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ON A NEUMANN PROBLEM AT RESONANCE
FOR NONUNIFORMLY SEMILINEAR ELLIPTIC SYSTEMS
IN AN UNBOUNDED DOMAIN WITH NONLINEAR
BOUNDARY CONDITION

HoaNG Quoc ToaN AND Bur Quoc HuNG

ABSTRACT. We consider a nonuniformly nonlinear elliptic systems with
resonance part and nonlinear Neumann boundary condition on an un-
bounded domain. Our arguments are based on the minimum principle
and rely on a generalization of the Landesman-Lazer type condition.

1. Introduction and preliminaries

Let Q be an 7unbounded domain in RY, N > 3 with smooth and bounded
boundary 092, Q = QU 0. We consider the existence of weak solutions of
Neumann problem for a system of nonuniformly semilinear elliptic equations:

(1) —div(hi(z)Vu) + a1 (x)u = M101(x)u + f(x,u,v) — ki (x)
' —div(he(x)Vv) + az(z)v = Aa102(z)v + g(x, u,v) — ka(x)  in Q
with nonlinear boundary conditions

)
o = ha(@)p(au,v)
(1.2) " on 09,

% = hl (ZL')q(SC, Uu, ’U)
where 6% denotes the derivative with respect to the outward unit normal to
00 and f,g: Q xR%2 = R, p,q: 00 x R? - R are Carathéodory functions
which will be specified later.
(1.3) hi(z) € L,.(Q), hi(z) >1 foraexz e, i=1,2,
(1.4) B B
a;(z) € C(), ai(x) > ap >0, Yz € Q, a;(x) = +0o0 as |z| = +o0, i = 1,2,

)
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1670 HOANG QUOC TOAN AND BUI QUOC HUNG
(1.5) 0;(z) € L®(Q), 0;(x) >0 foraexz e Q, i=1,2,

(1.6) ki(z) € L*(Q), ki(z) >0foraexr e, i=1,2.
Ai1 denotes the first eigenvalue of the problem:
—div(h;(z)Vz) + a;(x)z = Mi10;(x)z  in Q
.7 9% _ on 99, i=1,2
on
in suitable spaces E; which will be defined below.

We firstly make some comments on the problem (1.1). In the case that  is a
bounded domain in RY and h(x) = 1 there were extensive studies dealing with
the Neumann problem for nonlinear elliptic equation involving the p-Laplacian,
where different techniques of finding weak solutions are illustrated. When €2 is
unbounded and h(z) € L, (2), we refer the reader to [6], where the authors
have considered Neumann problem for nonuniformly nonlinear equations in-
volving p-Laplacian type in an unbounded domain  C RY with smooth and
bounded boundary 92 by using variational techniques via the Mountain Pass
Theorem.

On the Landesman-Lazer condition, we refer the reader to [1, 2, 3, 9, 11,
15, 16]. In [1, 2, 3] the authors have considered a resonant problem involving
p-Laplacian in a bounded domain Q ¢ RY.

Apu = A1 [ul”™u+ f(z,u) = h(z),

and the existence of weak solutions u € VVO1 P(Q) is shown by taking the well-
known Landesman-Lazer type condition. In [9, 11] one has extended some re-
sults in [1, 2, 3] to resonance problems with Dirichlet condition for nonuniformly
nonlinear general elliptic equations in divergence form in bounded domain.

The extension to the case of p-Laplacian systems on resonance, again with
Q2 bounded and Dirichlet boundary condition, was first considered by N. B.
Zographopoulos in [16]. Later in [7] D. A. Kandilakis and M. Magiropoulos
have studied a quasilinear elliptic system with resonance part and nonlinear
boundary condition in an unbounded domain by assuming the nonlinearities
f and g depending only one variable u or v. In [15] Z.-Q. Ou and C.-L. Tang
have considered the same system as in [7] with Dirichlet condition in a bounded
domain. In these the existence of weak solutions is obtained by critical point
theory under a Landesman-Lazer type condition.

In this paper, by introducing a generalization of Landesman-Lazer type con-
dition, we will prove the existence of weak solutions of Neumann problem for
a system on resonance of nonuniformly semilinear elliptic equations in an un-
bounded domain with general nonlinearities.

