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INCLUSION AND NEIGHBORHOOD PROPERTIES OF
CERTAIN SUBCLASSES OF p-VALENT ANALYTIC
FUNCTIONS OF COMPLEX ORDER
INVOLVING A LINEAR OPERATOR

AsHOK KUMAR SAHOO AND JAGANNATH PATEL

ABSTRACT. By making use of the familiar concept of neighborhoods of
analytic functions, we prove several inclusion relationships associated
with the (n,d)-neighborhoods of certain subclasses of p-valent analytic
functions of complex order with missing coefficients, which are introduced
here by means of the Saitoh operator. Special cases of some of the results
obtained here are shown to yield known results.

1. Introduction

Let A,(n) denote the class of functions of the form:

(1.1) f(z):zp—l—Zap_,_kszrk (p,neN={1,2,...})

k=n
which are analytic and p-valent in the unit disk U = {z € C : |z|] < 1}. For
convenience, we write A,(1) = A, and A;(1) = A.

For functions f and g, analytic in U, we say that f is subordinate to g,
written as f < g or f(z) < g(z) (¢ € U), if there exists a Schwarz function w,
which (by definition) is analytic in U with w(0) = 0, |w(z)| < 1 and f(z) =
g(w(2)), z € U. Furthermore, if the function g is univalent in U, then we have
the following equivalence relation (cf., e.g., [14]; see also [15]):

f(2) < g(2) <= f(0) = g(0) and f(U) C g(U).

For functions fj(z) = Y pepak 2" (j = 1,2) analytic in U, we define the
Hadamard product (or convolution) of f; and fa by

(fi*f2)(z) = Zak,mk,zzk =(fax fi)(z) (2€0).
k=0
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A function f € Ap(n) is said to be p-valently starlike of complex order b and
type p, that is, f € S, ,,(b, p), if it satisfies the inequality:

(1.2) Re{p+%('zﬁg) —p)} >p (beC =C\{0},0<p<pzel).

Analogously, a function f € A,(n) is said to be p-valently convex of complex
order b and type p, that is, f € Cp, (b, p), if it satisfies the inequality:
(1.3)
1 1
Re{erg <1+ ZJJ:’(,(Z?) p)} >p (beC'=C\{0},0<p<p;zel).
From (1.2) and (1.3), it follows that

€ Cyn(b,p) = # € 8% (b.p).

In particular, for p = n = 1, the classes S ,,(b, p) and Cp, (b, p) reduce to the
classes §*(b, p) and C(b, p) of starlike functions of complex order b and type
p, and convex function of complex order b and type p(b € C*;0 < p < p),
respectively, which were introduced by Frasin [9)].

Setting p = 0in S*(b, p) and C(b, p), we get the classes S*(b) and C(b). These
classes of starlike and convex functions of order b were considered earlier by
Nasr and Aouf [17] and Wiatrowski [27], respectively (see also [8] and [26]). We
further observe that S; (1, p) = S, (p) and Cp1(1, p) = Cp(p) are, respectively,
the classes of p-valently starlike and p-valently convex functions of order p (0 <
p < p) in U. Also, we note that S7(p) = S*(p) and C1(p) = C(p) are the usual
classes of starlike and convex functions of order p(0 < p < 1) in U. In the
special cases, $*(0) = §* and C(0) = C are the familiar classes of starlike and
convex functions in U.

Furthermore, let Ry, ., (b, p) denote the class of functions in Ap,(n) satisfying
the condition:

Re{p+1 (f'(z) —p)}>p (beC =C\{0},0< p<p;zel).

b\ 21

We note that R, (1, p) is a subclass of p-valently close-to-convex functions of
order p (0 < p < p) in the unit disc U.
Let ¢, be the incomplete beta function defined by

(1.4) opla,cz) = 2P + i %z“k (z €U),
k=1 K

where a € R,c € R\ Z;,Z; = {0,—1,-2,...} and the symbol (z); denotes
the Pochhammer symbol (or shifted factorial) given by

() = 1, (k=0,2 € C*=C\{0})
" e+ 1)@+ k—1), (keN,zeC).
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With the aid of the function ¢,, given by (1.4) and the Hadamard product,
we consider the linear operator £,(a,c) : A,(n) — A,(n) defined by

