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GLOBAL EXISTENCE AND NONEXISTENCE OF
SOLUTIONS FOR COUPLED NONLINEAR WAVE
EQUATIONS WITH DAMPING AND SOURCE TERMS

YAOJUN YE

ABSTRACT. The initial-boundary value problem for a class of nonlinear
higher-order wave equations system with a damping and source terms in
bounded domain is studied. We prove the existence of global solutions.
Meanwhile, under the condition of the positive initial energy, it is showed
that the solutions blow up in the finite time and the lifespan estimate of
solutions is also given.

1. Introduction

In this paper, we are concerned with the following initial-boundary value
problem for the systems of higher-order nonlinear hyperbolic equations:

(1.1) wge + Aju + alug) " " 2up = g1(u,v), (2,t) € Q x R,
(1.2) Vi + Agv + alve] 220 = go(u,v), (2,t) € Q x RY,
(1.3) u(z,0) = ug(z) € HJ' (), ut(z,0) = uy(z) € L*(Q), z€Q,

(1.4) v(z,0) = vo(z) € H(Q), wvi(2,0) =vi(x) € L*(Q), z€Q,

%

o0
(1.5) Tu(ac,t)zo,i:0,1,2,...,m1—1,xE@Q,tZO,
VZ

o7

(1.6) ﬁv(

ZC,t):O, j:0,1,2,...,m2—1’ ;CE@Q’ t>0,

Received October 11, 2013.

2010 Mathematics Subject Classification. 35G50, 35155, 35L05.

Key words and phrases. systems of nonlinear wave equations, damping and source terms,
global solutions, blow-up, lifespan of solutions.

This Research was supported by National Natural Science Foundation of China (No.
61273016), The Natural Science Foundation of Zhejiang Province (No.Y6100016), The
Middle-aged and Young Leader in Zhejiang University of Science and Technology(2008-2012)
and Interdisciplinary Pre-research Project of Zhejiang University of Science and Technology
(2010-2012).

(©2014 Korean Mathematical Society

1697



1698 YAOJUN YE

where A; = (—A)™, m; > 1 (i = 1,2) are natural numbers, a > 0 and
r; > 2 (i = 1,2) are real numbers,  is a bounded domain in R” with smooth
boundary 9€2 so that the divergence theorem can be applied, v is unit outward
normal on 9052, and g:ﬁ denotes the i-order normal derivation of w. g¢;(-,-) :
R? — R (i = 1,2) are given functions to be determined later.

For the initial-boundary value problem of a single higher-order nonlinear

hyperbolic equation

(1.6) et + (—A)™u + alug|" " 2uy = bluP?u, 2 € Q, t >0,
(1.7) u(z,0) = uo(z), u(z,0) =ui(z), z€Q,

d'u ,
(1.8) —0,i=0,1,2,....m—1, €99, t>0.

ot
As for a = 0, P. Brenner and W. Von Wahl [4] proved the existence and
uniqueness of classical solutions to (1.6)-(1.8) in Hilbert space. H. Pecher [9]
investigated the existence and uniqueness of Cauchy problem for the equation
(1.6) by using the potential well method due to L. Payne and D. H. Sattinger
[8] and D. H. Sattinger [11]. Meanwhile, B. X. Wang [13] showed that the
scattering operators map a band in H*® into H* if the nonlinearities have critical
or subcritical powers in H®. C. X. Miao [7] obtained the scattering theory at
low energy using time-space estimates and nonlinear estimates, and he also
gave the global existence and uniqueness of solutions under the condition of
low energy.

Quite recently, Y. J. Ye [15] dealt with the existence and asymptotic behavior
of global solutions for (1.6)-(1.8). In [2], A. B. Aliev and B. H. Lichaei consider
the Cauchy problem of the equation (1.6), and they found the existence and
nonexistence criteria of global solutions using the LP? — L? estimate for the
corresponding linear problem and also established the asymptotic behavior of
solutions and their derivatives as t — +o00.