Recall that due to h;(z) € L},.(2) (: = 1,2) the problem (1.1), (1.2) now
is nonuniformly in sense that the Euler-Lagrange functional associated to the
problem may be infinity at some wo = (ug,v0) € H'(Q) x H'(Q). Hence, we
must consider problem (1.1), (1.2) in some suitable subspace of H*(Q) x H!(12).
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Denotes by
C°(Q) = {u € C*°(Q) : Suppu compact C Q},

where Q2 = Q U 9.
Then H(12) is a usual Sobolev space which can be defined as the completion

of C§°(£2) under the norm:
lall = ([ 1V + uP)da) .
We now define following subspaces E; (i = 1,2) of H*():
B = {ue H'(Q): /Q[hi(ac)WuF + ai(@)|ul]dz < 400},

where h;(z) and a;(z) satisfy conditions (1.3), (1.4).
By similar arguments as those used in the proof of Proposition 1.2 in [14],
we deduce that E; (i = 1,2) are Hilbert spaces with the norms:

lullz: = (/Q[hi(%)|VU|2 + ai(w)|ul’)dx)?, u € B;

and the continuous embeddings E; — H'(Q) < LI(Q2), 2 < ¢ < 2* (i = 1,2)
hold true.

Moreover the embeddings E; into L?(f2) are compact.

Besides since 02 is bounded and smooth boundary, hence with R > 0 large
enough 9Q2 C Br(0), where Br(0) is ball of radius R.

Denote Qr = QN Br(0), the maps E; — HY(Qr) by u — u|q, are contin-
uous.

Therefore, from Theorem Asg in [12] we deduce that E; < L?(9f2) compactly,
i=1,2.

Remark 1.1. With similar arguments as those used in the proof of Lemma 2.3
in [4], we infer that the functional J;o : E; — R (i = 1,2) given by

Jio(u) = [[ullE, = / (hi(@)|Vul* + ai(2)|uf*)de, u € E;
Q
is weakly lower semicontinuous on Fj;.

Next, we have following proposition which concerns the existence of the first
eigenvalue and eigenfunction of the problem (1.7).

Proposition 1.1. Assume that functions h;(x), a;(z), 0;(x) (i = 1,2) satisfy
the conditions (1.3), (1.4), (1.5).
Denotes by

(1.8)
Nt = inf{/ (hi(@)|Vul® + a5(@)|ul?)de : u € E/ 0: (2)[ul2dz = 1}, i = 1,2,
Q Q

Then:
(i) M;={ueE;: [,0i(x)ul*(x)dz =1} # ¢.
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(ii) There exists i1 € M;, i1 > 0 in Q such that:

[ s@)Venl? + ast@loal)do = xa.

Q

Thus (Ai1, i1) (i = 1,2) are eigenvalues and eigenfunctions associated with Ay
of the problem (1.7) in E;.

Proof. (i) Let u(z) € C§°(Q), u # 0. Then u € E; and [, 0;(2)|u?(z)|dz > 0.
Choose u € E; as:
u(x)

a(z) = (oo () o) -

Then [, 0;(x)|u(z)]*dz = 1. So u € M; and M; # ¢.
(ii) Let u,, C E; be a minimizing sequence, i.e.,

/ 0; ()|t (2)|*dz =1, m=1,2,...
Q

and limp, 400 [o(hi(@)|Vum|* + ai(@)|[tm]?)dz = M. So {un,} is bounded in
Then, there exists a subsequence {u,, }x such that {u,, }r converges weakly
to @ in E;. Since the embedding E; into L?(f2) is compact, the subsequence
{tm, } converges strongly to @ in L*(Q).
Moreover since §;(x) € L>(Q2), we infer that:

1= lim Hi(x)|umk|2dz:/91-(:0)|1/Z|2d:c.
Q

for z € Q.

k——+o00 Q
Soue M;.
By the minimizing properties and the weakly lower semicontinuity of the
functional Jio(u) = [, (hi(x)|Vul* + a;(x)|u|?)dz on E; (see Remark 1.1), we
have:

= lim inf / (hi2) [Vt * + 2(2) |ty [2)
Q

k——+oo
> /(hi(:n)|Va|2 +ai(@)[aP)dz > .
Q
So we obtain
il = / (hi(z)|Va|* + a;(z)|d]?)dx
Q

Thus @ is a minimizer of (1.8).
Observe further that since 4 € E; C H'(Q2) then [a] € H*(Q) (see [5, p. 152,
Lemma 7.6]). Moreover,

[ @V + @l = [ (hu(@)IVa? + as(o)ade < +oo
Q Q

and
[ @ik = [ @@kl =1.
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So |u| € M; is a minimizer too and

/Q (ha @)V Tal  + a3 () [l ) = Ao

Applying the Lagrange multiplier rule, we deduce that

/(hz(z)V|1/Z| Vo + a;(z)|a] - v)de — /\il/ 0;(x)|u] - vdx =0, Yv € E;.
Q Q

This implies that
—div(h;(z)V|a]) + a;(z)|al = Aabi(z)|u] inQ,
Olul
on
Furthermore, for any ' compact C Q, h;(z) € L ('), a;(x) € L=(), [a| > 0
in ¥ and

=0 on 0f).

