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INDEFINITE GENERALIZED SASAKIAN SPACE FORM

ADMITTING A GENERIC LIGHTLIKE SUBMANIFOLD

Dae Ho Jin

Abstract. In this paper, we study the geometry of indefinite generalized
Sasakian space form M̄(f1, f2, f3) admitting a generic lightlike subman-
ifold M subject such that the structure vector field of M̄(f1, f2, f3) is
tangent to M . The purpose of this paper is to prove a classification
theorem of such an indefinite generalized Sasakian space form.

1. Introduction

In 1985, Oubina [22] introduced the notion of a trans-Sasakian manifold

of type (α, β). Now we say that a trans-Sasakian manifold M̄ of type (α, β)

is an indefinite trans-Sasakian manifold if M̄ is a semi-Riemannian manifold.

Indefinite Sasakian manifold is an important kind of indefinite trans-Sasakian

manifold with α = 1 and β = 0. Indefinite cosymplectic manifold is another

kind of indefinite trans-Sasakian manifold such that α = β = 0. Indefinite

Kenmotsu manifold is also an example with α = 0 and β = 1.

Alegre, Blair and Carriago [1] introduced generalized Sasakian space form

M̄(f1, f2, f3). Indefinite Sasakian space form, indefinite Kenmotsu space form

and indefinite cosymplectic space form etc are important kinds of indefinite

generalized Sasakian space forms such that

f1 =
c+3

4
, f2 = f3 = c−1

4
; f1 = c−3

4
, f2 = f3 = c+1

4
; f1 = f2 = f3 = c

4
,

respectively, where c is a constant J-sectional curvature of each space forms.

The theory of lightlike submanifolds is an important topic of research in

differential geometry due to its application in mathematical physics, especially

in the general relativity. The study of such notion was initiated by Duggal

and Bejancu [3] and later studied by many authors (see two books [5, 9]). Re-

cently many authors have studied lightlike submanifolds of indefinite Sasakian,

indefinite Kenmotsu and indefinite cosymplectic manifolds.
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In this paper, we study the geometry of indefinite generalized Sasakian space

form M̄(f1, f2, f3) admitting a generic lightlike submanifold M subject such

that the structure vector field of M̄(f1, f2, f3) is tangent to M . The main result

is a classification theorem of such an indefinite generalized Sasakian space form.

2. Indefinite generalized Sasakian space form

An odd-dimensional semi-Riemannian manifold (M̄, ḡ) is said to be an in-

definite almost contact metric manifold ([6]∼ [18]) if there exist a (1, 1)-type

tensor field J , a vector field ζ which is called the structure vector field of M̄

and a 1-form θ such that, for any vector fields X and Y on M̄ ,

(2.1) J2X = −X + θ(X)ζ, ḡ(JX, JY ) = ḡ(X, Y )− ǫθ(X)θ(Y ), θ(ζ) = 1,

where ǫ is the causal character of ζ. In this case, the set {J, ζ, θ, ḡ} is called

an indefinite almost contact metric structure of M̄ .

In an indefinite almost contact metric manifold, we show that Jζ = 0 and

θ ◦ J = 0. Such a manifold is said to be an indefinite contact metric manifold

if dθ(X,Y ) = ḡ(X, JY ). The indefinite almost contact metric structure of M̄

is said to be normal if [J, J ](X,Y ) = −2dθ(X,Y )ζ, where [J, J ] denotes the

Nijenhuis (or torsion) tensor field of J given by

[J, J ](X,Y ) = J2[X,Y ] + [JX, JY ]− J [JX, Y ]− J [X, JY ].

An indefinite normal contact metric manifold is called an indefinite Sasakian

manifold. It is well known [9] that an indefinite almost contact metric manifold

M̄ = (M̄, ḡ, J, ζ, θ) is indefinite Sasakian if and only if

(∇̄XJ)Y = ḡ(X,Y )ζ − ǫθ(Y )X,

where ∇̄ denotes the Levi-Civita connection ∇̄ on M̄ with respect to ḡ.

Definition. An indefinite almost contact metric manifold M̄ is called indefinite

trans-Sasakian manifold [1, 22] if there exist two functions α and β such that

(2.2) (∇̄XJ)Y = α{ḡ(X,Y )ζ − ǫθ(Y )X}+ β{ḡ(JX, Y )ζ − ǫθ(Y )JX},
for any vector fields X and Y on M̄ , where ∇̄ is the Levi-Civita connection of

M̄ with respect to the semi-Riemannian metric ḡ. We say that {J, ζ, θ, ḡ} is

anindefinite trans-Sasakian structure of type (α, β).

Replacing Y by ζ in (2.2), we get

(2.3) ∇̄Xζ = −ǫαJX + ǫβ(X − θ(X)ζ), dθ(X,Y ) = ḡ(X, JY ).