In the case of m; = 1 (i = 1,2), (1.1)-(1.5) becomes the initial-boundary
value problem of the system of wave equations. K. Agre and M. A. Rammaha
[3] studied the following system of wave equations:

(1.9) et — Au+ alug| " Pup = g1 (u,v), (7,t) € Qx RT,
(1.10) v — Av + alo[? "0, = ga(u,v), (z,1) € @ x RF,
(1.11) u(z,0) = uo(z), u(z,0) =ui(z), x €,
(1.12) v(z,0) = vo(z), vi(r,0)=v1(z), =€,
(1.13) uw(z,t) =v(z,t) =0, z€dQ, t>0.

They prove, under some restrictions on the parameters and initial data, several
results on local existence and global existence of a weak solution. Meanwhile,
they also showed that any weak solution with negative initial energy blows up
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in finite time. Later, B. Said-Houari [10] investigates the blow-up property of
solution for the problem (1.9)-(1.13) provided that the initial data are large
enough and the initial energy is positive. This result extends a previous result
in [3] to a large class of initial data.

For m; > 1 (i = 1,2), A. B. Aliev and A. A. Kazimov [1] consider the
Cauchy problem of equations (1.1) and (1.2). They obtain the existence and
uniqueness of weak global solutions through the use of LP — LY type estimate
for the corresponding linear parts and also established the uniform decay rates
of solutions and their derivatives.

Motivated by the above researches, in this paper, we prove the global ex-
istence of the problem (1.1)-(1.5) under the condition p < imin{ry, o},
where p is refer to (2.1). Meanwhile, for the positive initial energy and p >
% max{ry, ro}, we give the blow-up result and obtain the lifespan estimates of
solutions.

We adopt the usual notations and convention. Let H™(2) denote the
Sobolev space with the usual scalar products and norm. Moreover, H*(Q)
denotes the closure in H™(2) of C§°(€2). For simplicity of notations, hereafter
we denote by || - ||s the Lebesgue space L*(€2) norm and || - || denotes L?(Q)

norm, we write equivalent norm [|D™ - || instead of Hg"(Q2) norm || - || gz (qy,
where D denotes the gradient operator, that is Du = Vu = (6‘9—;‘1, 66—1“2, ey (96‘7“”),
and D"y = Alu if m = 25 and D™u = DAu if m = 25 + 1. In addition,
C; (1 =0,1,2,3,...) denote various positive constants which depend on the
known constants and may be different at each appearance.

This paper is organized as follows: In the next section, we give some pre-
liminaries. In Section 3, we study the existence of global solutions for problem
(1.1)-(1.5). The Section 4 is devote to the study of the blow-up result.

2. Preliminaries
Concerning the functions g; (u,v) and ga2(u,v), we assume that
g1 (u, v) = by|u + v[2P7V (u + v) + by |ulP~2ulv|?,
@1 g2 (1, v) = by|u + v2P7V (u + v) + ba|v|P~20|ul?,

where b1,bs > 0 and p > 1 are constants.
It easy to see that

(2.2) ug1 (u, v) + vge(u,v) = 2pG(u,v), ¥(u,v) € R?,
where
(2.3) G(u,v) = ﬁ|u+v|2p+b—2|uv|p

’ 2p P

Moreover, a quick computation will show that there exist two positive constants
Cy and C such that the following inequality holds (see [10])
Co

(2.4) 5

([l + [v]*") < G(u,v) < %(MQ” + [v]*).
P
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Now, we define the following energy function associated with a solution [u, v]
of the problem (1.1)-(1.5):

(2:5) BE(t) = %(||Ut(t)||2+||Ut(t)||2+||Dmlu(f)|\2+HDmv(t)HQ)_/QG(Uav)dw
for [u,v] € HJ" () x Hi"*(82), and
26) BO) = 0l + [or]?+ D™ wal + D™ 00]?) ~ [ Gluo, o)da

is the initial total energy.
In order to prove our main result, we need the following lemmas.

Lemma 2.1. Let s be a number with2 < s < +o00 ifn < 2m and2 < s < —22

n—2m

if n > 2m. Then there is a constant C depending on ) and s such that
lulls < ClI(=2) % ull, Yu € HF" ().