—div(h;(2)V|d]) + a;(z)|a| = M\16;(z)|al, in Q.
So by the Harnack inequality (see [5, Theorem 8.19 or Theorem 8.20 and Corol-
lary 8.21]), it follows that |u]| > 0 in ©’. This implies that |a] > 0 in Q.
Denotes ¢;1(x) = |ul, then @;1(z) > 0in Q and ;1 is an eigenfunction of
the problem (1.7). The proof of Proposition 1.1 is complete. O

On the other hand by similar argument, we also show that the eigenfunctions
of A\;1 are either positive or negative in . Hence, by the compact embedding E;
into L?(Q) and the standard spectral theory for compact, self-adjoint operators
we can infer that for any ¢ = 1,2 the \;1-eigenfunction ;1 is unique (up to a
multiplicitive constant) and

Johi@|Vul + ai@luP)dz
oAy Jo (6 (@)[ul?)da '

) )

Ail =

In order to state our main results, let us introduce following some hypotheses
on nonlinearities:

(Hy)
(i) f,9: O xR* 5 R, p,q: 00 x R?* = R are Carathéodory functions:
f(z,0,0) =0, g(x,0,0) =0.

(ii) There exist positive functions 71 (z) € L*(Q), m2(z) € L*(99) such that:
for all (s,t) € R?, we have
[f(@,5,8)] <7a(2), [g(z,s,8)] < 7(x) for ae z € Q,
Ip(z,8,t)] < m2(x), |g(x,s,t) (x) for a.e z € IN.

1

<7
| <72

(iii) f(x,), g(x,), p(z,), a(z,-) € C'(R?), and V(s,t) € R?,
(1.9) 6f(3(c(9;s,t) = ag(g,ss,t) for a.e z € Q,
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1.1 = for a. Q.
(1.10) Er Ep oraex€d
Denotes V(u,v) € R?,
(1.11)
1M 1 /"
Heu0) = 5 [ 1,00+ fos0lds + 5 [ lalut) + gl 0,00a
0 0
for a.e xz € Q,

1 [ 1 /[
Rwuv) = 5 [ pleso) + ol 0ds + 5 [ fao) + a0, 0]
0 0
for a.e x € 0.

Remark 1.2. By hypotheses (1.9), (1.10) and (1.11) with some standard com-
putations we deduce that, for all (u,v) € R?

H H
78 (;,u,v) = f(z,u,v), 78 (;,u,v) =g(z,u,v) a.e x € Q,
(1.12) u v
OR(x,u,v) OR(z,u,v)
0y - p(x, u,v), 5 = q(z,u,v) a.e x € IN.
Now we define, for 7,5 = 1,2:
LT Z. |
Fij(z) = hmsup—/ [f(z, (=1)" yeir, (1) 701)
T—+o00 T Jo
+ [z, (=) "y, 0)]dy, = € Q,
1 T
Gista) = timsup - [ gl (=1 rons, (1) yp)
T—+o00 T Jo
+g(x,0, (—1)* dy, = €0
(1.13) 1 Tg( (=1) "ypar)ldy
Pj(x) = hmsup—/ [p(z, (=1)" "y, (1) 7pn1)
T—+o00 T Jo
+p(z, (=) yei1,0)]dy, = € 09,
. 1 /(7 ; .
Qij(z) = limsup —/ [q(z, (—1)" 111, (=1) T yepor)
T—+o00 T Jo
+ q((E,O, (_1)1+iy9021)]dya S aQa
. I i
Fuo(a) =limsup - [ (o, (-1 ypu (0). 0ldy. @ € 0,
T—+o00 T Jo
1 [ )
Goy(a) = limsup— [ fo(@.0.(=1) ygm @))ldy. = €2
(1.13b) T
Pip(z) = limsup — / [p(x Y iyp1(x),0)]dy, = € 09,
T—+o0 T

Qu; () = lim sup ~ /0 (92,0, (—1) g1 (2))]dy, = € O

T—+oo T
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Set A(z) = hy (2)ha(z) and
L= [ (Fu@on(z) + Guna)on (a))da
" /a h(@)Prs (@) )+ Qui ) (@),
Ln= [ (Poaa)on(z) + Gaala)ion (a))da

+ / h(@)[Paz (@) p11 (2) + Qua()ipan (2))ds,
oN

(1.14a)
L= / (Fra(@)on (z) — Gra(@)pn (2))de
Q
+ / h(@)[Pra(@) o1 (z) — Qualz)pa (2))ds,
oN
Loy = /Q(Fm(iﬁ)@u(iﬂ) — Ga1(x)pa1(z))dx
+ [ @) Pa@en(z) - Qarl)ea (@)ds
oN
L= | Fio(x)e1(z)dx + h(z)Pio(z)p11(x)ds, i =1,2,
(1.14b) ’ /Q i /69 ’

Loj = /Q Goj(l')gogl (m)dm + /6Q h(:z:)QOJ (:C)<p21 (l‘)ds, 1 =1,2.