Remark 2.1. If β = 0, then M̄ is said to be an indefinite α-Sasakian mani-

fold. Indefinite Sasakian manifolds ([6]∼[18]) appear as examples of indefinite

α-Sasakian manifolds, with α = 1. Another important kind of indefinite trans-

Sasakian manifold is that of indefinite cosymplectic manifolds ([15], [17]) ob-

tained for α = β = 0. If α = 0, then M̄ is said to be an indefinite β-Kenmotsu

manifold. Indefinite Kenmotsu manifolds ([13], [14]) are particular examples of

indefinite β-Kenmotsu manifold, with β = 1.
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Definition. An indefinite almost contact metric manifold (M̄ , J , ζ, θ, ḡ)

is called indefinite generalized Sasakian space form [1, 23] and denote it by

M̄(f1, f2, f3) if there exist three smooth functions f1, f2 and f3 on M̄ such

that

R̄(X,Y )Z = f1{ḡ(Y, Z)X − ḡ(X,Z)Y }(2.4)

+ f2{ḡ(X, JZ)JY − ḡ(Y, JZ)JX + 2ḡ(X, JY )JZ}
+ f3{θ(X)θ(Z)Y − θ(Y )θ(Z)X

+ ḡ(X,Z)θ(Y )ζ − ḡ(Y, Z)θ(X)ζ},
for any vector fields X, Y and Z on M̄ , where R̄ is the curvature tensor of the

Levi-Civita connection ∇̄ on M̄(f1, f2, f3).

Example. Indefinite Sasakian, Kenmotsu and cosymplectic space forms are

important kinds of indefinite generalized Sasakian space forms such that

f1 =
c+3

4
, f2 = f3 = c−1

4
; f1 = c−3

4
, f2 = f3 = c+1

4
; f1 = f2 = f3 = c

4
,

respectively, where c is a constant J-sectional curvature of each space forms.

Let (M, g) be an m-dimensional lightlike submanifold immersed in an (m+

n)-dimensional indefinite trans-Sasakian manifold (M̄, ḡ). Then the radical

distribution Rad(TM) = TM ∩ TM⊥ is a vector subbundle of the tangent

bundle TM and the normal bundle TM⊥, of rank r (1 ≤ r ≤ min{m, n}). In

general, there exist two complementary non-degenerate distributions S(TM)

and S(TM⊥) of Rad(TM) in TM and TM⊥, respectively, which called the

screen and co-screen distributions on M , such that

(2.5) TM = Rad(TM)⊕orth S(TM) , TM⊥ = Rad(TM)⊕orth S(TM⊥),

where ⊕orth denotes the orthogonal direct sum. We denote such a lightlike sub-

manifold by (M, g, S(TM), S(TM⊥)). Denote by F (M) the algebra of smooth

functions on M and by Γ(E) the F (M) module of smooth sections of a vector

bundle E over M . We use the same notation for any other vector bundle. We

use the following range of indices:

i, j, k, . . . ∈ {1, . . . , r}, a, b, c, . . . ∈ {r + 1, . . . , n}.
Let tr(TM) and ltr(TM) be complementary vector bundles to TM in TM̄|M

and TM⊥ in S(TM)⊥, respectively and let {N1, . . . , Nr} be a lightlike basis

of ltr(TM)|U , where U is a coordinate neighborhood of M , such that

ḡ(Ni, ξj) = δij , ḡ(Ni, Nj) = 0,

where {ξ1, . . . , ξr} is a lightlike basis of Rad(TM)|U . Then we have

TM̄ = TM ⊕ tr(TM)(2.6)

= {Rad(TM)⊕ tr(TM)} ⊕orth S(TM)

= {Rad(TM)⊕ ltr(TM)} ⊕orth S(TM)⊕orth S(TM⊥).
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We say that a lightlike submanifold (M, g, S(TM), S(TM⊥)) of M̄ is

(1) r-lightlike if 1 ≤ r < min{m, n};
(2) co-isotropic if 1 ≤ r = n < m;

(3) isotropic if 1 ≤ r = m < n;

(4) totally lightlike if 1 ≤ r = m = n.

The above three classes (2)∼(4) are particular cases of the class (1) as fol-

lows: S(TM⊥) = {0}, S(TM) = {0} and S(TM) = S(TM⊥) = {0}, respec-
tively. The geometry of r-lightlike submanifolds is more general form than

that of the other three type submanifolds. For this reason, we consider only

r-lightlike submanifolds M ≡ (M, g, S(TM), S(TM⊥)), with following local

quasi-orthonormal field of frames of M̄ :

{ξ1, . . . , ξr , N1, . . . , Nr , Fr+1, . . . , Fm , Wr+1, . . . , Wn},
where {Fr+1, . . . , Fm} and {Wr+1, . . . , Wn} are orthonormal bases of S(TM)

and S(TM⊥), respectively. Now we set ǫa = ḡ(Wa,Wa) is the sign of Wa.