(1.5) Ly(a,c)f(z) = ppla,c;z)* f(z) (z € U).
If f is given by (1.1), then from (1.5), it readily follows that

(16) Laaf) =2+ Wy vtk (e,
k=n (C)k
The linear operator £, (a, ¢) on the class A, was studied by Saitoh [23], which
generalizes the linear operator £;(a,c) = L(a,c) introduced by Carlson and
Shaffer [7] in their systematic investigation of certain interesting classes of
starlike, convex and prestarlike hypergeometric functions.
It follows from (1.6) that

z (Ep(a,c)f)/ (2) =aly(a+1,¢)f(z)—(a—p)Lpla,c)f(z) (f € Ap(n);z € ).
We also note that for f € A,
() Lolaa)f(2) = f(2)
(i) Lp(p+1,p)f(2) = 2L,
(
(i

iil) £,(p+2,p)f(z) = S L2,

v) L,(m+p,1)f(z) = D™P=1f(2) (m € Z, m > —p), the operator studied
by Goel and Sohi [10]. In the case p = 1, D™f is the familiar Ruscheweyh
derivative [21] of f € A.

(v) Ly(v +p,1)f(z) = D"Pf(z) (v > —p), an extended linear derivative
operator of Ruscheweyh type introduced by Raina and Srivastava [20]. In
particular, when v = m, we get the operator D™ *P=1f(2) (m € Z, m > —p).

(vi) Lp(p+1,m+p)f(2) = Lmpf(z) (m € Z, m > —p), the extended Noor
integral operator considered by Liu and Noor [13].

(vil) Lp(p+ 1,p+1—N)f(z) = QP f(z) (—00 < A < p+ 1), the extended
fractional differintegral operator considered by Patel and Mishra [19]. Note
that

/ 2 £
00 1) = £(2,000 () = LEL ana o) = 2 2,

Now, by using the operator £,(a,c), we introduce the following new sub-
classes of p-valent analytic functions in the unit disk U.

Definition 1. A function f € A,(n) is said to be in the class St (a, ¢, p), if
it satisfies the following inequality:

1 {Z (Lp(a,0)f) (2)

(1.7) ‘E (00 /() p}‘<pp (beC*,0<p<p;zel).
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Using the definition of subordination, it is easily seen that (1.7) is equivalent
to the following subordination condition:

2 (Lyp(a,0)f) (2)
Ly(a,c)f(z)
Definition 2. A function f € A,(n) is said to be in the class Rfm(a, Cy iy p),

if it satisfies the following inequality:

(1.8) ’%{pu_u)ﬁp(“ac)ﬂz) 4 Ln0:0))' ()

ZP zp—1

<p+bp—p)z LeC,0<p<p;zel).

—pH<p—p
(beC,0<u<1,0<p<pzel).

Analogously, (1.8) is equivalent to the following subordination condition:

fo1 - 200C) | Lole ) 0

ZP zp—1

}<p+b@—pﬂ

(beC,0<u<1,0<p<pzel).
It may be noted that for suitable choices of the parameters involved in Def-

inition 1 and Definition 2, the classes S}, (a,c,p) and R}, (a,c, A, p) extend
several subclasses of p-valent analytic functions in the unit disc U. For instance,

Example 1.
b
Sh.(p+1Lp+1-2Ap)
=8, (\p) (beC—co<A<p+1, 0<p<p)

1 zﬂg)"p) z))
{reae i (Gre )

which reduces to the class IC,, (p, A\, b, 8) (b € C*, 0 < A <1, 0 < 8 < 1) studied
by Aouf [3] for p = p — 3, the class

SS,n(p){f € Ay(n) : '% (ZJJ:(’EZ)) .

for A = 0 and the class
()
b
= =1 —
Cp,n(p) {f EAP b ( + f/(Z) p
for A\ = 1. The classes S}, (p) and C}, (p) are the subclasses of p-valently

starlike and p-valently convex functions of complex order b and type p(b €
C*, 0<p<p) inl.

