisfies (1) « is a constant and (2) af = 0.
(i) In case a = 0: eC[B] + B2 = f3 — ef1 and M(f1, fo, f3) is an indefinite
B-Kenmotsu space form.
(ii) In case a #0: a® =ef1 — f3, B =0 and M(f1, f2, f3) is an indefinite
a-Sasakian space form.
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Proof. Applying Vx to the three equations of (3.1) by turns and using (2.1),
(2.3), (2.7) ~(2.9), (2.11) ~(2.14), (3.1), (3.4) and (3.5), we have

(3.11) hE(X, ) = —eau;(X), hi(X, ¢) = —eaeq(X),
hi(X, ¢) = efni(X) — eavi(X), VX eD(TM).

Substituting (3.6) into (2.3) and using (2.7), we have
(3.12) V(= —eaF X +eB(X — 0(X)C), VX e D(TM).
Applying Vx to u;(Y) = g(Y,V;) and using (3.6) and (3.9), we get

(3.13)  (Vxu)(Y) = gzuj(y)qz +Zvj LX,&)

n

— D eaY)dai(X) — eBO(Y )ui(X) — h(X, FY)

a=r+1
for all X, Y € I'(T'M). Substituting (2.4) into (2.17), we have
(3.14) folui(YV)3(X, JZ) = ui(X)g(Y, JZ) 4 2ui(Z2)g(X, JY )}

= (Vxhi)(Y,Z) - (Vyh)(X, Z)

+ Z {RE(Y, Z)755(X) — W§(X, Z)755(Y)}

+ Z {hzsz(Yv Z)¢az(X) - hZ(Xv Z)d)az(y)}
a=r+1

for all X, Y, Z € T'(T'M). Replacing Z by ¢ to this and using (3.11), we have

(Vxhi)(Y. Q) = (Vyh{)(X, () + ea Z{Uj(X)Tji(Y) —uj(Y)75(X)}

+ea Z {ea(X)9ai(Y) — €a(Y)ai(X)} = 0.
a=r+1
Applying Vx to h{(Y, () = —eau;(Y) and using (3.12) and (3.13), we get
(Vxh)(Y,Q) = = eX[afui(Y) = eBhi(X,Y)
+ af{0(Y)ui(X) — 0(X)us(Y)}

n

+ ea{z ui (Y)1:(X Z ea(Y)Pai(X)

a=r+1

- ZT:UJ( YV)RS(X, &) + hi(X, FY) + hi(Y,FX)}
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for all X, Y € T'(TM). Using the last two equations, we have
{eX]o] +2a80(X)}ui(Y) — {eY[a] + 2a86(Y) fus (X)

= eaZ{vj X)REY, &) — v (V)RS(X, &)}, VX, Y € D(TM).
Replacing Y by U; to this equation, for all X € T'(T'M), we obtain
X[a] + 2eapf(X) = —l—aZv] Uz,fz)

Replacing X by E, to this equation and using (3.5), we obtain
(3.15) E,a] =0, VYa.
Applying Vy to (3.5)3 and using (2.13)1,2,3, (3.7)4 and (3.10), we get

(3.16) (Vxea)(Y Zuz )pia(X) = D en(Y)oua(X)

b=r+1
- Eﬂe( )ea( ) - hZ(Xa FY)

for all X, Y € I'(T'M). Substituting (2.4) into (2.18), we have
folea(Y)g(X, JZ) — ea(X)g(Y, JZ) + 2e4(Z)g(X, JY )}
= (Vxhe)(Y, 2) = (Vyh)(X, Z)

+ Z {hf(Ya Z)pia(X) - hf(Xa Z)pia(Y)}

i=1
+ > AB(Y, Z)ova(X) — (X, Z)owa(Y)}
B=r+1
for all X, Y, Z € T(TM). Replacing Z by ¢ to this and using (3.11), we get