Let P be the projection morphism of TM on S(TM) with respect to the

first decomposition in (2.5). For any r-lightlike submanifold, the local Gauss-

Weingarten formulas of M and S(TM) are given, respectively, by

∇̄XY = ∇XY +

r
∑

i=1

hℓ
i(X,Y )Ni +

n
∑

a=r+1

hs
a(X,Y )Wa,(2.7)

∇̄XNi = −A
Ni
X +

r
∑

j=1

τij(X)Nj +

n
∑

a=r+1

ρia(X)Wa,(2.8)

∇̄XWa = −A
Wa

X +

r
∑

i=1

φai(X)Ni +

n
∑

b=r+1

σab(X)Wb,(2.9)

∇XPY = ∇∗
XPY +

r
∑

i=1

h∗
i (X,PY )ξi,(2.10)

∇Xξi = −A∗
ξi
X −

r
∑

j=1

τji(X)ξj ,(2.11)

for anyX, Y ∈ Γ(TM), where∇ and ∇∗ are induced linear connections on TM

and S(TM), respectively, hℓ
i and hs

a are called the local second fundamental

forms on TM , h∗
i are called the local second fundamental forms on S(TM).

A
Ni
, A∗

ξi
and A

Wa
are linear operators on TM and τij , ρia, φai and σαβ are

1-forms on TM . Since ∇̄ is torsion-free, ∇ is also torsion-free and both hℓ
i

and hs
a are symmetric. From the fact hℓ

i(X,Y ) = ḡ(∇̄XY, ξi), we know that

each hℓ
i are independent of the choice of S(TM). The above three local second

fundamental forms are related to their shape operators by

g(A∗
ξi
X,Y ) = hℓ

i(X,Y ) +

r
∑

j=1

hℓ
j(X, ξi)ηj(Y ), ḡ(A∗

ξi
X,Nj) = 0,(2.12)
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g(A
Wa

X,Y ) = ǫah
s
a(X,Y ) +

r
∑

i=1

φai(X)ηi(Y ),(2.13)

ḡ(A
Wa

X,Ni) = ǫaρia(X), ǫbσab = −ǫaσba,

g(A
Ni
X,PY ) = h∗

i (X,PY ), ηj(ANi
X) + ηi(ANj

X) = 0,(2.14)

where X, Y ∈ Γ(TM) and ηis are the 1-forms such that

ηi(X) = ḡ(X,Ni), ∀X ∈ Γ(TM).

Denote by (·.·)i the i-th equation of (·.·). We use same notations for any others.

Replacing Y by ξj to (2.12)1, we have

(2.15) hℓ
i(X, ξj) + hℓ

j(X, ξi) = 0, hℓ
i(X, ξi) = 0, hℓ

i(ξj , ξk) = 0.

For any r-lightlike submanifold, replacing Y by ξi to (2.13), we have

(2.16) hs
a(X, ξi) = −ǫaφai(X), ∀X ∈ Γ(TM).

We need the following Gauss-Codazzi equations for M and S(TM) (for

a full set of these equations see [3, Chapter 5]). Denote by R and R∗ the

curvature tensors of the induced connection ∇ and ∇∗ on M and S(TM),

respectively. Using the Gauss-Weingarten equations for M and S(TM), we

obtain the Gauss-Codazzi equations for M and S(TM):

ḡ(R̄(X,Y )Z, ξi) = (∇Xhℓ
i)(Y, Z)− (∇Y h

ℓ
i)(X, Z)(2.17)

+

r
∑

j=1

{hℓ
j(Y, Z)τji(X)− hℓ

j(X, Z)τji(Y )}

+

n
∑

a=r+1

{hs
a(Y, Z)φai(X)− hs

a(X, Z)φai(Y )},

ǫaḡ(R̄(X,Y )Z, Wa) = (∇Xhs
a)(Y, Z)− (∇Y h

s
a)(X,Z)(2.18)

+

r
∑

i=1

{hℓ
i(Y, Z)ρia(X)− hℓ

i(X, Z)ρia(Y )}

+

n
∑

β=r+1

{hs
b(Y, Z)σba(X)− hs

b(X, Z)σba(Y )},

ḡ(R̄(X,Y )Z, Ni) = ḡ(R(X,Y )Z, Ni)(2.19)

+

r
∑

j=1

{hℓ
j(X, Z)ηi(ANj

Y )− hℓ
j(Y, Z)ηi(ANj

X)},

+

n
∑

a=r+1

ǫa{hs
a(X, Z)ρia(Y )− hs

a(Y, Z)ρia(X)},

g(R(X,Y )PZ, Ni) = (∇Xh∗
i )(Y, PZ)− (∇Y h

∗
i )(X, PZ)(2.20)
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+

r
∑

j=1

{h∗
j (X, PZ)τij(Y )− h∗

j (Y, PZ)τij(X)}.

3. Classification theorem

In the entire discussion of this paper, we shall assume that ζ is tangent to M ,

such M is called a tangential lightlike submanifold of M̄ . Cǎlin [2] proved that

if ζ is tangent to M , then it belongs to S(TM) which many authors assumed

in their works [7, 8, 9, 12, 16, 18]. We also assume this result. Therefore

(3.1) θ(ξi) = ǫg(ζ, ξi) = 0, θ(Ni) = ǫg(ζ,Ni) = 0, θ(Wa) = ǫg(ζ,Wa) = 0.