(Hz) Assume that the following potential Landesman-Lazer type conditions
hold:

(i)
(115&) L1 < 2/[k1(1')(p11($) + kg(x)gﬁgl (:E)]dx < Log,
Q
(1.162) Ly <2 / hr (211 () — kal)pon (2)]dr < Loy
Q
(ii)
(1.15b) L < /kal(x)tpn(x)dx < Lgo,
(116b) L01 < /9162(35)5021 (1‘)d1‘ < LOQ,

where ;1 are eigenfunctions associated with A;; of the problem (1.7) in E;,
i=1,2.



1676 HOANG QUOC TOAN AND BUI QUOC HUNG

Definition 1.1. Function w = (u,v) € E = Ey x Es is called a weak solution
of the problem (1.1), (1.2) if and only if

(1.17)

/Q(hl(x)Vquo(x) + a1 (z)up(z))dz + /Q(hg(ac)VvVQ/J(x) + az(z)vp(z))dz
— All/ﬂel(x)ugo(x)dx — o1 /Q O (z)vip(x)dx
= [ 1w vp + glouv)ptald + [ o) + ka()p(@)ds
Q Q
= [ bl v)ota) + gt uv)ula)ds =0
o0

for all (¢,9) € C§°(Q) x C(Q).

Remark 1.3. If (uo,vo) € C%(Q) x C%(Q) satisfies the condition (1.17), hence
(uo,v0) is a classical solution of the problem (1.1), (1.2). (See Remark 1.1 in

[6].)

Our main result is given by the following theorem.

Theorem 1.1. Assuming conditions (Hy), (Ha) are fulfilled. Then the problem
(1.1), (1.2) admits at least a nontrivial weak solution in E = Ey X Es.

Proof of Theorem 1.1 is based on variational techniques and the Minimum
Principle.

2. Proof of the main result

The Euler-Lagrange functional associated to the problem (1.1), (1.2), I :
E — R is given by

(2.1)
I(w) :% /Q(hl(:c)|Vu|2 + ay(2)|u|?)dx + %/ﬂ(hg(xﬂVvF + az(2)|v]?)dx

A A
—i/91(x)|u|2dac—£/92($)|v|2d9€—/H(ac,u,v)dm
2 Jo 2 Jo Q

+ /Q(kl(x)u + ko(x)v)dx — [99 h(z)R(z,u,v)ds, Yw = (u,v) € E,

where h(z) = hi(z)he(x), H(z,u,v), R(z,u,v) are given by (1.11).
Denotes

(2.2) ﬂw=§Ammmwﬁ+mummw
+ %/Q(hg(xﬂVvF + as(@)|o2)dz, w = (u,0) € B,
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(2.3)
)\11 2 — g X ’U2 X — Tr,u,v)axr
T(w) = =24 [ o@luPde =22 [ o@leldo— [ B

+ /Q(krl (2)u + ka2 (x)v)de — /6Q h(z)R(z,u,v)ds, w= (u,v) € E.

By hypotheses (H;) the functions J, T and then I = J 4T are well-defined on
H.

Remark 2.1. By Remark 1.1, the functional J(w),w € E given by (2.1) is
weak lower semicontinuous on E. Moreover from hypothesis (H;) with some
standard arguments we deduce that the functional T'(w), w € E given by (2.3)
is also weak lower semicontinuous on E. Thus the functional I = J 47T is weak
lower semicontinuous on E.

The following proposition which concerns the smoothness of the functional
IonFE.