Lemma 2.2 (Young inequality). Let X,Y and € be positive constants and s,
T>1, % + % = 1. Then one has the inequality
esXs YT
+—.
s TET
Lemma 2.3. Let [u,v] be a solution to the problem (1.1)-(1.5). Then E(t) is
a non-increasing function fort > 0 and

d T T2
(2.7) B () = —allluell7; + [lve][75) < 0.

Multiplying equation (1.1) by u; and (1.2) by v, and integrating over £ x
[0,¢]. Then, adding them together, and integrating by parts, we get

28) B(0) = £0) = =a [ (hu(s)152 + J(o)2)ds

for t > 0.

Being the primitive of an integrable function, E(t) is absolutely continuous
and equality (2.7) is satisfied.

The local existence and uniqueness of solutions for the problem (1.1)-(1.5)
can be obtained by a similar way as done in [3, 5, 14]. The result reads as
follows.

XY <

Theorem 2.1 (Local existence). Supposed that
1<p<+oo, n<2min(my, ma),

(2.9) n n

1<p§min( ), n > 2max(m, mz),

n—2my n—2ms
and [ug,vo] € HJ' (Q) x HJ'?(Q), [u1,v1] € L3(Q) x L?(2). Then there exists
T > 0 such that the problem (1.1)-(1.5) has a unique local solution [u(t), v(t)]
which satisfies

[u, 0] € C([0,T); Hg™ () x Hy™ (%)),
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ug € C([0,T); L*(Q)) N L™ (2 x [0,T)),
vy € C([0,T); L*(Q))NL™2(2 x [0,T)).

Moreover, at least one of the following statements holds true:
(1) [luell® + lloe]* + [D™ul|® + | D™20]|* — 00 as t — T~
(2) T = 4o0.

3. Global solutions

The following theorem shows that the solution obtained in Theorem 2.1 is
a global solution if p < % min{ry, ro}.

Theorem 3.1. Assume that (2.1)-(2.4) and (2.9) hold and p < 1 min{ry, ro}.
Then the local solutions [u(t), v(t)] furnished in Theorem 2.1 are global solutions
and T may be taken arbitrarily large.

Proof. Let [u,v] be a weak solution to the initial-boundary value problem (1.1)-
(1.5) defined on [0, 7] as furnished by Theorem 2.1. We define

(3.1) Ei(t) = %(Hut(ﬂHQ e @)1 + D™ ) + [ D™20]?),
and
(3.2) Ex(t) = E(t) + 2/ G(u(t),v(t))dx

Q

where E(t) is defined by (2.5). Then we easily see from (3.1) and (3.2) that
(3.3) E\(t) < Es(t).
Our aim is to prove the following inequality holds for all ¢ € [0, T.
1 m m
U1 + o1 + [ D™ ul|* + [| D™l ?)

(3.4) t
/ Glut), v(t))dz +a / (a7 + o)) < Cr,
0

where Cr depends on || D™ uql|, ||D™2vo|, ||u1]l, ||v1]| and T > 0 is arbitrary.
We have from ( 4), Lemma 2.1, (3.1) and (3.3) that

(II 125+ o125 /Guv (HUH + [[vll2p)

B rC
< =5, D™ P+ [D™0]P) < CoBr (1) < CoEa (1),

(3.5)

where Cy = 27)71:& and B = max(B, Bs), and B; (i = 1,2) is the optimal
Sobolev’s constant from Hy" () (i = 1,2) to L?P(9).
By (3.2), we see that

C,
(3.6) 2—;(IIUII§Z+IIUH§§)S/QG(u,v)SEz(t)~
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Put Q; = Q x [0,¢], then it yields from the energy identity (2.8) that
(3.7)

Bat) 4 [ (oI5 + los) s = Ba(0) 42 [ 2 Gilal).o(s)dads.