<p—mz€U},

)'<pp, beC, 0§p<p;z€U}

)‘<pp, beCr, 0§p<p;z€U}

Example 2.
Rz,n(p+ 17p+ ]- - A,[,L,p)
=R: (A p) (beC*, —co<A<p, 0<pu, 0<p<p)
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P g, (A+2p) £,
- {feAp(n):'((p(l—u)JruA)L L - f”—p> <p—p;zeru}
(M) (Ap) £y
= {fEAp(n)i %(P(l—u)ﬂz pr(Z)JrM(QZ pr) (Z)—p) <p—p;ZGU},

which yields the class considered by Aouf [3] for p=p—8(0 < 8 < 1).
Special cases of the parameters p, A and p in the class Rfm (A, 1, p) yields

b _ mb
Rp,n(ov Ma p) - Rp,n(ﬂ’ p)

= {fEApZH(P(I—N)M‘FM&—p)‘<p—P7 p >0, 0§p<p;z€TU}-

2P zp~1

Ry (1,11, 0) = Py (11, p)
- {feAp:‘})((wuup))
(iii)
RY (11,1 B) =RE (1, B)
= {feAp:’%(f’(z)+uzf”<z)—1)‘ <6,u20,0<6§1;z€U}-

The class R (i, 3) was studied by Altintas et al. [6].
Let T,(n) be the subclass of A, (n) consisting of functions of the form:

OO

pzP=t  Tppm?

fp>’<pfp, u =0, 0§p<p;z€U}~

(1.9) [ =2 =3 ™ (apen 2 05 pon e N).
k=n

We write T1(1) = T.

We denote by ggm(a, ¢ p), 752,” (a, e,y p), ggn(p) and C~gn(p), respectively,
the classes obtained by taking the intersections of Sgn(a, ¢ p), ’ngn(a, Cy iy p),
S) .(p) and Ch , (p) with T,(n). We also observe that

Sii(p) =8(p) and Ci,(p)= Clp) (0<p<1)

are the subclasses of 7 studied by Silverman [24].

Various further subclasses of ggn(a, ¢, p) and ﬁg,n(a, ¢, i, p) were studied in
many earlier works (cf., e.g., [5], [6], [16], [20] and [25]; see also the references
cited in these earlier works).

The object of the present paper is to investigate various properties and char-
acteristics of functions belonging to the subclasses ggn (a,c, p) and ﬁgﬁn(a, ¢,
i, p), which are introduced here by means of the Saitoh operator. Apart from
deriving a set of coefficient inequalities, we establish several inclusion relation-
ships associated with the (n,d)-neighborhoods of functions belonging to these
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subclasses of p-valent analytic functions (with missing coefficients) of complex
order. Relevant connections of the results obtained here with some earlier
investigations are also pointed out.

2. Preliminaries
To prove our main results, we need the following definition and lemmas.
Definition 3. A sequence {c;}7°; of complex numbers is said to be a subor-
dinating factor sequence, if for any g(z) = z + Y o, dr2* € C
oo
chdkzk <g(z) (d1=1;z€0).

Wilf [28] established the following criterion for a sequence of complex num-
bers to be a subordinating factor sequence.

Lemma 1. A sequence {cx}3°, of complex numbers is said to be a subordinat-
ing factor sequence if and only if

o0
(2.1) Re{1+22ckzk}>0 (z €U).
k=1
We give a necessary and sufficient condition for a function in 7,(n) to be in

the class §g7n(a, ¢, p).

Lemma 2. Let the function f be given by (1.9). Then f € gg,n(a,c, p) if and
only if

k4 (p— p)lbl [(a)
22) D P G

The result in (2.2) is sharp.

Proof. Suppose f, given by (1.9) belongs to the class §g7n(a, ¢, p). Then from
(1.7), it follows that

IRELATELIE
Ly(a,c)f(z)
and by using the series expansion of £,(a,c)f(z) (c.f., Eqn.(1.6)) in the above
expression, we obtain

—p}>—<p—p>|b| (0<p<pze),

—(p—p)bl (z€0).