(Vxh)(Y,¢) = (Vyhg)(X, Q) + ea Y {ui(X)pia(Y) = uiY)pia(X)}

+ ex Z {es(X)opa (V) — ep(Y)opa (X))} = 0.
b=r+1
Applying Vx to hi(Y,() = —eae,(Y) and using (3.12) and (3.16), we have
(Vxho)(Y, () = — eX[alea(Y) — eShe(X,Y)
+af{f(Y)ea(X) = 0(X)ea(Y)}

n

+ ea{z wi (Y)pia(X Z eb(Y)opa (X)

b=r-+1
RSO FY) 4 B, EX))
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for all X, Y € T'(TM). Using the last two equations, we have
{eX[a] +2a80(X)}eqa(Y) — {eY]a] + 2a80(Y ) }eq(X) = 0.
Replacing Y by E, to this and using (3.15), we obtain

(3.17) X[a] +2eapf(X) =0, VX eI(TM).
Applying Vx to v;(Y) = ¢g(Y,U;) and using (3.5) ~ (3.8), we get
(318)  (Vxu)(Y) = D v;(Mrg(X)+ Y €acalY)pia(X)
J=1 a=r+1

- Z wi(Y)n;(Ay, X) — g(Ay, X, FY)
Jj=r+1
—ed(Y){an;(X) + pvi(X)}, VX, Y eT(TM).

Applying Vx to 7;(Y) = g(Y, N;) and using (2.8), we have

(3.19) (Vxn)Y = fg(ANiX, Y)+ iTij(X)nj(Y), VX, Y eT(TM).
Substituting (2.4) and (2.20) into (2.19) with Z = PZ, we have
f{g(Y, PZ)ni(X) = g(X, PZ)ni(Y)}
T Au(V)G(X, TPZ) — wi(X)g(Y, JPZ) + 20 PZ)5(X, JY )}
+ f{0(X)0(PZ)n:(Y) — 0(Y)O(PZ)mi(X)}
(3.20) = (Vxh})(Y,PZ) — (Vyh})(X,PZ)

+ i{h;(X, PZ)7ij(Y) = h;(Y, PZ)7i;(X)}
+ Z ea{hZ(Xv PZ)pia(Y) - hZ(Ya PZ)pia(X)}
a=r+1
+ i{hf (Xa PZ)U%'(ANJ- Y) - hﬁ (Yv PZ)ni(ANj X)}
Replacing Z by ¢ to the last equation and using (3.11), we have
(ef1 = f3){0(Y)ni(X) — 0(X)mi(Y)}
= (Vxhi)(¥,¢) = (Vyh)(X,()

+662{m )73 (Y) =13 (Y) 735 (X))}

Jj=1

+ e Z{v] )i (X) — v (X )75 (Y)}
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+ea Z ca{€a(Y)pia(X) — €a(X)pia(Y)}
a=r+1

+ea Z{U;‘(Y)m(ANj X) = ui(X)ni(Ay, Y)}.

Applying Vy to (3.11)s and using (2.14)s, (3.12), (3.18) and (3.19), we have
(Vxhi)(Y,¢) = eX[B]m(Y) — eX[a]ui(Y)

+ea{g(Ay, X, FY) +g(A, Y, FX) - i’l)j(Y)Tij(X)

j=1

- > 6a6a(Y)Pia(X)*Zuj(y)ni(ANjX)}

a=r+1

+eB{—g(Ay, X,Y) = g(Ay Y. X) + Y 0;(YV)r;(X)}

j=1
+aB{0(Y)vi(X) — 0(X)vi(Y)}
+a0(Y)ni(X) + B20(X)mi(Y).

Using the last two equations and (3.17), for any X, Y € I'(T'M), we have

(3.21) {eX[8] + A0(X)}Ini(Y) = {eY[B] + AO(Y) }mi (X)),
where A = ef) — f3 — a? + 2. Taking X = ¢ and Y = &; to (3.21), we have
(3.22) B+ {efr = fs—a® + %} =0.

On the other hand, replacing Y by &; to (3.21), we have
X[B] = &[B]m(X) — €AO(X).
Applying Vy to (3.17) and using (3.17) and the last equation, we have
eXY o] + 208X (0(Y)) = 2ae(26% + A)0(X)O(Y) — 2a&[B10(Y )i (X)
for all X, Y € I'(T'M). Using this and the fact [X,Y] = XY — Y X, we obtain
203g(X, JY) = o&[B{O(X)n:(Y) — 0(Y)n:(X)}

for all X, Y € I'(TM). Taking X = U; and Y = §; to this, we have a8 = 0.
As aff = 0, we see that « is a constant by (3.17). Therefore &« =0 or 8 = 0.