In order to estimate the last term in (3.7), we set

Qui = {(2,5) € Qu fu(w, ) = 1, [olz,5)] > 1},

Q12 :={(x,8) € Q¢ : |u(z,s)| > 1, |v(z,s)| <1},

Qa1 :={(z,5) € Q¢ : [u(z,s)| <1, |v(z,s)] > 1},

Qa2 :={(x,s) € Q¢ : |u(z,s)| <1, |v(z,s)| <1}
From (2.1) and (2.3) we conclude that

2/ 2G(u(s) v(s))dxds
, 0s ’
oG 0G
3.8 =2 — —u(s)dzd
(3.8) ‘/Qt auut(s)Jr avv,g(s) xds
0G 0G
<2 — — < 1
<2 [ (|5 )l + | (o)ads < 10) + 700

where C3 = 2max{22P~1b;, by} and
(3.9) I(t) = / (P~ + PP~ + [P olP) |ue|deds,
(3.10) J(t) = / (Jul?*= + [0~ + 0P~ HulP)|ve|dads.
In order to estimate I(t) and J(t), we write
(3.11) I(t) =111 + s + 151 + Iz, J(t) = Ji11 + Ji2 + Jo1 + Jaog,
where
(3.12) Iij :/ (Jul?P = 4+ [o2P7Y 4 P~ o|P) |ug|deds, 4,5 = 1,2,

(3.13) Jij Z/ (Jul?*= 4+ 0271 4 |o|P~HulP)|ve|dads, 0,5 = 1,2.

ij

We estimate I11(t) as follows: By noting |u|, |[v| > 1 on @11, the first two terms
in I11(t) are estimated in the same way. From p < %, we see that n = % >0
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and (n+42p —1)-=

T1—

(3.14)

‘/ wx@m@n%*mws=/°|m@mw@WHrwwgr%mm

where € > 0 will be determined later and Cy =

t
(3.15) / ug (s)||u(s)|*P~ drds < 5/ lu(s)|™ dxds + C4/ Es(s)ds.
11 Q¢ 0

For the last term in 11, we get from Lemma 2.2 and (3.6) that

S/ |ue(s)|[v(s)]"?P dads
Q11

< 5/ lu(s)|" dxds + Cg/ |v(s)|*P dzds

¢
< 5/ |ue(s)|™ dxds + 04/ Es(s)ds,
t 0

2pCe
Co

Lo = 2p. We have from Lemma 2.2 and (3.6) that

. Similarly, we have

1703

1 1
/ |u|P~ o]P |ug|deds < 5/ |v|*Pdxds + 5/ |u|2P=V |y, |2 dads
11 11 11

(3.16)

Let § = 27=22) then we have from p < - that 0 > 0 and (64-2p—2)
r1

~Co

Therefore, we obtain from Lemma 2.2 and (3.6) that

(3.17) <

<

<

1
—/‘|m@nﬂMQF%%mw
2 Q11

1

3 [ el u(s) "2 u(s) | dads
Qu1

1

3 [ luo)Pus) " 2dads

2 Jou

5/ |ut(s)|”dxds+C€/ lu(s)|*P dads

¢
5/ |ut(s)|”dzds+c5/ Ey(s)ds.
t 0

We have from (3.14)-(3.17) that

(318) Ill(t) S 35/

where Cg = 2Cy +

(3.19) u® <3 [ o)

t

Cs + & Similarly, we obtain

t

¢
lu(s)|™ dxds + CG/ Ey(s)ds,
0

t
"2dxds + 06/ Es(s)ds,
0

! 1
<2 / Eg(s)ds—i——/ Ju?P=V |y, |2dzds.
0 2 Qt

= 2p.
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For I12(t), by noting that |u| > 1 and |v] <1 on @12, we have from Lemma
2.2 and (3.2) that