Proposition 2.1. The Euler-Lagrange functional I given by (2.1) is Fréchet
differentiable on E and we have:

(2.4)
(I'(w),w) = / (h1(2)VuVa + aq (z)ua)dx + / (ha(2)VoVD + ag(z)vv)dx
Q Q
— )\11 / 91 (z)uﬂdz — )\21 / 92(£L')’L)’l_)d$
Q Q
- [ wat o wilde + [ (i@ + koo
Q Q
= [ h@lptewa + e wpelds, Yo = (w,0).0 = (@0) € E.
o
Proof. With similar arguments as those used in the proof of Proposition 2.2(iii)

in [14] we deduce that the functional J given by (2.2) is Gateaux differentiable
on E and whose the Gateaux derivative is given by:

(J' (w),w) = /(hl(:c)VuVﬁ + a1 (z)ua)dz
Q
+ / (h2(x)VUVT + az(z)vd)dz, w = (u,v), W= (4,0) € E.
Q
Now let {wy, = (um,vm)} be a sequence converging to w = (u,v) in E, i.e.,
li m—w||p =l h m — w)]? m — ul?)d
[l = wlfy =t ([ (@19 — 0 + a0 — 0

+ /Q(hg(x)|V(vm — )2 + az(z) vy, — v|?)dz} = 0.
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Then by some simple computations we have:
) = ') 0] = | [ (h2(2)V — 0V -+ a1 (), — w) )
Q

+ / (h2(x)V (vy, — v)VT + az(z) (v, — v)0)dz]
Q

< 4@l - |wm — wl| for all @ = (7,7) €

&

This implies that
1T (wm) = (W)l e+ < Cllwm — wl|e.

Let m — 400 we obtain: lim,,— oo J' (wp,) = J' (w) in E*.

Hence J’ is continuous on E. Thus J € C*(E, R).

Besides, from hypotheses (H;) and (1.5), (1.6) on the functions f, g, p,
q, 01, 02 and kq(x), ka(z), for some standard computations we infer that the
functional T given by (2.3) is Fréchet differentiable on E and we get:

(T"(w), @) = — An /Q 0r (2)utidz — Dox /Q 0, (x)vide

— /Q[f(x, w)t + g(z, w)?]|dx + / (k1(z)@ + ka(z)0)dx

Q

— /(%z h(z)[p(z, w)u + ¢(x, w)v]ds, Yw = (u,v), © = (4,0) € E.

Finally, the functional I = J + T € C*(E, R) and we have (2.4). Proposition
2.1 is proved. O

Remark 2.2. By Proposition 2.1 the critical points of the Euler-Lagrange func-
tional I are precisely the weak solutions of the problem (1.1), (1.2).

Proposition 2.2. The functional I given by (2.1) is coercive on E provided
that conditions (Hy) and (Hs) hold true.

Proof. By contradiction we assume that the functional I is not coercive on E.
Then there exists a sequence {wp, = (Um, Vm)}o0_; in E such that

(2.5) l|wm||p = 400 asm — +oo and I(wn) <c,

where c is positive constant.

S wn _n s hat is T = —Um 5 _vm _
Let @,, Tws (Umy Urm), that is Uy, Tolims: Um = T M
1,2,.... Thus {@W,}m is a bounded sequence in E.

Then there exists a subsequence {@Wp, }x = {(Um,,Um,)} which converge
weakly to some @ = (4, ?) in E = E1 X Es.

Since the embeddings F;, (i = 1,2) into L?(2) and L?*(92) are compact, the
subsequences {2y, }, {Um, } converge strongly respective to 4, ¥ in L?(Q2) and
L2(09)).
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From (2.5) dividing by ||wmk||2E we deduce that

(2.6)
, 1 R R A R
limsup{> | (b1 () [Viim, 1+ a1 (@) [Gm, |*)dz — % 01(2) [Um,|” d
k——+o00 Q Q
1 R ~ A A
+t3 / (h2(x) [V, | + az(x) [, |} da — 2 / 02(x) O, |” da
2 Jo 2 Ja

H(x,wm;)der/ k1 ()0, + k2(x)0m, dzf/ ha R(z, wp,,)
o llwmllE 0 [lwm, || & o0
<0.
By (Hp)-(ii) and (1.11) we have:
| H (2, wmy, )| < 271(@) (Jumy | + [vm, ), 71(2) € L2(9).
Hence
H(z,wpm,)

2.7)
( o Twome

171l 20y (m [l L2 (@) + 0mell 2(0))-

dx‘ <
Remark that {(@mr }, {Omr)} converge strongly in L?(2), hence they are bound-
ed in L2(9).