In case g is non-degenerate, there exists a class of submanifolds of an almost

complex manifold M̄ . We say that M is a generic (anti-holomorphic) subman-

ifold of M̄ if the normal bundle TM⊥ of M is mapped into the tangent bundle

TM by action of the structure tensor J of M̄ , i.e., J(TM⊥) ⊂ TM [19, 20].

Although S(TM) is not unique, it is canonically isomorphic to the factor

vector bundle S(TM)∗ = TM/Rad(TM) considered by Kupeli [21]. Thus all

screen distributions S(TM) are mutually isomorphic. Moreover, while TM

is lightlike, all S(TM) are non-degenerate. Due to these reasons, we defined

generic lightlike submanifolds of an almost complex manifold M̄ as follow:

Definition. We say that an r-lightlike submanifold M of an indefinite almost

complex manifold M̄ is a generic r-lightlike submanifold [6, 17] if there exist a

screen distribution S(TM) of M such that

(3.2) J(S(TM)⊥) ⊂ S(TM).

Example. Any lightlike hypersurfaceM of an indefinite almost contact metric

manifold M̄ is a generic lightlike submanifold of M̄ [10, 13, 15, 16]. Also, any

1-lightlike submanifold M of codimension 2 of an indefinite almost contact

metric manifold M̄ is a generic lightlike submanifold of M̄ [11, 12, 14, 18].

For the rest of this section, a generic lightlike submanifold we shall mean a

tangential generic r-lightlike submanifold unless otherwise specified.

For any generic lightlike submanifold M , from (3.2) we show that the distri-

butions J(Rad(TM)), J(ltr(TM)) and J(S(TM⊥)) are subbundles of S(TM).

In this case, there exists a non-degenerate almost complex distribution Ho with

respect to the structure tensor field J , i.e., J(Ho) = Ho, such that

S(TM) = {J(Rad(TM))⊕ J(ltr(TM))} ⊕orth J(S(TM⊥))⊕orth Ho.

Denote by H the almost complex distribution with respect to J such that

H = Rad(TM)⊕orth J(Rad(TM))⊕orth Ho.

Therefore the general decomposition (2.5)1 of TM is reduced to

(3.3) TM = H ⊕ J(ltr(TM))⊕orth J(S(TM⊥)).
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Consider local null vector fields Ui and Vi for each i, local non-null unit

vector fields Ea for each a, and their 1-forms ui, vi and ea defined by

Ui = −JNi, Vi = −Jξi, Ea = −JWa,(3.4)

ui(X) = g(X,Vi), vi(X) = g(X,Ui), ea(X) = ǫag(X,Ea).(3.5)

These vector fields Ui, Vi and Ea on S(TM) satisfy

g(Ui, Uj) = g(Vi, Vj) = g(Ui, Ea) = g(Vi, Ea) = 0,

g(Vi, Uj) = δij , g(Ea, Eb) = ǫaδab.

Denote by S the projection morphism of TM on H with respect to (3.3). Then,

for any vector field X on M , JX is expressed as follow:

(3.6) JX = FX +

r
∑

i=1

ui(X)Ni +

n
∑

a=r+1

ea(X)Wa,

where F is a tensor field of type (1, 1) globally defined on M by F = J ◦ S.
Applying ∇̄X to (3.4)1, 2, 3 by turns and using (2.2), (2.7)∼ (2.9), (2.11),

(2.12)∼ (2.14), (2.16) and (3.4)∼ (3.6), for all X, Y ∈ Γ(TM), we have

hℓ
j(X,Ui) = h∗

i (X,Vj), ǫah
∗
i (X,Ea) = hs

a(X,Ui),(3.7)

hℓ
j(X,Vi) = hℓ

i(X,Vj), ǫah
ℓ
i(X,Ea) = hs

a(X,Vi),

ǫbh
s
b(X,Ea) = ǫah

s
a(X,Eb);

∇XUi = F (A
Ni
X) +

r
∑

j=1

τij(X)Uj +

n
∑

a=r+1

ρia(X)Ea(3.8)

−{αηi(X) + βvi(X)}ζ,

∇XVi = F (A∗
ξi
X)−

r
∑

j=1

τji(X)Vj +

r
∑

j=1

hℓ
j(X, ξi)Uj(3.9)

−
n
∑

a=r+1

ǫaφai(X)Ea − βui(X)ζ,

∇XEa = F (A
Wa

X) +

r
∑

i=1

φai(X)Ui +

n
∑

b=r+1

σab(X)Eb(3.10)

− ǫaβea(X)ζ.

Theorem 3.1. Any indefinite generalized Sasakian space form M̄(f1, f2, f3),

equipped with indefinite trans-Sasakian structure of type (α, β), admitting a

generic lightlike submanifold satisfies (1) α is a constant and (2) αβ = 0.

(i) In case α = 0 : ǫζ[β] + β2 = f3 − ǫf1 and M̄(f1, f2, f3) is an indefinite

β-Kenmotsu space form.