Syl
n(
(2.3) Re =
13 o
-~ Qptkz
(©)k
Setting |z] = r(0 < r < 1) in (2.3) and noting the fact that for » = 0, the
resulting expression in the denominator is positive, and remains so for all r €
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(0,1), the desired inequality (2.2) follows upon letting » — 1~ through real
values.
To prove the converse, we let |z| = 1. Then by using (1.6), we find that

’{fiéééﬂgflilézz__p}’ ";§Ik£%§§ap+kzk

(2.9 .
I
< iz O (zeU)
Lyl
2. (o]

The expression in (2.4) is bounded by (p — p)|b|, provided
K@) o (@)l
ap+k < (p—p)[b] | 1 - Aptk
2 el 2 1@

which is certainly true by using the maximum modulus theorem and the as-
sertion (2.2). Thus, in view of (1.7), we deduce that f € S}, (a,c,p), which
evidently completes the proof of Lemma 2. (I

The result in (2.2) is sharp for the functions

SR ey L[ R SS
Mo = ol FEmecsR o=l

Remark 1. (i) A special case of Lemma 2 when ¢ = A+ 1 (A > —1) and
p=n=>b=c=1 was given earlier by Ahuja [1]. Further, if in Lemma 2 with
a=2,n=p=>b=1, weset c =2 and ¢ = 1, we shall obtain the familiar
results of Silverman [24].

(ii) Puttinga =p+1,c=p+1—-A(—co<A<p+1l)and p=(p—03) (0 <
B < 1) in Lemma 2, we get the result obtained by Aouf [3, Lemma 1]. Also, in
Lemma 2 witha=p+1, n=5b=1, if we set c=p+ 1 and ¢ = p, we obtain
the results of Owa [18].

(iii) Settinga=A+1 (A > —-1),c=p=landp=1-5(0<f<1)in
Lemma 2, we get the result obtained by Murugusundarmoorthy and Srivastava
[16].

Our proof of Lemma 3 given below is much akin to that of Lemma 2, so we
omit the details.
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Lemma 3. Let the function f be defined by (1.9). Then f € ﬁgﬁn(a, C,ly p), if
and only if

. (p+ uk) ()l
(25) 2 o e S T

The result in (2.5) is sharp for the functions

k=n

o @=P)bIOk] _pir —
fi(z) =2 (p+uk)|(a)k|z (k>n,a,c e R\ Zy;z € ).

Remark 2. (i) If in Lemma 3 witha=p+1,b=n =1, we set c=p+ 1 and
¢ = p, our result corresponds to the work of Lee et al. [11, Lemma 2] and Aouf
[2, Theorem 1], respectively.

(ii) Puttinga=A+1,c=p=land p=1—-0 (0 < 8 < 1) in Lemma 3, we
get the result due to Murugusundarmoorthy and Srivastava [15, Lemma 2].

(iii) As a special case of Lemma 3 when a = p+1,¢ =p+1—XA (—oco < A < p)
and p = p(1 =) (0 < 8 < 1), we get the corresponding result obtained by
Aouf [3, Lemma 2].

3. Inclusion relationships involving the classes gz’n(a, ¢, p) and
R}, . (a; ¢, 1, p)
Unless otherwise mentioned, we assume throughout the sequel that
beC*=C\{0}, a,c>0, p>0and0 < p <p.
We first prove:

Theorem 1. If
a(p — p)
a+n)+(p—p)bl’

xw=p—
(
then
Qb cb
Spnla+1,cp)CSy (a,c ).
The result is the best possible.

Proof. Let the function f, given by (1.9) be in the class gz,n(a +1,¢,p). Then
by using (2.2), we obtain

oo

k+(p—p)bl (a+ 1)
Z (p—p)Ib| (©)k

To show that f € ggn(a, ¢, »), in view of (3.1), we need to find the best possible
value of s such that
bt (bl @i k4o plbl @t s
(p =390l (o) (e=p)lbl ()

(3.1) apix < 1.

k=n
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which is equivalent to

a(p —p)
(3.2) %Sp—a+k+@_pm|(kZM-

Since the right hand side of (3.2) is increases with k, letting k = n in (3.2), we
get the required result. O

It is easily seen that the result is the best possible for the function
(=P e
(n+(p=p)bh(a+1)n

Setting a = ¢ = p in Theorem 1, we get the following result which yields the
corresponding work of Silverman [24, Theorem 7] forp=n=>b=1.

(3.3) f(z) =27 —

(z € ).

Corollary 1. We have
b 3b
Cp,n(p) C Sp,n(ﬁ)’
where
p(n+p+(p—p)b)
p+n+(p—p)lb|

The result is the best possible.
Similarly, we can prove the following result.