Ia(t) < / (L4 [l 4 Juf? ™) g dards
Q12

(3.20) < 0|Qy] + 05/ ue(s)|2dzds + 2/ |u(8)[*P~ Jug(s)|dads

QIZ Q12
t
< 5|0y +205/ Eg(s)ds+2/ ()27~ [ua (5) | dards,
0 12

where |@Q;| denotes the Lebesgue measure of Q.
We conclude from (3.15) and (3.20) that

t
(321)  Iio(t) < 0|Qu] +2(Cs + 05)/ Bo(s)ds + 25 | [us(s)|" dads.
0 Qt

Likewise, we easily get

t
(3.22) Ji2(t) < 6|1Q¢| + 2(Cy + C(;)/ Es(s)ds + 2¢ [ve(s)|"2dzds.
0 Qt

Using the same way in (3.21) and (3.22), we have

t
(323)  In(t) <6|Q¢| +2(Cys + Ca)/ Ey(s)ds +2e [ |ui(s)|" duds,
0 Q:

(3.24) ng(t)§6|Qt|+2(C4+Cg)/ Eg(s)ds+25/ (o0 (5) [ dads.
0

t

For I3 (t), we get from (3.3) and Lemma 2.2 that

Ins(t) < 3/ |ue(s)|dzds
(3.25) >
<5lQil+ G |

Q22

t

lug (s)|Pdzds < §|Q¢| + 05/ Ey(s)ds
0

for some 0 > 0. Similarly, we have

t
(3.26)  Jas(t) < 0[] +cg/ (v (s) [2dds < 6|Q4] +05/ Ea(s)ds.
0

22

Combining (3.18)-(3.19), (3.21)-(3.22) and (3.23)-(3.26), we have
(3.27)

t
() +J(t) < 66|Qu|+ 7 / e ()" dwds - Te / (v (5) |2 dads+C / Ea(s)ds,
Qt Qt 0

where C7 = 2(Cs + 4Cy 4 5Cy).
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Choosing £ > 0 small enough such that ¢ < =%, we have from (3.7), (3.8)
and (3.27) that
(3.28)
t

Eg(t)+(a7035)/0 (lue(s) |7+ ]|ve(s)72)ds = E2(0)+08|Qt|+09/0 Es(s)ds,

where Cg = 6C36 > 0 and C9 = C3C7 > 0.
It follows from Gronwall inequality and (3.28) that

(3.29) Ex(t) < (E2(0) + Cs|Qql)e "
We have from (3.28) and (3.29) that

(3.30) E2(t)+(a—7036)/0 (lue(s) 172+ loe(s)172)ds < (B2(0)+Cs|Qr[)e™”

forall 0 < t < T, where T is arbitrary. Thus, (3.4) follows from (3.2) and (3.30).
By standard continuation argument, the local solutions [u(¢),v(t)] obtained in
Theorem 2.1 are global. This finishes the proof of Theorem 3.1. O

4. The result of blow-up
By Minkowski’s inequality, Lemma 2.1 and (2.9), we get that
41)  Nlutol3, < 2(lull3, + [[v]l3,) < 2B*(| D™ u(t)|* + [|D™2v(t)|?).
Also, we have from Hoélder inequality, Lemma 2.1 and Lemma 2.2 that
1
lu(®o®llp < llu®)ll2p - 0(®)ll2p < 5 ([u®Z, + [0®13,)

(4.2) )
< 2 (D™ ()P + 100,

We get from (2.3), (4.1) and (4.2) that

CioB?

(4.3) /QG(% v)dz < (D™ u@®)|* + D™ =0(®)]*)",

where Cg = 2p71b1 + 3_123'
Note that we have from (2.5) that

@ B = FUDm O + PO ~ [ Glao)
It follows from (4.3) and (4.4) that
B(t) > S(ID™u(®)]? + [D™0(0)P)
(45) - QO—B%O\D%@HQ + | D20 (0)]?)

p
Q(VID™u(®)? + D=0 (1)]?),
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where )
_ M A2P.

2 p
Therefore, we get that
Q' (\) = A—2C10B*PA?P71 Q"(N\) =1—2(2p — 1)C1oB>P AP~

Let Q'(\) = 0, which implies that Ay = (m)%}*l). As A = )\, an
elementary calculation shows that Q”(t) = —2p < 0. Thus, Q(\) has the
maximum at A\; and the maximum value is

w0 e~ (5-3) () - (3-5)"

Applying the idea of E. Vitillaro [12], we have the following lemma.