(i) In case & = 0: From (3.22) we have eC[8]+ 3% = fs—ef1 and M(f1, fo, f3)
is an indefinite 8-Kenmotsu space form.

(i) In case o # 0: We get B = 0. Therefore M(f1, f2, f3) is an indefinite
a-Sasakian space form. From (3.22) we show that a? = ef1 — f3. O
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Corollary 3.2. Any indefinite generalized Sasakian space form M(fy, fa, f3),
equipped with indefinite trans-Sasakian structure of type (o, ), admitting a
generic lightlike submanifold is either an indefinite 5-Kenmotsu space form or
an indefinite a-Sasakian space form such that o® = ef; — fs.

Corollary 3.3. Any indefinite generalized Sasakian space form M (f1, fa, f3),
equipped with indefinite trans-Sasakian structure of type (o, 8), admitting either
a lightlike hypersurface or a codimension 2 half lightlike submanifold satisfies
(1) « is a constant and (2) af = 0.

(i) In case a = 0: e([B] + B? = f3 — ef1 and M(f1, fa, f3) is an indefinite
B-Kenmotsu space form. -
(i) In case a #0: a? =efy — f3, B =0 and M(f1, fo, f3) is an indefinite

a-Sasakian space form.

4. Additional results
Definition. We say that M is screen totally umbilical [4] if there exist a smooth
function v; on a coordinate neighborhood U such that
(4.1) RI(X,PY)=79(X,PY), VX, Y el (TM).
In case v; = 0 on U, we say that M is screen totally geodesic.

Definition. A lightlike submanifold M is said to be irrotational [21] if V x¢&; €
I(TM) for any X €e I'(TM) and &; € I'(Rad(T'M)) for all 4.

For any r-lightlike submanifold M, the above definition is equivalent to
(42)  K(X.&) =0, hi(X,&)=¢ai(X) =0, VX eI(TM).
Theorem 4.1. Any indefinite generalized Sasakian space form M(f1, f2, f3)
admitting an irrotational screen totally umbilical generic lightlike submanifold
is a semi-FBuclidean space, i.e., M(f1, fa2, f3) satisfies f1 = fo = f3 =0.

Proof. As M is screen totally umbilical, from (3.11)3 and (4.1) we have
7i0(X) = pni(X) —av;(X), VX eT(TM).
Taking X = (¢, X =V, and X = & by turns, we have 7, = 0, « = 0 and

B = 0, respectively. Thus M is screen totally geodesic and M (f1, f2, f3) is an
indefinite cosymplectic manifold. As h} = 0, (3.20) is reduce to

f{g(Y, PZ2)ni(X) — g(X, PZ)ni(Y)}
+ folui(Y)g(X,JPZ) —vi(X)g(Y,JPZ) + 2v;(PZ)g(X, JY)}
+ f3{0(X)O(PZ)ni(Y) — 0(Y)O(PZ)n:(X)}

n

= Z Ea{htsz(Xa PZ)Pm(Y) - hZ(Yv PZ)pia(X)}
a=r+1

+ i{hﬁ(X, PZ)ni(ANj Y) - hﬁ(Yv PZ)ni(ANj X)}

j=1
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forall X, Y, Z e T'(TM). Replacing Y by &; to this and using (4.2), we get
(4.3) = fig(X,PZ) — fo{vi(X)uwi(PZ) + 2ui(X)vi(PZ)} + f30(X)0(PZ)

= Y @i (X, PZ)pial&) + Y WX, PZ)ni(Ay &)
a=r+1 Jj=1
for all X, Z € T'(TM). Taking X = PZ = ( to this and using the fact
h5(¢,¢) = h5(¢,¢) = 0 due to (3.11)1,2, we have ef; = fs.
Taking X =V, PZ = Uy and X = Uy, PZ =V}, to (4.3) by turns, we get

n

Z Vk;Uk Pia gz +Zh Vk;Uk)nz(A 51) = 7f1 7f27

a=r+1 j=1

Z ol Uk, Vi) pia (&) +Zh Uk, Vi)ni(Ay &) = —f1 = 2fo.

a=r+1 Jj=1
From these two equations we show that f, = 0. As M is an indefinite
cosymplectic manifold, we have fi = f2 = f3 = 7 by Example 2.3. Thus
fi = fa = f3 =0and M(f1, f2, f3) is a semi-Euclidean space. O

Definition. A lightlike submanifold M of a semi-Riemannian manifold M
is called screen conformal if the second fundamental forms h} of S(T'M) are
conformally related to the corresponding fundamental forms h¢ of M by

(4.4) RI(X,PY) = p:h4(X,PY), VX,Y €(TM), ic{l,..., 7},
where ;s are non-vanishing smooth functions on ¢/ in M.