(ii) In case α 6= 0 : α2 = ǫf1 − f3, β = 0 and M̄(f1, f2, f3) is an indefinite

α-Sasakian space form.
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Proof. Applying ∇̄X to the three equations of (3.1) by turns and using (2.1),

(2.3), (2.7)∼ (2.9), (2.11)∼ (2.14), (3.1), (3.4) and (3.5), we have

hℓ
i(X, ζ) = −ǫαui(X), hs

a(X, ζ) = −ǫαea(X),(3.11)

h∗
i (X, ζ) = ǫβηi(X)− ǫαvi(X), ∀X ∈ Γ(TM).

Substituting (3.6) into (2.3) and using (2.7), we have

(3.12) ∇Xζ = −ǫαFX + ǫβ(X − θ(X)ζ), ∀X ∈ Γ(TM).

Applying ∇̄X to ui(Y ) = g(Y, Vi) and using (3.6) and (3.9), we get

(∇Xui)(Y ) = −
r

∑

j=1

uj(Y )τji(X) +

r
∑

j=1

vj(Y )hℓ
j(X, ξi)(3.13)

−
n
∑

a=r+1

ea(Y )φai(X)− ǫβθ(Y )ui(X)− hℓ
i(X,FY )

for all X, Y ∈ Γ(TM). Substituting (2.4) into (2.17), we have

f2{ui(Y )ḡ(X, JZ)− ui(X)ḡ(Y, JZ) + 2ui(Z)ḡ(X, JY )}(3.14)

= (∇Xhℓ
i)(Y, Z)− (∇Y h

ℓ
i)(X,Z)

+

r
∑

j=1

{hℓ
j(Y, Z)τji(X)− hℓ

j(X,Z)τji(Y )}

+

n
∑

a=r+1

{hs
a(Y, Z)φai(X)− hs

a(X,Z)φai(Y )}

for all X, Y, Z ∈ Γ(TM). Replacing Z by ζ to this and using (3.11), we have

(∇Xhℓ
i)(Y, ζ)− (∇Y h

ℓ
i)(X, ζ) + ǫα

r
∑

j=1

{uj(X)τji(Y )− uj(Y )τji(X)}

+ ǫα

n
∑

a=r+1

{ea(X)φai(Y )− ea(Y )φai(X)} = 0.

Applying ∇X to hℓ
i(Y, ζ) = −ǫαui(Y ) and using (3.12) and (3.13), we get

(∇Xhℓ
i)(Y, ζ) = − ǫX [α]ui(Y )− ǫβhℓ

i(X,Y )

+ αβ{θ(Y )ui(X)− θ(X)ui(Y )}

+ ǫα{
r

∑

j=1

uj(Y )τji(X) +

n
∑

a=r+1

ea(Y )φai(X)

−
r

∑

j=1

vj(Y )hℓ
j(X, ξi) + hℓ

i(X,FY ) + hℓ
i(Y, FX)}
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for all X, Y ∈ Γ(TM). Using the last two equations, we have

{ǫX [α] + 2αβθ(X)}ui(Y )− {ǫY [α] + 2αβθ(Y )}ui(X)

= ǫα

r
∑

j=1

{vj(X)hℓ
j(Y, ξi)− vj(Y )hℓ

j(X, ξi)}, ∀X, Y ∈ Γ(TM).

Replacing Y by Ui to this equation, for all X ∈ Γ(TM), we obtain

X [α] + 2ǫαβθ(X) = Ui[α]ui(X) + α

r
∑

j=1

vj(X)hℓ
j(Ui, ξi).

Replacing X by Ea to this equation and using (3.5), we obtain

(3.15) Ea[α] = 0, ∀ a.
Applying ∇̄Y to (3.5)3 and using (2.13)1, 2, 3, (3.7)4 and (3.10), we get

(∇Xea)(Y ) = −
r

∑

i=1

ui(Y )ρia(X)−
n
∑

b=r+1

eb(Y )σba(X)(3.16)

− ǫβθ(Y )ea(X)− hs
a(X,FY )

for all X, Y ∈ Γ(TM). Substituting (2.4) into (2.18), we have

f2{ea(Y )ḡ(X, JZ)− ea(X)ḡ(Y, JZ) + 2ea(Z)ḡ(X, JY )}
= (∇Xhs

a)(Y, Z)− (∇Y h
s
a)(X,Z)

+

r
∑

i=1

{hℓ
i(Y, Z)ρia(X)− hℓ

i(X, Z)ρia(Y )}

+

n
∑

β=r+1

{hs
b(Y, Z)σba(X)− hs

b(X, Z)σba(Y )}

for all X, Y, Z ∈ Γ(TM). Replacing Z by ζ to this and using (3.11), we get

(∇Xhs
a)(Y, ζ) − (∇Y h

s
a)(X, ζ) + ǫα

r
∑

i=1

{ui(X)ρia(Y )− ui(Y )ρia(X)}

+ ǫα

n
∑

b=r+1

{eb(X)σba(Y )− eb(Y )σba(X)} = 0.

