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A NONCONFORMING PRIMAL MIXED FINITE ELEMENT
METHOD FOR THE STOKES EQUATIONS

SUNGMIN CHO AND EUN-JAE PARK

ABSTRACT. In this article, we propose and analyze a new nonconforming
primal mixed finite element method for the stationary Stokes equations.
The approximation is based on the pseudostress-velocity formulation.
The incompressibility condition is used to eliminate the pressure vari-
able in terms of trace-free pseudostress. The pressure is then computed
from a simple post-processing technique. Unique solvability and optimal
convergence are proved. Numerical examples are given to illustrate the
performance of the method.

1. Introduction

Basic mathematical models in fluid and solid mechanics are expressed in
terms of a set of partial differential equations with the physical unknowns such
as pressure, velocity, stress, and/or an appropriate energy variable. For exam-
ple, the original physical equations for incompressible Newtonian flows induced
by the conservation of momentum and the constitutive law are given by the
stress-velocity-pressure formulation [18]. The name and many of the original
concepts for the mixed methods are originated in solid mechanics where it was
desirable to have simultaneous approximations of certain quantities of inter-
est. For the Stokes equations governing flows of incompressible viscous fluids,
Galerkin mixed methods based on the pressure-velocity formation are well-
understood [19]. The pseudostress-displacement formulation was proposed by
Arnold and Falk [2] for the equations of linear elasticity which does not require
symmetric tensors and hence facilitates the use of Raviart-Thomas mixed finite
elements developed for scalar second order elliptic equations. The pseudostress-
velocity formulation is then exploited to study first-order div least-squares finite
element methods for the Stokes system by Cai, Lee, and Wang [12].
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Primal mixed finite element methods have been studied for diffusion and
heat equations [3, 4, 11, 14, 20, 23, 24]. The method gains popularity thanks
to the following features. First, it has a local mass conservation property
and conserves fluxes node-wise. Nodal fluxes are of interest in some appli-
cations. For example, nodal fluxes are related with nodal forces in structural
mechanics. Moreover, the primal mixed finite element method can resolve layer
structures for solutions to partial differential equations such as semiconductor
device equations, especially drift-diffusion equations [11, 23]. Second, the pri-
mal mixed method provides a softening of the quadratic form associated with
the principal part of model equations and it is a starting point of study of
the method of enhanced assumed strains, which is popular in computational
mechanics [6, 7, 8, 25, 26].

For applications to computational fluid dynamics, finite element methods of
nonconforming type are attractive since they easily fulfil the discrete version
of the inf-sup condition [17, 19]. Another advantage of nonconforming finite
elements is that the unknowns are associated with the element faces so that
each degree of freedom belongs to at most two elements. Various applications of
dual/primal mixed finite element methods can be found in [1, 10, 15, 19, 21, 24].
In this paper, we use the incompressibility condition to eliminate the pressure
variable from the Stokes system which yields the traceless pseudostress condi-
tion. We propose and analyze a nonconforming primal mixed finite element
method for the velocity and pseudostress formulation of the Stokes system.
The pressure is then computed from a simple post-processing technique.

The organization of the remainder of the paper is as follows. In the next
section, we explain the pseudostress-velocity formulation for the Stokes prob-
lem and prove unique solvability of the variational problem appropriate for
primal mixed method. In Section 3, a nonconforming primal mixed procedure
is introduced. In Section 4, we derive optimal order error estimates in L2-norm
on the triangular mesh. Numerical results are given in the last section which
supports our theory developed in this paper.

We finish this section with some notations used in this paper. Let R? be
the field of two-dimensional vector space and denote the field of 2 x 2 matrix
functions My. Throughout the paper, we adopt the convention that a bold
Greek character denotes a matrix in My and a bold Latin character in lower
case denotes a vector in R%. For a vector function v = (v1,v2)" € R?, we define

61}1 61}1 a

B v . V1 8’1)2
Vv = 9z Oy divy = — + —

Qvy vy | P) o’

ox oy T Y

and for a tensor function T = (75)1<;,j<2 € Ma, we define

67’11 + 67’12 2

: 0 0

divr = | a7, n o, |, trT = g Tii-
Oz Oy i=1
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The inner-product between vectors and the Frobenius inner-product between
tensors are defined, respectively, by

u-v=uv; +ue and o:7= Z OijTij-
1<i,j<2
We use the standard Sobolev spaces H*®(w) and H§(w) for s > 0 with associated
norm || - ||s.o. We let (-, ), denote the L?(w) inner product. In the case w = Q
the lower index is dropped, e.g., || - lls,o = || - lIs and (-,-)o = (-,+). When
s = 0, we simply write || - oo = || - ||. We define H *(w) := (Hi(w))* as