Theorem 2. If

~ alp—p)
é—pfjﬂjr

3

then
5b b
7?’p,n(a + 1) Cy 1y p) C Rp,n(aa Gy Wy 6)
The result is the best possible for the function
(0= P i
(p+pn)(a+1),
For A > —p, we define a linear operator F) , : Ap(n) — Ap(n) by

fz) =2 — (z €U).

34)  Fa,(f)z) = 222 / PR (f € Ayn); 2 € D),

ZA 0

If f is given by (1.9), then it follows from (3.4) that

+ A
(3.5) Fap(f ZpikJr)\apszJrk (A> —p;z € U).

Now, by employing the techniques that proved Theorem 1 and using (3.5), it
can be shown that:
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Theorem 3. For f € A,(n), if Fap(f) is given by (3.4) and

a(p+AN(p—p)
a(p+ )+ (a+n+p+N)(n+(p—p)bl)’

=p—
then
Fro (Shnla+1,¢.0)) €8 (a7

The result is the best possible for the function f given by (3.3).

4. Inclusion relationships involving neighborhoods

Following the earlier investigations by Goodman [11], Ruscheweyh [22] and
others including Altintas and Owa [4], Altintas et al. ([5] and [6]), we first define
the (n,d)-neighborhood of a function f € A,(n), given by (1.1) as follows:

Tnolf) = {g € Ap(n) : g(z) = 2" + Z bp+z? T and

k=n

— (k+ (p = p)Ib]) (@) _
(41) ; (p — p)|b|(C)n |b10+k - a’P+k| < 676 > 0} )
N,s(f) = {g e Ay(n):g(z) =2 + Z bp+kzp+k and
k=n
(4.2) Z(p+k)|bp+k_ap+k| §5;5>0}.
k=n

In particular, for the identity function e(z) = 2P (p € N; z € U), we immediately
have

Nns(e) = {g € Ap(n) 1 g(z) =2 + Z bprr2P T and
k=n

(4.3) i(p+k)|bp+k| 35;5>0}-

k=n

Throughout this presentation, we shall make use of the following simplified
notations:

T 5(f) =T s (/)T (n), Nif 5(f) = Nuvs (/)T (1) and N 5(€) =No 5(e)N T (n).

To establish our results, we need the following lemma.
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Lemma 4. Let the function f € Ay(n) be given by (1.1). Then f € S8}, (a, ¢, p)
if and only if

(4.4)
Lo+ =pha)z
»Cp(a,zi)f(Z) . (1(17_—;2)(”” £0 (jz|=1, 2 #1;0< |z] < 1).

Proof. From (1.7), it follows that
2 (Lp(a,0)f) (2)
Ep(a” C)f(z)
for all z € U with |z| = 1 and x # 1. Since z (L,(a,c)f) (2)/Ly(a,c)f(z) takes
the value p at z = 0, (4.5) is equivalent to
—1)2P P
Lyl 0fe) e { L k- k(o )Lyl 0] () £0

0< |2 <1)

(4.5) fe8) (acp) = #p+(p—pba

or, equivalently

Ly(a,c)f(z) *{p (p—1z p+@-—phz
2P (1—2)2 1—z2

}¢0(0<m<m,

which reduces to our assertion (4.4). The converse part follows easily by re-
tracing back the steps that proved (4.4). This completes the proof of Lemma
4. O

Theorem 4. If the function f € Ay(n) satisfy

f(z) +e2¥

(46) 1+e¢

b .
€ Spyn(a,c, p) (e €C,le| <§;0 >0),

then
Tn,5(f) C Sg,n(av (& p)

Proof. In view of Lemma 4, we note that a function g € Sgn (a,c, p) if and only
if
(9% h)(z)

zP

(4.7) £0 (z€U),

where for convenience

k—(p—p)bz(a)

(p—p)ba(c)k (lzl=1,2z # 1,k = 1).

oo
h(z):zp+z cprk2PTF with cpyp=—
k=1

It is easily seen that

(k+ (=)@ 5 4y

ler ekl < T bl -
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Using (4.6) and (4.7), we deduce that
f(z) +ezr

* h(z)
1+ Ezp #0 (ze0)
or, (f xh)(z)/zP # —e, which is equivalent to
(4.8) ‘% >0 (0>0;z€U).