Applying ∇X to hs
a(Y, ζ) = −ǫαea(Y ) and using (3.12) and (3.16), we have

(∇Xhs
a)(Y, ζ) = − ǫX [α]ea(Y )− ǫβhs

a(X,Y )

+ αβ{θ(Y )ea(X)− θ(X)ea(Y )}

+ ǫα{
r

∑

i=1

ui(Y )ρia(X) +

n
∑

b=r+1

eb(Y )σba(X)

+ hs
a(X,FY ) + hs

a(Y, FX)}
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for all X, Y ∈ Γ(TM). Using the last two equations, we have

{ǫX [α] + 2αβθ(X)}ea(Y )− {ǫY [α] + 2αβθ(Y )}ea(X) = 0.

Replacing Y by Ea to this and using (3.15), we obtain

(3.17) X [α] + 2ǫαβθ(X) = 0, ∀X ∈ Γ(TM).

Applying ∇̄X to vi(Y ) = g(Y, Ui) and using (3.5)∼ (3.8), we get

(∇Xvi)(Y ) =

r
∑

j=1

vj(Y )τij(X) +

n
∑

a=r+1

ǫaea(Y )ρia(X)(3.18)

−
r

∑

j=r+1

uj(Y )ηj(ANi
X)− g(A

Ni
X,FY )

− ǫθ(Y ){αηi(X) + βvi(X)}, ∀X, Y ∈ Γ(TM).

Applying ∇̄X to ηi(Y ) = ḡ(Y,Ni) and using (2.8), we have

(3.19) (∇Xηi)Y = −g(A
Ni
X,Y ) +

r
∑

j=1

τij(X)ηj(Y ), ∀X, Y ∈ Γ(TM).

Substituting (2.4) and (2.20) into (2.19) with Z = PZ, we have

f1{g(Y, PZ)ηi(X)− g(X,PZ)ηi(Y )}
+ f2{vi(Y )ḡ(X, JPZ)− vi(X)ḡ(Y, JPZ) + 2vi(PZ)ḡ(X, JY )}
+ f3{θ(X)θ(PZ)ηi(Y )− θ(Y )θ(PZ)ηi(X)}

= (∇Xh∗
i )(Y, PZ)− (∇Y h

∗
i )(X,PZ)(3.20)

+

r
∑

j=1

{h∗
j (X,PZ)τij(Y )− h∗

j (Y, PZ)τij(X)}

+

n
∑

a=r+1

ǫa{hs
a(X,PZ)ρia(Y )− hs

a(Y, PZ)ρia(X)}

+

r
∑

j=1

{hℓ
j(X,PZ)ηi(ANj

Y )− hℓ
j(Y, PZ)ηi(ANj

X)}.

Replacing Z by ζ to the last equation and using (3.11), we have

(ǫf1 − f3){θ(Y )ηi(X)− θ(X)ηi(Y )}
= (∇Xh∗

i )(Y, ζ) − (∇Y h
∗
i )(X, ζ)

+ ǫβ

r
∑

j=1

{ηj(X)τij(Y )− ηj(Y )τij(X)}

+ ǫα

r
∑

j=1

{vj(Y )τij(X)− vj(X)τij(Y )}



INDEFINITE GENERALIZED SASAKIAN SPACE FORM 1721

+ ǫα

n
∑

a=r+1

ǫa{ea(Y )ρia(X)− ea(X)ρia(Y )}

+ ǫα

r
∑

j=1

{uj(Y )ηi(ANj
X)− uj(X)ηi(ANj

Y )}.

Applying ∇Y to (3.11)3 and using (2.14)2, (3.12), (3.18) and (3.19), we have

(∇Xh∗
i )(Y, ζ) = ǫX [β]ηi(Y )− ǫX [α]vi(Y )

+ ǫα{g(A
Ni
X,FY ) + g(A

Ni
Y, FX)−

r
∑

j=1

vj(Y )τij(X)

−
n
∑

a=r+1

ǫaea(Y )ρia(X)−
r

∑

j=1

uj(Y )ηi(ANj
X)}

+ ǫβ{−g(A
Ni
X,Y )− g(A

Ni
Y,X) +

r
∑

j=1

ηj(Y )τij(X)}

+ αβ{θ(Y )vi(X)− θ(X)vi(Y )}
+ α2θ(Y )ηi(X) + β2θ(X)ηi(Y ).

Using the last two equations and (3.17), for any X, Y ∈ Γ(TM), we have

(3.21) {ǫX [β] +Aθ(X)}ηi(Y ) = {ǫY [β] +Aθ(Y )}ηi(X),

where A = ǫf1 − f3 − α2 + β2. Taking X = ζ and Y = ξi to (3.21), we have

(3.22) ǫζ[β] + {ǫf1 − f3 − α2 + β2} = 0.

On the other hand, replacing Y by ξi to (3.21), we have

X [β] = ξi[β]ηi(X)− ǫAθ(X).

Applying ∇Y to (3.17) and using (3.17) and the last equation, we have

ǫXY [α] + 2αβX(θ(Y )) = 2αǫ(2β2 +A)θ(X)θ(Y )− 2αξi[β]θ(Y )ηi(X)

for all X, Y ∈ Γ(TM). Using this and the fact [X,Y ] = XY − Y X , we obtain

2αβḡ(X, JY ) = αξi[β]{θ(X)ηi(Y )− θ(Y )ηi(X)}

for all X, Y ∈ Γ(TM). Taking X = Ui and Y = ξi to this, we have αβ = 0.