Lemma 4.1. Let [u,v] be a solution of (1.1)-(1.5). Assume that (2.9) holds.
If 0 < E(0) < d and | D™ ugl||? + ||D™2v|? > A}, then there exists Ao > A\
such that

(4.7) D™ u(t)||* + [ D™ 20(t)]* > A3
and

CroB?P
(4.8) /Q G(u,v)dz > AP
fort>0.

The detail proof of Lemma 4.1 see [10].

Theorem 4.1. Assume that (2.9) holds and that p > 1 max{ry,r2}. If [ug, vo]
€ HM () x H™(Q), [u1,v] € L*(Q) x L3(Q), then any solution of (1.1)-(1.5)
with initial data satisfying 0 < E(0) < d and | D™ ug||*>+ || D™2vo]|? > A2 blows
up at a finite time.

Proof. Let
(4.9) H(t)=d—-E(), t >0.
We see from (2.7) in Lemma 2.3 that H’(¢) > 0. Thus we obtain from (2.5)
and (4.9) that
0< H(0) < H(t)
4.10 1
A0 Ll + ol + 0™ + D7) + PR
We obtain from (4.6) and (4.7) that

1 1 1
d = S ([[uell* + [Joel* + D™ ul|® + [ D™20]%) < d = 5AF = —-AF <0.
2 2 %
Therefore, we have from (4.10) that

(4.11) 0 < H(0) < H(t) < / G(u, v)da.
Q
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Now, we define L(t) as follows.

(4.12) uw:Jﬂwka+5/@m,+wgm,wzo,
Q

for 6 small to be chosen later and

p—1 2p—r 2p — 1o }
413 0<a< : : .
(13) - { 2p 7 2p(ri— 1) 2p(ra —1)

By differentiating both sides of (4.13) on ¢, we get from (1.1) and (1.2) that
L'(t) = (1= a)H(&)"H'(t) + 6(||ue|® + [lve]|*)

(4.14) = 8(| D™ ul|* + || D™= |?) +2p5/QG(u,v)dx

- a5/ (Jue | 2 upu + |vg|"2 2 vp0)der.
Q
By exploiting (2.5) and (4.9), the equation (4.14) takes the following form
L'(t) = (1 - a)Ht)™H'(t) + 20(Jul|* + oe*)

(4.15) + 20H (1) — 20d + 26(p — 1) / G, v)de
- Q

- a5/ (Jue | ~2upu + |vg|"2 2040 der.
Q
We obtain from (4.8) and (4.15) that
L'(t) > (1= a)H(#)™H'(t) + 20(Jul|* + |[oe]|*) + 20H (1)

(416) re—2 ro—2
+C110 [ Glu,v)dx —ad [ (Jue]™ “ugu + |vg| ™ “vpv)de,
Q Q

where C1; =2(p—1— %). By (4.6) and Ay > A1, we see that C1; > 0.
We get from Lemma 2.2 that

/ lug | 2 usude
Q

/ lvg|"2 " 2vpvda
Q

It follows from (4.16)-(4.18) that
(1) > (1 o) H()H'(t) + 26(|u + [ol]?) + 261 (1

+C 5/Gu,v dr — 9§
(4.19) nd | Glu,v)

g

(4.17) a <

" ri—1 _ _
L ful|7 + =0y ™Y |71, Yoy > 0,
™ 1

and

-1 _ _
(4.18) a T2 ra/(r2—1)
r

ol?
< 2|2+ ——o0, o2, Yoo > 0.
T2 2

ro)

T
91

L 7“1—1 _ _
e fully = 5oy
1

T 71
— 672 urz — 62—y D gy 12
T2 T2
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Choosing o1 and o9 such that
(4.20) oY S HE) T, oY S L H (1),

where II; and II; are large constants to be fixed latter. Hence, we have from
(2.4), (4.19) and (4.20) that

L'(t)> (1 —a—T8H @) *H'(t) + 26(|lue|® + ||ve||*) + 26 H ()
)