Letting k — +o0, since ||wp, || — +00, we obtain:

H i
(2.8) lim sup A, wm, )

5 dr = 0.
k—too Jo  ||Wm |l

Similarly, we also obtain

lim sup/ (@), + K2 ()0 dx =0,
Q

koo |ty ||

(2.9)
1imsup/ h(x)Mds =0.
o9

k—+oc0 |[win | |2E
Moreover, we have

lim 91(z)|ﬂmk|2dz:/91(z)|ﬂ|2dz,
k——+oco Q Q

lim 92(z)|ﬁmk|2dz:/92(:c)|6|2dz.
k—+oo Q Q

Then from (2.6) and (2.8), (2.9), (2.10), we deduce that

(2.10)

timsup{ [ (b1 (@) Vi, * + a1(2) liim, [*)da
k——+oo 0

+ / (ha(@) [y 2 + () [Bon, [2)d)

< )\11/ 91(90)|ﬂ|2dx+)\21/92($) o da.
Q Q
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By Remark 1.1 and the variational characterization of A1y, A21, we get:

/\11/91(:5) |17|2dz+>\21/ 02 () [0? da
Q Q

IN

/(hl(:c) Vil + a1 (x) [a]*)dz + / (ha(z) |VO|* + az(z) [0]°)dx
Q Q

IN

liminf{/ (h1 (@) |V, |* + a1(z) [Gm, |*)dz
Q

k—+oo

+/Q(h2(z)|V5mk| + a() [Um, ") dec}

IN

limsup{ [ (hi(z) |Viim,|* + a1(z) [Gm, |?)dz
k——+oo QO

+/Q(h2(z)|V5mk| + a() [Um, [7)dec}

< )\11/91(:13) |a|2d:v+)\21/ 0 (2) 32 da.
Q Q

Thus, these inequalities are indeed equalities and we have

(2.11)  lim {/(h1($)|Vﬂmk|2+a1(:E) (i, |?)d
k—+oo Q

+ [ (a(a) 95, + x(@) 5 )}
= [ @) [Vl + (@) o + [ (ha(a) (95 + ao) 0 )da
Q Q

- /\11/91(z) |17|2d:c+>\21/ 0(z) |0]? da.
Q Q

On the other hand from (2.11) and remark that ||@Wpm, ||z = 1 we infer that:

tim @l = 8] = 1.

Hence w = (u,v) # 0.
By again the variational characterization of A\11, A2; we deduce that

/(hl(z) Vil + a1 (z) [G]*)de = Ays / 01(z) |0)? d,
Q Q

/(hg(:ﬁ) VB[2 + az(x) [3%)de = )\21/ 0 (x) [5]2 da.
Q Q

This implies from definition of eigenfunctions ¢11 () and @21 () that:
o If u# 0, U # 0, then u(z) = £¢11(x), V(x) = £pa1 ().
o If u# 0, v =0, then u(x) = £o11(x).
o If u=0, v #0, then v(z) = Lpa; ().
Next, we will consider the following cases:
Let Uy, — U = P11, Om, — 0 = @21 as k — +oc in L?(Q) and L?(99).
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Firstly by the variational characterization of A\;; and As; we have

/ (ha (&) [ty 2 + a1 () [ty )z + / (ha (&) [Vmy |* + a2(2) vy [*)dt
Q Q

> /\11/91(:5) |umk|2d:c+/\21/ 03 (x) |vm, |* dz, m=1,2,....
Q Q

Hence from (2.5) one get

(2.12) - H(x,wmk)d:cf/ h(z)R(z, W, )ds
Q o0

+ / e (&)t () + e (&) ()]
< I(wm,) <ec, k=1,2,....

After dividing (2.12) by |[wmm, || 5, letting lim sup,,_, , . and remark that

i 5 (@), (2) + K, ()] = / [k (@) (2) + k() po1 (2))do

We get

H m R I m
(2.13) limsup{ [ ZLEWme) g / () BT W)
k—4o0 Q ||wmk||E o0 ||wmk||E

> /Q ()01 (2) + ko ()1 (2.

ds}

Lemma 2.1. Assume that Uy, — @11, Om, — w21 0 L*(Q) and L*(09) as
k — +o0o. Then:
H(z, w, 1
(2.14) i) limsup Mdm = —/[F11(:E)<p11 + Gr1p21)dz,
kstoo Jo  ||[WmllE 2 Ja
(2.15)
. R(x, W, 1
i) timsup [ 1) S s = 2 )P @en + Quinlas.
k—+o00 JOQ 1wy || 2 2 Joq

Proof. By (1.11) we have
(2.16)

2H(x,wmk):/0umk [f (z, 8, 0m, )+ [ (2, s, 0)]ds+/0vmk [9(x, um,,t)+g(z,0,1)]dt.

Set Iy, = ||wm,||g — +00 as k — +oo.
Observe that by hypotheses (H;) on f(x,w), g(z,w) we have

Uy, lkp11
| / F (5, vy )ds — / £, 5, Lopan)ds|
0 0

uWLk)

< I/O m [f (z, 8,0m,) — f(x, 8, lgpa1)]ds| + | F(z, 8, Lo )ds|

lkp11

Umy, 9
< |/O a—{($7571k<ﬁ21 +6(vmy, — lew21)) - (Vmy, — lep21)ds|
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+ 71(2)[um, — ko1l

Uy, 9
| [ s opar + 8o, ~ par))ds - (v, — )
0

+ 71(2) [ty — k11l
< 27 (@) v, — 21| + 11(x) |um, — k1], 6 € (0,1).