As αβ = 0, we see that α is a constant by (3.17). Therefore α = 0 or β = 0.

(i) In case α = 0: From (3.22) we have ǫζ[β]+β2 = f3−ǫf1 and M̄(f1, f2, f3)

is an indefinite β-Kenmotsu space form.

(ii) In case α 6= 0: We get β = 0. Therefore M̄(f1, f2, f3) is an indefinite

α-Sasakian space form. From (3.22) we show that α2 = ǫf1 − f3. �
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Corollary 3.2. Any indefinite generalized Sasakian space form M̄(f1, f2, f3),

equipped with indefinite trans-Sasakian structure of type (α, β), admitting a

generic lightlike submanifold is either an indefinite β-Kenmotsu space form or

an indefinite α-Sasakian space form such that α2 = ǫf1 − f3.

Corollary 3.3. Any indefinite generalized Sasakian space form M̄(f1, f2, f3),

equipped with indefinite trans-Sasakian structure of type (α, β), admitting either

a lightlike hypersurface or a codimension 2 half lightlike submanifold satisfies

(1) α is a constant and (2) αβ = 0.

(i) In case α = 0 : ǫζ[β] + β2 = f3 − ǫf1 and M̄(f1, f2, f3) is an indefinite

β-Kenmotsu space form.

(ii) In case α 6= 0 : α2 = ǫf1 − f3, β = 0 and M̄(f1, f2, f3) is an indefinite

α-Sasakian space form.

4. Additional results

Definition. We say thatM is screen totally umbilical [4] if there exist a smooth

function γi on a coordinate neighborhood U such that

(4.1) h∗
i (X,PY ) = γig(X,PY ), ∀X, Y ∈ Γ(TM).

In case γi = 0 on U , we say that M is screen totally geodesic.

Definition. A lightlike submanifold M is said to be irrotational [21] if ∇̄Xξi ∈
Γ(TM) for any X ∈ Γ(TM) and ξi ∈ Γ(Rad(TM)) for all i.

For any r-lightlike submanifold M , the above definition is equivalent to

(4.2) hℓ
j(X, ξi) = 0, hs

α(X, ξi) = φαi(X) = 0, ∀X ∈ Γ(TM).

Theorem 4.1. Any indefinite generalized Sasakian space form M̄(f1, f2, f3)

admitting an irrotational screen totally umbilical generic lightlike submanifold

is a semi-Euclidean space, i.e., M̄(f1, f2, f3) satisfies f1 = f2 = f3 = 0.

Proof. As M is screen totally umbilical, from (3.11)3 and (4.1) we have

γiθ(X) = βηi(X)− αvi(X), ∀X ∈ Γ(TM).

Taking X = ζ, X = Vi and X = ξi by turns, we have γi = 0, α = 0 and

β = 0, respectively. Thus M is screen totally geodesic and M̄(f1, f2, f3) is an

indefinite cosymplectic manifold. As h∗
i = 0, (3.20) is reduce to

f1{g(Y, PZ)ηi(X)− g(X,PZ)ηi(Y )}
+ f2{vi(Y )ḡ(X, JPZ)− vi(X)ḡ(Y, JPZ) + 2vi(PZ)ḡ(X, JY )}
+ f3{θ(X)θ(PZ)ηi(Y )− θ(Y )θ(PZ)ηi(X)}

=

n
∑

a=r+1

ǫa{hs
a(X,PZ)ρia(Y )− hs

a(Y, PZ)ρia(X)}

+

r
∑

j=1

{hℓ
j(X,PZ)ηi(ANj

Y )− hℓ
j(Y, PZ)ηi(ANj

X)}
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for all X, Y, Z ∈ Γ(TM). Replacing Y by ξi to this and using (4.2), we get

− f1g(X,PZ)− f2{vi(X)ui(PZ) + 2ui(X)vi(PZ)}+ f3θ(X)θ(PZ)(4.3)

=

n
∑

a=r+1

ǫah
s
a(X,PZ)ρia(ξi) +

r
∑

j=1

hℓ
j(X,PZ)ηi(ANj

ξi)

for all X, Z ∈ Γ(TM). Taking X = PZ = ζ to this and using the fact

hℓ
j(ζ, ζ) = hs

a(ζ, ζ) = 0 due to (3.11)1, 2, we have ǫf1 = f3.

Taking X = Vk, PZ = Uk and X = Uk, PZ = Vk to (4.3) by turns, we get

n
∑

a=r+1

ǫah
s
a(Vk, Uk)ρia(ξi) +

r
∑

j=1

hℓ
j(Vk, Uk)ηi(ANj

ξi) = −f1 − f2,

n
∑

a=r+1

ǫah
s
a(Uk, Vk)ρia(ξi) +

r
∑

j=1

hℓ
j(Uk, Vk)ηi(ANj

ξi) = −f1 − 2f2.