Let g(2) = 2P + > p,, bp+x2P ™" € T, 5(f). Then

oo

((g = f) xh)(2) K
-, |~ (bp+k — api)Cpirz
‘ g 1;1 +k +k)Cp+k
(k + (p— p)[b])(a)x C ;
(49) < |Z| ]; p D |b|( ) |bp+k ;D+k| <90 ( € U)
Now, with the aid of (4.8) and (4.9), we obtain
o) 5 || o= DN (e

2P zb 2P

which in view of (4.7) implies that g € Sgn(a, ¢, p) and the proof of Theorem
4 is thus completed. (I

Theorem 5. If f € ggn(a +1,¢,p) and 5y =n/(a+n), then
Trj_dl (f) C Sz,n(aa c, p)
The result is the best possible in the sense that 1 cannot be increased.

Proof. Let f, given by (1.9) be in the class g’z,n(a +1,¢,p). Then by (2.2), we
have

i k+(p—p)lb| (a+ 1)

a <1
Z p-pltl  (r T

so that

=kt (0 p)lb] (a) a
4.10 a < .
(4.10) 2 o B @ S atn
Assuming that the function g € 7,(n) defined in U by
(4.11) g(z) = 2P — Z bprk2P T (2 € 1)

is in the set T:, (f), we deduce from (4.1) that

(4.12) Z & —7) |b||(b|))( L bpsk — apik| < 01

k=n
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Now, with the aid of (4.10) and (4.12), we obtain

o0

(k+ (p—p)Ib])(a)k
D PR T

)
S EE @@L, S 0 ol

p+k

< Gp+k
—  (p—p)bl(e)x = p-phller "
< a +4d; =1,

a+n

which shows that g € ggm(a, ¢, p).
To see that the result is the best possible, we consider the function f, given
by (3.3) and the function g defined by

g(z) = 2 — (p = p)Ibl(c)n (= p)lbl(©)nd" ] pin
(n+@-=pIb)a+1)n  (n+(p—p)b)(a)

(6" > ;2 € ).

It is easily seen that f € g’z,n(a +1,¢,p),9 € Ts/(f), but g ¢ g’z,n(a,c, 0).
This completes the proof of Theorem 5. (]

Theorem 6. Let f € ggﬁn(a +1,¢,p) and Fap(f) be given by (3.4). If

nn+a+p+A)

Jo =
T ap+ N Fnm+atp+ )

then
T, (Fan(f) € S asc,p).

The result is the best possible in the sense that d2 cannot be increased.

Proof. Let the function f be given by (1.9). Then by using Lemma 2 and
Theorem 3, we get

Ap+k S 1

— (k+ (-1 p+X
2 (p—7)bl(c)  pPH+Ek+A

k=n

from which it follows that

— (k+ (p—p)p)(a)r p+A (p—7)(n+(p—p)b])
W3 Y T T bOr p R S s =)

k=n

Suppose the function g, given by (4.11) belongs to the set T, 5 (Fxp(f)). Then
by using (3.5) and (4.1), we deduce that

(4.14) i (k+ (= p)bD (@) |, P+ A .

E— 0~ 3 0pt+k| >
= bl |7 pFAFET
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Thus, in view of (4.13) and (4.14), we obtain

= (k4 (0 — p)lbD) ()
,; (p—plbl(c)e "

— (k+(@—pb)(@)r p+A
Sgl @ Pk prhkra

__ptr

— (k+ (p— p)[b])(a)x
*; (v — P)bl()
(p—7)(n+(p—p)b])

~ (p=p)n+(p—1)b])

To show that the result is the best possible, we consider the function f, given
by (3.3) and the function g defined by

o(2) = 7 — (p— p)Ibl(c)n ( a(p+A)
(n+(—pIb)(a)n \(a+n)(n+p+A
(8" > ;2 € U).
It is easily seen that f € ggm(a +1,¢,p) and g € T;(S,(.Fﬂ)\(f)), but g ¢
ggm(a, ¢, p). This proves the assertion of Theorem 6. [l

+ 62 = 1.