—(r1—1 a(ry— o
(4.21) + C126(|lullp + lvll25) — 7H1(1 VH () =D 72
5 ro—1 a(r
— 21, Y H (D o 72,
]

where IT = (r1 —1)/r1 111+ (ro—1) /r21l3 and C2 = C%pco is a positive constant.
By p > 4 max{ry, 72}, we obtain from (2.4) and (4.11) that

a(ri— 1 2ap(r 1 +r 2ap(r1—1 1
(4.22)  H@O*O V) < Cos(fullao? 0 4 flof52 T ) m)
and

a(re— 2ap(re—1)4+ro ap(ro—1
4.23)  HE)"2 Yoz < Cus(oll32? "0 4 ful 5072 [lof|22).
From (4.13) and the following algebraic inequality

(4.24) z“§z+1§(1+%)(z+k),v,220,0<u§1,k20,
we have

(4.25) ull 307 =F < B(|luf32 + H(0) < A(lull + H(t)),
where § =1+ 1/H(0). Similarly,

(4.26) lol3p? "= < B(llull3h + H{(t)).

Also,using the inequality (X +Y)®* < C(X*+Y*), X,Y >0, s > 0, we conclude
from (4.13) and (4.24) that

2 1) 2 2 2
@27) ol ullit < Cuallollzp + ull2?) < Cas(lollzh + llul3h),

(4.28)  [lul3p”" P ollrz < Cua(llul3h + 10122) < Crs(ull3h + 1vII35).
Combining (4.21)-(4.28), we get
L'(t) > (1— o — LO)H (t) ™ H'(t) + 20(||usl|* + [|ve]|?) + 20 H (¢)
(4.29) +acu—cmnﬁ“*f—cIr“f”mw@5+wﬁ$
+6(2 — CysIT; 7Y — oy, Y H ().

For large values of II; and Ils, there exist posmve constants ©; and ©5 such
that (4.29) becomes

L'(t) = (1— o —T8)H ()" H'(t) + 20 ([[ue|* + [[oe]|*)

(4.30) oo 1 o
+ 301 ([[ullzy + [[vll3) + 002 H (2).
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Once II; and Iy are fixed, we pick § small enough such that 1 —a — 116 > 0
and

L(0) = H(0)' 7 + 5/ (uour + vovr)dx > 0.
Q
Then, we have from (4.30) that
(4.31) L'(t) = Caobllluel® + l[ve]® + [[ullz, + l|oll3, + H(2)].

Therefore, L(t) is a nondecreasing function for ¢ > 0, then we obtain that
L(t) > L(0) > 0 for t > 0.
Since 0 < a < 1, it is evident that 2= > 1. We deduce from (4.12) that

(4.32) L(t)T= < Cy [H(t) + ( /Q(uut + vvt)dx> ]

On the other hand, for p > 1, we have from Hélder inequality and Lemma 2.2
that

(4.33)

(J <uut+vvt>dx) <022(llut||w||u|| e )
Q

wE P w
<IIUII + ol + lluell == + IIvtllla>,

where 1 rias ; = 1. We take v = 2(1 — «), then {£= = 1_22a. It follows from
(4.13) and (4.24) that
o 2
(4.34) lullg,™ = llulls,™ < B(lul3h + H(t)),
and
o 2
(4.35) vll3,* = llvlls, ™ < B(lolish + H(2))-

We obtain from (4.33)-(4.35) that

1
T—a
(4.36) ( / (uutﬂvt)dz) < Coalllurll® + el + ull2Z + )22 + E(2)).
Q
Combining (4.32) and (4.36), we find that
(4.37) L™= < O [nutn? ol + 22+ loli22 + EH ()

We have from (4.31) and (4.37) that
(4.38) L'(t) > CosL(1) ™=, t > 0,
where Ca = %2—2055. Integrating both sides of (4.38) over [0, ¢] yields that

—

(439) L 2 (Lo - 2520 7
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Noting that L(0) > 0, then there exists T% = Tiax

0 YAOJUN YE

— (=a)LO)>"T o} that

Ca
L(t) — +o00 as t — T*. Namely, the solutions of the problem6 (1.1)-(1.5) blow

up

in finite time. O
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