From these two equations we show that f2 = 0. As M̄ is an indefinite

cosymplectic manifold, we have f1 = f2 = f3 = c
4
by Example 2.3. Thus

f1 = f2 = f3 = 0 and M̄(f1, f2, f3) is a semi-Euclidean space. �

Definition. A lightlike submanifold M of a semi-Riemannian manifold M̄

is called screen conformal if the second fundamental forms h∗
i of S(TM) are

conformally related to the corresponding fundamental forms hℓ
i of M by

(4.4) h∗
i (X,PY ) = ϕih

ℓ
i(X,PY ), ∀X,Y ∈ Γ(TM), i ∈ {1, . . . , r},

where ϕis are non-vanishing smooth functions on U in M .

Theorem 4.2. Any indefinite generalized Sasakian space form M̄(f1, f2, f3)

admitting an irrotational screen conformal generic lightlike submanifold is a

semi-Euclidean space, i.e., M̄(f1, f2, f3) satisfies f1 = f2 = f3 = 0.

Proof. As M is screen conformal, from (3.11)1, 3 and (4.4) we have

αvi(X)− βηi(X) = αϕiui(X), ∀X ∈ Γ(TM).

Taking X = Vi and X = Ni by turns, we have α = 0 and β = 0, respectively.

Thus M̄(f1, f2, f3) is an indefinite cosymplectic manifold.

Substituting (4.4) into (3.20) and using (3.14), we have

f1{g(Y, PZ)ηi(X)− g(X,PZ)ηi(Y )}
+ f2{[vi(Y )− ϕiui(Y )]ḡ(X, JPZ)− [vi(X)− ϕiui(X)]ḡ(Y, JPZ)

+ 2[vi(PZ)− ϕiui(PZ)]ḡ(X, JY )}
+ f3{θ(X)θ(PZ)ηi(Y )− θ(Y )θ(PZ)ηi(X)}

= X [ϕi]h
ℓ
i(Y, PZ)− Y [ϕi]h

ℓ
i(X,PZ)

+

r
∑

j=1

{ϕiτij(Y ) + ϕiτji(Y ) + ηi(ANj
Y )}hℓ

j(X,PZ)
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−
r

∑

j=1

{ϕiτij(X) + ϕiτji(X) + ηi(ANj
X)}hℓ

j(Y, PZ)

+

n
∑

a=r+1

{ǫaρia(Y ) + ϕiφai(Y )}hs
a(X,PZ)

−
n
∑

a=r+1

{ǫaρia(X) + ϕiφai(X)}hs
a(Y, PZ)

for all X, Y, Z ∈ Γ(TM). Replacing Y by ξi to this and using (4.2), we get

f1g(X,PZ) + f2{vi(X)− ϕiui(X)}ui(PZ)(4.5)

+ 2{vi(PZ)− ϕiui(PZ)}ui(X)− f3θ(X)θ(PZ)

= ξi[ϕi]h
ℓ
i(X,PZ)−

n
∑

a=r+1

ǫaρia(ξi)h
s
a(X,PZ)

−
r

∑

j=1

{ϕiτij(ξi) + ϕiτji(ξi) + ηi(ANj
ξi)}hℓ

j(X,PZ)

for all X, Z ∈ Γ(TM). Taking X = PZ = ζ to this equation and using the

fact hℓ
j(ζ, ζ) = hs

a(ζ, ζ) = 0, we have ǫf1 = f3. Taking X = Vk, PZ = Uk and

X = Uk, PZ = Vk to (4.5) by turns, and then, comparing these resulting two

equations, we obtain f2 = 0.

As M̄ is an indefinite cosymplectic manifold, we see that f1 = f2 = f3 = c
4

by Example 2.3. Thus we have f1 = f2 = f3 = 0 and M̄(f1, f2, f3) is a

semi-Euclidean space. �

Definition. An r-lightlike submanifold M of M̄ is said to be totally umbilical

[4] if there is a smooth vector field H ∈ Γ(tr(TM)) such that

h(X,Y ) = H g(X,Y ), ∀X, Y ∈ Γ(TM).

In case H = 0, we say that M is totally geodesic.

It is easy to see [4] that M is totally umbilical if and only if, on each coor-

dinate neighborhood U , there exist smooth functions Ai and Bα such that

(4.6) hℓ
i(X,Y ) = Aig(X,Y ), hs

a(X,Y ) = Bag(X,Y ), ∀X, Y ∈ Γ(TM).

Theorem 4.3. Any indefinite generalized Sasakian space form M̄(f1, f2, f3)

admitting a totally umbilical generic lightlike submanifold is an indefinite β-

Kenmotsu space form. In this case M is totally geodesic.

Proof. From (3.11)1, 2 and (4.6), we have

Aiθ(X) = −αui(X), Baθ(X) = −αea(X), ∀X ∈ Γ(TM).

Taking X = ζ and X = Ui or Ea by turns, we get Ai = Ba = 0 and α = 0,

respectively. Thus M̄ is an indefinite β-Kenmotsu space form and M is totally

geodesic. �
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