the dual space of Hf(w). Extending the definitions to vector- and matrix-
valued functions, we let H*(w,R?) (or simply [H*(w)]?) and H*®(w,Ms) (or
[H*(w)]?*?) denote the Sobolev spaces over the set of 2-dimensional vector-
and 2 x 2 matrix-valued functions, respectively. We still use (-, -),, to denote the
L?(w,R?) and L?(w, M) inner product. Also, [[v]|72,) = (V,V)w = [, V- vdz

and ||T||2LQ(W,M2) = (1,70 = [, T : Tda.

2. Pseudostress-velocity formulation
Let © be a bounded polygonal domain in R? with smooth boundary 9.
Consider the Stokes equations:
—vAu+Vp=1£f inQ,
(1) divu=0 in©Q,
u=0 on 99,
where £ = (f1, f2)! is the external body force, v is the kinematic viscosity of the
fluid, and u = (uy, uz)? and p are the velocity vector and pressure, respectively.

To obtain the pseudostress-velocity formulation of (1), introduce a new in-
dependent pseudostress tensor

(2) o=vVu-—pl,

where [ is a 2 x 2 identity matrix. Taking trace of (2) and using the divergence
free condition give

1
(3) p=—jtro.
Also let A : My — My be the deviatoric operator
1
(4) AT =1 — Etr(‘r)l for all 7 € M.

We immediately notice that A is a projection onto the trace-free subspace of
M, and
ker(A) = {fI | f is a scalar function}.

Also, we can easily show that the following properties of the operator A hold,
(Ar,0) = (1,A0),
(AT, AT) = (AT, 7)
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) = (r.7) - 5(or o),
el < il

Then, from (2), (3), and (4), we arrive at kAo = Vu where « is 1. Thus, by
the definition of the pseudostress o, which is not necessarily symmetric, system

(1) can be rewritten as:
(6) kAo —Vu=0 in(,
—dive =f in Q,

with the same boundary condition. It is well-known that the stationary Stokes
equation has a unique solution provided that the average condition

/pd:c:(),
Q

which, together with (3), implies the trace-free condition

/ trodz = 0.
Q
With the function spaces
L= {T € [L2(Q)**%: / trrde = 0} and V = {v € [H}(Q)]*},
Q
we arrive at the following primal variational formulation for the equation (6):

For given f € [L?(Q)]?, find {o,u} € L x V such that

(kAo,T)q — (17,Vu) =0 VT el
(7) { ’ (O',VV)(; = (f,v) VvewVv.

We will find the following lemmas useful in proving the existence and unique-
ness of problem (7). First, we have from integration by parts:

Lemma 2.1. Let v € V. Then we have

/ Vvdzx =0,
Q

/ tr(Vv)dx = / divvdz = 0.
Q Q

The following is well-known (see, for example, [10], [13]).
Lemma 2.2. For any T € L, we have
I llo.2 < [[AT 0,2 + [|divT 0.0

Here and throughout the paper, we use the notation X <Y which means
that there exists a generic constant C' independent of the mesh parameter h
such that

X <coy.

Theorem 2.3. The variational problem (7) has a unique solution.
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Proof. Define the bilinear form b : L x V — R by
b(r,v) = (1,VVv)q.
By Lemma 2.1, for any v € V, we have Vv € L and

b(r,v) _ b(Vv,v)

(8) sup >
rel [ITllo Vvl
Define the bilinear form a : [L?(2)]?*2 x [L?(Q)]**? — R by

(o, 7)o — (kAo,T)q.

= [[Vvllo 2 [Vl

Let B : L — V' be a linear continuous operator such that (Br,v) = b(t, v).
Then we see

kerB = {r€L : br,v)=0 VveV}
= {rel : (r,Vv)o=0 VveV}
= {relL : divr =0}.
It shows that 7 € ker B is divergence free and hence Lemma 2.2 implies
(9) 713 < ||AT|3 = va(T,T), VT € ker B.

Now the inf-sup condition (8) and coercivity condition (9) imply that the vari-
ational problem (7) has a unique solution thanks to the theory of saddle point
problems (see [10], [19]). O

Remark 2.4. Theorem 2.3 implies the solution o belongs to [L?(€2)]**2. Indeed,
it follows from the second equation of (7) that o admits weak divergence and
dive = —f in Q.