Theorem 4.2. Any indefinite generalized Sasakian space form M(f1, fa, f3)
admitting an irrotational screen conformal generic lightlike submanifold is a
semi-Fuclidean space, i.e., M(f1, fo, f3) satisfies f1 = fa = f3 =0.
Proof. As M is screen conformal, from (3.11); 3 and (4.4) we have
av;(X) — Bni(X) = apui(X), VX eI(TM).

Taking X = V; and X = N; by turns, we have o = 0 and B = 0, respectively.
Thus M(f1, f2, f3) is an indefinite cosymplectic manifold.

Substituting (4.4) into (3.20) and using (3.14), we have

fi{g(Y, PZ)ni(X) — g(X, PZ)n;(Y)}
+ fo{[vi(Y) — 0iwi(Y)]g(X, JPZ) — [v;(X) — piui(X)]g(Y, JPZ)
+2[vi(PZ) — piui(PZ))g(X, JY)}
+ f3{0(X)0(PZ)n;(Y) — 0(Y)0(PZ)n:(X)}
= X[eihi (Y, PZ) = Y[@ilh{(X, PZ)

+ Z{%ﬂ'j (V) + @imi(Y) +n:(Ay, Y)}h5(X, PZ)



1724 DAE HO JIN
= > {pimiy (X) + @iy (X) + mi(Ay, X)}hS(Y, P2)
j=1

+ Z {€apia(Y) + 0itai(Y) }ho (X, PZ)

a=r+1
= > {eapialX) + itai(X)}hi(Y, PZ)
a=r+1
for all X, Y, Z e T'(TM). Replacing Y by &; to this and using (4.2), we get
(4.5) f19(X, PZ) + f2fvi(X) — piui(X) }ui(PZ)

+2{vi(PZ) — piui(PZ) fui(X) — f30(X)0(PZ)
= &lph{(X, PZ) = Y eapial&)h3(X, P2)
a=r+1

— > {pimii (&) + 0imii (&) + mi(Ay &) 05 (X, PZ)
j=1

for all X, Z € I'(TM). Taking X = PZ = ( to this equation and using the
fact hﬁ(g,() = h3(¢,¢) =0, we have ef; = f3. Taking X =V, PZ = Uy, and
X =U, PZ =V}, to (4.5) by turns, and then, comparing these resulting two

equations, we obtain fo = 0.
As M is an indefinite cosymplectic manifold, we see that f; = fo = f3 = 7
by Example 2.3. Thus we have f; = fo = f3 = 0 and M(fy, fa2, f3) is a
semi-Euclidean space.

O

Definition. An r-lightlike submanifold M of M is said to be totally umbilical
[4] if there is a smooth vector field H € T'(¢tr(T'M)) such that

MX,Y)=Hg(X,)Y), VX, Y e (TM).
In case H = 0, we say that M is totally geodesic.

It is easy to see [4] that M is totally umbilical if and only if, on each coor-
dinate neighborhood U, there exist smooth functions A; and B, such that
(46)  hi(X,Y)=Aig(X,Y), hi(X,Y) = Byg(X,Y), VX, Y € I(TM).

Theorem 4.3. Any indefinite generalized Sasakian space form M(f1, f2, f3)
admitting a totally umbilical generic lightlike submanifold is an indefinite B-
Kenmotsu space form. In this case M is totally geodesic.

Proof. From (3.11)1, 2 and (4.6), we have
Ai0(X) = —aui(X), Bu(X)=—ae,(X), VX eI (TM).

Taking X = ¢ and X = U; or E, by turns, we get A; = B, = 0 and a = 0,
respectively. Thus M is an indefinite S-Kenmotsu space form and M is totally
geodesic. O
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