From this and remark that @, = <&, Uy, = =, we get:
k k
1 [Umg 1 lkp11
(2.17) — / f(z,8,0m, )ds — — f(z, s, lkpar)ds|
< 271(2)[Om,, — @21] + 71 () [, — o11.
Similarly,
1 Uy, 1 lp11
(2.18) — f(z,s,0)ds — —/ f(z,s,0)ds|
lk 0 lk 0

< 7)) [Umy, — p11]-

Combining (2.17), (2.18) we infer that

[ [ s ) + s 0lds
1

lkp11
A i [f(z,8,lkpa1) + f(x,5,0)]ds}dz|
k Jo
[ 2n@(Gn, o)l + 2m@fm, — oul}da
Q

2|[m1 ()| 22() * [Omy, — p21llr2) + 2|7 (2)||22(Q) - [tm,, — 11llL2(0)-

IN

IN

Letting £ — 400, since
ETmH@mk —pa1|lr2@) =0, kEIfOOHﬁmk —llzz@) =0

we deduce that

1imsup/9{i/0 "1 (5, 0my) + f(@,5,0)]ds}da

k——+oo

1 fleen
= 1imsup/{—/ [f(z,s,lkpo1) + f(z,s,0)]ds}dx.
k—+oco JQ L 0

Set s = yp11(x), ds = p11(x)dy, we get

lrp11
/ ’ [f (z,8,lkpa1) + f(x,5,0)]ds
0

Ik
= / [f (z,yo11, lkp21) + f(2, 9911, 0)]p11dy.
0



A GENERALIZATION OF THE LANDESMAN-LAZER CONDITION 1683

Remark that Iy = ||wm,||g = +00 as k — +00, hence

(2.19) limsup/ﬁ{i/o " [f (z, 8, 0m,) + f(z,5,0)]ds}dx

k— o0

: L
= limsup {E/ [f (2, yp11, lep21) + f(z,y¢11,0)]dy}pr1d
0

k— o0

= / F11 (ZE)(pll (1‘)d1‘
Q

Similarly, we also derive that

(2.20)
L[
1imsup/{—/ [g(m,umk,t)+g(m,0,t)]ds}d:z::/Gn(x)tpgl(x)dx,
k=400 Ja Ik Jo Q

where Fiy(z), Gi1(x) are given in (1.13a).
Combining (2.19), (2.20) we obtain:

(2.21) limsup/QQdeZ/Q[F11($)<P11(£C) + G11(x) 21 (z)]dx.

ko0 || wm, ||

By computations as those above we also have

(2.22)
. R(z, wp,) > — T x x T x)|ds

where Pi1(z), Q11(z) are given in (1.13a).
Lemma 2.1 is proved. (I

By Lemma 2.1, from (2.13) and using (2.14), (2.15), we deduce that:

‘LWM@QN@+Gu@Wm@WW
+/‘memmwmm+Qmmmmmw
onN

z2/mmmwmw+wxmmmmww
Q
That is
L > 2/[k1($)5011 + ko(x)pa1]dx
Q

which contradicts (1.15a).

Now, assume that Uy, — U = @11, Om, — 0 = —pa1 as k — +oo in L?(Q)
and L?(09).

Remark that with the similar computations as those used in the proof of the
Lemma 2.1, we get

. H(x, wn, 1
lim sup Md:c == / [Fi2(x)p11(x) — Gra(x)pa1 (x)]dx,
kstoo Jo ||[WmllE 2 Ja
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. R(z, wm, ) _1 T T T) — T T)las
tmsup [ (@) Ty = 5 [ @) Pola)en () — Quale)en ()]ds

k—-+oo

After dividing (2.12) by ||wm,||e, letting limsup,_, , ., and remark that

lim [k ()t (€) + k2 (€) U, (2)]dz = /[kl(x)sm(x) — ka(x) o (x)]da.

k—=+oo Jo Q
We obtain:

/Q Fua () pn (z) — Gra(@)pm (2))dz
+ /6 h(@)[Pra(a)on () ~ Quala)en (a)ds
2 / len (@) (&) — () pon ()]

This implies that

Lis > 2/[761(50)8011 — ka(x)po1]da
Q

which contradicts (1.16a).