3. Nonconforming mixed finite element methods

In this section, we shall consider finite dimensional approximation of our
primal mixed variational formulation given by (7). For this, we consider non-
conforming mixed finite elements. Let {¥}} be a family of quasi-uniform tri-
angulations of Q by triangles T of diameter hp. For triangle T; € Ty, let

I' =09, I :FmaTj, €jk = ekj :6Tj08Tk.

Also, we define &}, to be the set of all edges of T,. Given T' € Tj,, we let E(T)
be the set of its edges, and let £(£2) be the set of all boundary edges of Q, that
is,
EQ)={ecé&h:ec&ET)NT, TeZ}.
In Section 2, we reviewed a primal mixed finite element method for continuous
elliptic problems. To formulate a primal mixed version of discrete problem by
using nonconforming finite elements, we need a finite element approximation
to the space L and V. Define

(10) Ly, = {T eL:7|r € (Po(T))**?, /QtrT = o} :
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Notice that the space Ly inherits the trace free constraint from the space L.
And define the space V}, as follows:

Vi, = {veV:v|r e (Pi(T))>? Njx(v) = Ni;(v) for all j # k,
(11) Nij(v)=0onT; CT},
where N;(v) and N, (v) are the values of v at the midpoint of boundary edge
I'; and interior edge e;i, respectively. And P;(T) is the set of polynomials of
total degree [ on element T'. V), is indeed the Crouzeix-Raviart finite element
space [17]. Note that degrees of freedom for Crouzeix-Raviart spaces can be
given by

(12) /vds Vv eV, Ve €&y

meas(e) J,

Also, let By, be an operator on Ly, corresponding to B and

(13) ker By = {rh €Ln: Y (Th, VV)r =0 Vv €V},
T

Remark 3.1. If 7, € ker By, it is indeed divergence free and satisfies the normal
flux continuity as in the continuous case. To see this, consider each edge e in
&y shared by two elements T and T” of Tp. Denote by 71 the value of the
function 7, restricted to the triangle T" and denote the jump of normal flux by
[th] := 70 -n+ 77 - n’. Take a test function v in (13) as Crouzeix-Raviart
basis function correspoding to the edge e. Then, by the choice of degrees of
freedom and integration by parts, we easily see that

[tr] =0 on edgee,

which implies that
ker By, C ker B.

With (10) and (11), we arrive at the nonconforming discretization of primal
mixed formulation of the equation (7): Find {op,un} € Ly, x V), such that

(14) (kAoh, T)a — Z(Vuh,T)T =0 V1 ely,
T

(15) Z(ah, Vv)r = (f,v)g VveV,
T

We will find the following lemma useful for convergence analysis.

Lemma 3.2. For any wjp, € Vy,, we have the following two properties:

(].6) /VhWh der = 0,
Q
(].7) /tr(Vhwh) dx = 0,
Q

where Vj, denotes the piecewise gradient.
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Proof. The first equation (16) follows from integration by parts. Indeed, we
have

Viwy de = / wp, @ n ds
/, 2 e

= Z Z w, ®n ds + Z wp, ®n ds

Tex | ec £() 7€ e€ ERNE(R) " C
= 0,

where n is the outer unit normal vector and w ® n denotes the tensor product
whose 7j—th component is w;n;. The last equality follows from the choice
of degrees of freedom for the finite element space V}, and the zero boundary
condition. Next, the second equation (17) follows because the trace operator
is linear and bounded. i

Theorem 3.3. The discrete system (14)-(15) has a unique solution.

Proof. To prove the uniqueness of the solution it is enough to show that o, = 0
and up = 0 when f = 0. Assuming f = 0 in (15) implies that o, € ker By,
Taking T = o, and v = u;, leads to (k Aoy, o) = 0 and so Ao, = 0. Tt follows
from Lemma 2.2 and Remark 3.1 that o;, = 0 because o}, € ker By, is divergence
free. Next, by taking 7 = Vuy, in (14), we easily see that u;, = 0 thanks to
edge midpoint continuity and the homogeneous boundary condition. (|

In the next section, we derive the error estimate for the above finite element
approximation.

4. Error estimates

For the error analysis of nonconforming finite element methods, it is conve-
nient to use mesh-dependent norms and seminormes:

IVllen = QIvIE )Y for T € T
T

Notice that the nonconforming finite element space Vj, contains a conforming
finite element subspace X; C V of piecewise linear polynomials. We suppose
that the following assumptions on the conforming subspaces X, C V and Y, C
[L2(£2)]2*2 of piecewise polynomials of degree 1 and degree 0, respectively, are
fulfilled:

[H1] There is an interpolant P : [H*(Q)]?> — X, C V}, such that for [, with
0 <1 <1 the estimates

(18) v—Pvlir S Wilvler Yve [HXT)?,
(19) v=Pvlloe S Bvba Vv e [HATIP,
[H2] There is a projection II : [H(T)]?*? — Ly, satisfying the estimate

(20) ||T—HT||07T < hT|T|17T VT e [Hl(T)]2X2.