) + 5/) ZP"F"

Theorem 7. Ifa>c¢>0,|b| <p/(p—p) and

_ (e n)(p—p)bl(c)n
(n+(p—p)lb)(a)n’

then

St (a,c,p) C N;(;s (e).

p,n

Proof. For a function f € g’g,n(a,c, p) of the form (1.9), the assertion (2.2)
immediately yields

(n+ (p (C)P )IbD(a Zaw <(p—p)lbl,
n k=n
so that
ws) Z%+ (p = p)[bl(c)n

(n+(—p)lbl)(a)n
Making use of (2.2) again, in conjunction with (4.15) and the fact that |b] <
p/(p— p), we get
a)n a
S 0+ Ko < (= IO+ (0= (0= 1D (3 Z -
n k n

(c)
(a)n (p = p)[bl(c)n
(©)n (n+ (p—p)[b])(a)n

=n

<(p—p)bl+ (- (p—p)b])
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_ (n+p)
n+(p—p)[b|
that is,

oo

(n+p)(p—p)bl(c)n
2+ Raper < G ), %

which, in view of (4.3) establishes the inclusion relation asserted by Theorem
7. O

Remark 3. (i) As a special case of Theorem 7 when p = b = 1, a = ¢ and
p=0b=c=1, a =2, respectively, we get the results due to Altintag and Owa
[4, Theorem 2.1 and Theorem 2.2].

(ii) Fora=A+1(A>—-1),c=p=1land p=1—-5 (0 < 8 <1), Theorem 7
corresponds to a result of Murugusundaramoorthy and Srivastava [16, Theorem
1].

(iii) A result due to Aouf [3, Theorem 1] can deduced from Theorem 7 by
takinga =p+ 1, c=p+1-X20<A<landp=p—5(0< s <1,
which in turn yields the corresponding work of Altintag et al. [5, Theorem 1
and Theorem 2] forp=1,a=¢c,p=00<f<1)anda=2,p=c=1,
a=c, p=0(0<p <1), respectively.

In an analogous manner, by applying the assertion (2.5) of Lemma 3 instead
of the assertion (2.2) of Lemma 2 to the functions of the class ﬁgyn(a, C thy P),
we can prove the following inclusion relationship, which in turn yields the
corresponding result obtained by Murugusundaramoorthy and Srivastava [16,
Theorem 2] fora =A+1 (A > —1),c=p=landp=1-0<pB<1). A
result due to Aouf [3, Theorem 2] can also be deduced by setting a = p + 1,
c=p+1-A20<A<1)andp=p(0<p<1).

Theorem 8. Ifa>c>0, u>1, |b| <p/(p—p) and

(p+n)(p - p)|bl(c)n
(p + pn)(a)y

5y =

then B
Rgﬁn(aa Cy Wy p) C Nn,54 (6)
For function f, given by (1.9) and g defined by (4.11), we define the modified
Hadamard (or quasi-Hadamard) product of f and g by

o0

(fxq9)(2) =22 =3 apirbprnz?™* = (g%, )(z) (p,n €N;z € ).

k=n
Using the notion of modified Hadamard product, for subsets F; and Fs of
Tp(n), we denote

E1®E2:{f*qg:feElandgeEg}.

We now prove:
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Theorem 9. Ifa > c >0 and e(z) = 2P, then
(i) T;r,és (e) ® T;% (e) C ng’yn(a, ¢, p), where

05 = VA{(n+ (p = p)lb)(a)n} /{2 — p)bl(c)n}.

(i) T;f 5, (e) @ N¥ 5. (e) C ggn(a, ¢, p), where 6¢ = /p + n.
The result, in each case is the best possible.

Proof. Let the function f be given by (1.9) and the function g be defined by
(4.11). Suppose that f,g € T:ﬁs (e). Then by (4.1), we have
(4.16)

(B + (0= )bl (@) + (= p)b)(a)k

aprr < 05 and bptr < 0.

kz:; p—p)blx " ,; (p =Pl 7
For a > ¢ > 0, we note that {(k+ (p—p)|b|)(a)x}/(c)k is an increasing function
of k (k > n) so that the first estimate in (4.16) immediately yields

(p — p)[Bl(c)nd
Z“P*’“— (n+ (- p|b|<

which implies that
(p — p)Ibl(c)nds
(4.17) apyr < (k
T+ -0 (0)
Using (4.17) and the second estimate in (4.16), we get
i (k+ (@ —p)lbh(@) by < (p—p)bl(c)nds
D PR el oy gy 7 TP
which again in view of the assertion (2.2) implies that (f x4 g) € g’z,n(a, ¢, p).