Similarly, in the cases when U, — @ = —@11, Un, — U = —p21 and
when U, — U = —p11, Un, — U = @21 we obtain the following respective
inequalities

Ly < 2/[761(50)8011 + ko (2)p21]dx
and ’

Loy > 2/(2[761(50)%011 — ka(z)p21]dx
which contradict (1.15a) and (1.16a).

Now, we consider the case when U, — @ = ¢11(z) and v, — U = 0 as
k — 400 in L*(Q) and L?(09).
By similar computations as those used in the proof of Lemma 2.1, we obtain

limsup/ﬂ{i/oum}c [f(z,s,vm,) + f(z,s,0)]ds}dz

k——+oo

. 1k
= hmsup/{l—/ 2f(x,yp11,0)dy} 11 (z)dw
o Ik Jo

k——+oo
and .
lim sup {l / o l9(z, um,,t) + g(z,0,t)]dt}dx = 0,
k—r+o0 k Jo
where I, = ||Wm, ||z — +00 as k — +o0.

From this and remark (1.11) we arrive at

H m
limsup H@, wm,) :cfhmsup/{ f x,yp11,0)dy }p11 (z)dz

k— o0 ||wmk||E k—-+oo
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= / Flo(l')(pll (SC)dSC,
Q

where Fio(z) is given by (1.13b).

Similarly
1imsup/ h(z)wds:/ h(z)Pro(z)p11(x)ds,
k—+oo JoQ [lwm, || a0

where Pjo(z) is given by (1.13b).
From (2.13) we get

/QFlo(z)cpu(x)dx+/6Qh(z)P10(x)g011(z)ds > /le(x)gau(x)d:c,
which gives
/ kl(z)cpu(:c)d:c S LlO-
Q

We get a contradiction with (1.15b).
By same arguments, if @,,, = @ = —¢11(z) and v, - 0 =0 as k — +oo
in L?(Q) and L?(992). From (2.12) we obtain:

—/QFgo(z)cpu(x)d:c - /6Qh(z)P20(:c)g021(z)ds > —/le(x)gau(z)dz.

This implies
L20 S / kl (x)gﬁll(z)dz
Q

which contradicts (1.15b).

In the cases when U, — u = 0 and U, — U = tp21(x) as k — 400 in
L?(Q) and L?(99), by similar computations used above we arrive at contradic-
tions with (1.16b) as follows:

/ kQ(ZE)(PQl (1‘)d1‘ S L01
Q
and
/ ka(x)pa1 (z)dx > Loa.
Q

Thus the functional I given by (2.1) is coercive on E and Proposition 2.2 is
proved. Il

Proof of Theorem 1.1. By Proposition 2.2 and the weak lower semicontinuity
of the functional I (see Remark 2.1), applying the Minimum Principle (see [12,
p. 4, Theorem 1.2]), the functional I has a global minimum and by (H;) the
problem (1.1) admits a nontrivial weak solution in E. O
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Remark 2.3. Since ||@]|3, = |[a]|%, +][0]|%, , we would also consider more general

cases such that @ = ap11, © = bpa1, where a® +b% = 1. So the hypotheses (H2)
would be changed by following condition more general

[ (@F@gn (@) +06(a)en () ds
@2+ [ h@)aP@en (@) + 1@ (@)

< 2/ (aky(z)p11(z) + bha ()21 (2))dx, Ya,b € R:a® +b* =1,
Q

where
.17
F(z) = lim —/ [f (z,yap11, Tbpa1) + f(z,yap11,0)]dy,
T—+00 T 0
.17
G(r) = lim —/ [9(x, Tap11, ybpa1) + g(, 0, ybpa1)|dy,
(2.24) et Jo

T—+00T

.17
P(z) = lim —/ [p(z, yapr1, Thpar) + p(x, yap:1,0)]dy,
0

. 1 (7
Q(z) = lim —/ [q(z, Tap11, yboa1) + q(x, 0, ybpar)|dy,
0

T—+00oT

and the proof of Proposition 2.2 is more simple. However, this condition is
more strict and difficult to check.

Remark 2.4. Remark if we replace the inequalities in the hypotheses (Hz)-(i),

(ii) by following inverse inequalities:

() Lu>2 /Q s (2011 (2) + ko (@)1 ()] > Lo,

Lis > 2 /Q o (2) 11 () — ko (2)pon (2)]dz > Lon.

(ii) Ly > / kl(l')(pn(l')dl' > Lgo,
Q

L01 > / kQ(.T)(pgl(.T)dl‘ > LOQ,
Q

then by applying Saddle Point Theorem, we can prove that the problem (1.1),
(1.2) also has at least weak solution in FE.
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