~
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Note that the Clement interpolant is an example satisfying [H1] (see [16]).
Next, let II be an L2 (Q)-orthogonal projection onto Y. If we define
- 1 -
IIr :=1Ir 9 /., tr(Ilr)1,
then IIT satisfies the trace-free condition and the assumption [H2] holds.

We note that Ilo — o does not belong to ker By, and we have difficulty
in applying the saddle point theory in the convergence analysis. To obtain an
element of ker By, we need to add an appropriate function to it. Similar idea has
been applied, for example, to study unsteady Darcy flows in porous media [5].
Here we present a modified proof to fit in the trace-free pseudostress-velocity
formulation.

Lemma 4.1. Let the exact solution o belong to V. Then there exists a function
X, orthogonal to ker By, C Ly, such that llo — o, + x;, belong to ker By, and

(21) (b
Proof. Consider the following auxiliary problem of finding x; € Lj such that

0.0 Shlla|ae.

b(xp,vn) =blon, — o, vy) Vv, € Vi

The inf-sup theory guarantees a unique existence of such function x,€ (ker Bp,)*
C Ly, so that x;, = Vwy, in each T for some wj, € Vj, and x;, is trace-free.
Moreover, we have

b(XpsVh) blop, — o, vy)

Ixnlloo < sup —="—= = sup
VREV) th”Lh VLEV) ||VhH1,h

To estimate the right-hand side, consider each edge e in &, shared by two
elements T and T” of ¥;. Denoting by v. the common mean value of the
function v, |7 and vp|7r on e, and by &, - n the mean value of o - n. Then, it
follows from the orthogonality of the projection II, (15) and Remark 2.4 that

b(Ilo — op,vy) = blo—op,vy)

= Z {(a,Vvp)r — (£, vi)r}
TeT),

= Tgh {(divo’+f,vh)T+/aT(0'~n)vh ds}

= (o -n)[vy]ds
% fieme

= (0 -n—6. n)(vy|r — Ve)ds
zu :

+ /(o’ n' —a.-n)(vy|r — {fe)ds),

where [vy] denotes the jump of v;, on edge e.



A NONCONFORMING PRIMAL MIXED METHOD 1663

By using the affine transformation that maps a reference element T onto T
and a generalized Bramble-Hilbert lemma, we have that

/(0' n—0. -n)(vplr —ve)ds| < h|l6-n-—a.- n||1,TH‘A’h - {’eHl,T
e

S hle 'n|1,T |‘A’h|1,T

S hlleflrlivalr

In the last inequality we use the switching back to 7' argument. A similar

calculation on T’ and summing these estimates on e then complete the proof
of (21). O

Now we are in a position to prove the main theorem of this section.

Theorem 4.2. Let the exact solution o and u belong to [H(2)]**? and
[HS ()% N [H?(2))?, respectively. Then, the error estimates for the method
(14) and (15) hold:

lo—aullon < hlofie
[u—wnllin < A(ul2o+llolia)

Proof. First, we start with estimating ||o—o3||. Using the projection operator
IT defined in (20), we have

lo = onllor < |[Mo —onllor + [l —To|for.
From Lemma 4.1, we can choose a function x,, € (ker By)* such that Ilo —
oy + X € ker By,. It follows that
Mo —onloe < [Ho—on+xulloo+| —xulloe
and the first term in the right-hand side can be estimated as follows: For
simplicity, letting & = Ilo — o5, + X,, We have
o —on+xulle S AU o+ x50
— (A(llo — o4 — 0+ 0 +X,) F)a
(A(lle — o + x1),6)a + (Alo — on),5)a

< ||H0'*U+Xh||0,£2|\5'|\0,szJrZV(V(u*uh)a&)T
T

< ("o —aloo+ Ixnllo.o)laloe

< lefie +llollie)llallo.q.

Here, > (V(u —uy),6)r = 0 follows in view of the fact & € kerBj, C kerB.
Collecting the above estimates leads to the desired result for the pseudostress
variable with Lemma 4.1.

Next, for the interpolation operator P : [H?(2)]? — X}, defined in (18), we
have

IV(a—up)llor <[[V(Pu—upn)llor +[IV(a— Pu)llor.
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To estimate the first term, take 7 = Vjw where w = Pu—uy. Then fQ trm =0
by Lemma 3.2 and we have

Pu uh )T

[[Vi(Pu—up)lloe < sup
’ TGL;L; |T||QQ

Now, it follows that

Z(V(Pu—uh),T)T = Z( V(Pu — u), T+Z (u—uy),7)r

T T
= (V(Pu—u),7 )Q+(A(U—0h)a 7)o
< ([[V(Pu—u)llo.q + [[Ale = an)llo.0)lIT]lo.e
< (IV(Pu—u)lfo,0 +[lo = onllo.a)llrllo.q
S (hfulz,o +Rllefle)llTllo.q;,
which completes the proof of the theorem. O

5. Numerical experiments

In this section we demonstrate the numerical behavior of the proposed
method (14) and (15) for some test examples. To compute numerical solutions
of the Stokes equations in the domain = (0, 1) x (0, 1), we use the nonconform-
ing (P;)? finite elements for the velocity approximation and (FPy)?*? elements
for the stress approximation. All computations were written in MATLAB and
errors were measured in the L, norm.

Example 1 (Smooth polynomial solution). The right-hand side and the bound-
ary conditions for the Stokes problem are chosen such that

u(z,y) = (@®(1-2)’y(1-y)(1-2y), —y*(1 —y)’z(1 - 2)(1 - 22))
p(xa y) = Yy—-x

is the exact solution.
In Tables 1 and 2 we display various errors for stress, pressure, and velocity
where h denotes the mesh size.

TABLE 1. Convergence rates of o and p for Example 1

1/h || | convergence order || | convergence order
4 0.1076 . 0.0652 .

8 0.0530 1.0205 0.0311 1.0705

16 0.0262 1.0173 0.0151 1.0421

32 0.0130 1.0091 0.0151 1.0421




A NONCONFORMING PRIMAL MIXED METHOD

1665

TABLE 2. Convergence rates of Vu and u for Example 1

h [ [[Vu— Vu,

lo.,0 | convergence order || [lu —uspllo,n | convergence order

4 0.0553 . 0.0042 .

8 0.0297 0.8974 0.0012 1.8232
16 0.0152 0.9657 0.0003 1.9376
32 0.0077 0.9888 0.0001 1.9792

Each table confirms that the convergence order of o, p, and Vu converges 1
with the Ly norm as proved in Section 3. The right side of Table 2 suggests that
the velocity error measured in the Lo norm is of the second order as expected.

Example 2 (Trigonometric smooth function). Consider the Stokes equations
with the exact solution given by

u(z,y) = (sinmz?sin2mry, — sinmy?sin27z)
p(z,y) = cosmxcosTy.

As we see from Tables 3 and 4, we have similar results as in Example 1 for the
trigonometric function.

TABLE 3. Convergence rates of o and p for Example 2

1/h ] lle —oulloe | convergence order || [Ip — palo,o | convergence order
4 2.5143 . 0.6498 .

8 1.2460 1.0128 0.2847 1.1906

16 0.6209 1.0049 0.1340 1.0872

32 0.3101 1.0017 0.0656 1.0308

TABLE 4. Convergence rates of Vu and u for Example 2

1/h ][ [[Vu = Vuy|[o,0 | convergence order || [[u — up|fo,o | convergence order

4 2.3403 . 0.0836 .

8 1.1792 0.9889 0.0214 1.9634
16 0.5913 0.9958 0.0055 1.9620
32 0.2959 0.9988 0.0014 1.9858

Example 3 (Lid-driven cavity flow). Consider the lid-driven cavity flow prob-
lem in a square cavity [—1,1] x [—1,1] with the lid moving from left to right.
We impose leaky boundary conditions, that is, {y =1; -1 <2 <1 | u; =1}.
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The incompressibility condition implies that there exists a scalar stream
function ¥ :  — R, uniquely defined up to an additive constant, such that

1o} 1o}
(22) LH:a_Zj}’ ’U,Qifa—i}.
We deduce that
a’u,g 81&1
2 V= 2 T
(23) R

where w is the two-dimensional (scalar) vorticity variable that acts in a direction
orthogonal to the xzy plane. In order to illustrate the Moffatt eddies (small
counter-rotating recirculations) in the bottom corners, we plot exponentially
spaced streamlines in Figure 1 (right) as in [22].

As it can be seen in Figure 1 (left), the Stokes driven-cavity flow pressure
solution is anti-symmetric about the vertical centerline and pressure is zero on
this centerline.

FIGURE 1. Pressure plot (left) and exponentially distributed
streamlines (right)
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