To see that the result in part (i) is the best possible, we consider the functions
f and g defined by

>n).

(n+ (p—p)[bl)(a)n

Clearly, f,g € TL;S (e) and (f %4 g) € Sb n(a, ¢, p). This proves part (i) of the
theorem.
To prove part (ii), we assume that f € TJ% (e) and g € N:;(;G (e). Then

= (k+ (p = p)lb]) (@) >
2 T b =% and D et By < b

Thus, bpyr < d6/(p+n) for £ > n and

f(z):g(z):zp_\/ (p = P)IBI()n 2T (a>c¢> 052 €U).

i(k‘ﬂp—p)lbl)(a)k < %

Apt b ,
= p—plblle T = pan

which in view of (2.2) implies that (f x4 g) € ggm(a, ¢, p).
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Considering the functions f, g defined in U by

0= PNTTn pin ) ot oy
T G- P~ (@ze>0) and g(z) =2F= =,

it is easily seen that f € T;(SG (e),g € N:[(SG (e) and (fxq g) € g’z,n(a, ¢, p) and
the result in part (ii) is the best possible. This completes the proof of Theorem
9. O

f(z) = 27—

Putting a = ¢ in Theorem 9, we have:

Corollary 2. Let the function f be given by (1.9) and the function g be defined
by (4.11). If

(1) Yop (kb + (p = p)lbDaprr < /= p)(n+(p— p)NIB] and 72, (k +
(P = P)IbDbprx < /(0 — p)(n + (p = P)[BDB], then (f x4 9) € S}, (p)-

(i) S5O + (0 — P)bapsr < (b — p)BIVEF T and S50 (p + Wby <
Vo Fn, then (fxq9) € S),.(p). The result in (i) and (i) are the best possible.

Next, we determine the neighborhood for each of the classes

Syo(a,e,pim), Ry (a,c,pp;m) and K, (a,c,p;k)
which we define as follows: _
A function f € T,(n) is said to be in the class S}, (a, ¢, p;n), if there exists
a function g € ggn (a, ¢, p) such that
‘f

(2)
(4.18) )

—1’<77 0<n<1;2z€U).

Analogously, a function f € 7,(n) is said to be in the class ﬁgﬁn(a, Cy iy P; 1),

if there exists a function g € ﬁg,n(a,c,u,p) such that the inequality (4.18)
holds true. _
Furthermore, a function f € 7,(n) is said to be in the class ICfm(a, C, p;K),

if there exists a function g € ggn(a + 1, ¢, p) such that

£ .
Re{g/(z)} >0 (0<p<1;2z€0).

Theorem 10. I[fa>c >0, g € Sfjm(a, ¢, p) and

5, = i+ @ - p)bh(@)n — (p = p)bl(c)n}
(n+(p—p)lb))(a)n ’

then
N’r—:67 (g) c S;Z,n (av G, Ps 77)
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Proof. Suppose f, given by (1.9) belongs to the set N;r(;? (g9), where g, given by
(4.11) satisfy the condition (4.18). Then

Z(p + k)|aptr — bprk| < 07,

k=n

which readily implies that

g a —-b < .
| p+k p+k|_p+n

k=n

Since g € ggn(a, ¢, p), we have from Lemma 2

N (p = P)Ibl(S)n
g;“*§<n+@fpwmwn

so that
’f(z) . 1‘ < Z;O:n lap+k — bp+il
9(2) 1 =370, bptk
3 (n+ (b~ p)1b) (@)nd
(e n{(n+(p—p)bl(a)n — (p— p)Ibl(c)n}
=n (zel).
Thus in view of (4.17), f € ggﬁn(a,c,p;n) and the proof of Theorem 10 is
completed. O

Our proof of Theorem 11 given below is much akin to that of Theorem 10,
and we omit the details.

Theorem 11. Ifa>c¢>0, g € ﬁgyn(a,c,u,p) and

55 = i+ pn)(@)n — (p = p)bl(e)n}
(p+ pn)(a)n

)

then B
N’:,(?g (g) - Rz,n(aﬂ C, W, P5 77)
Theorem 12. Ifa>c¢> 0, |b| < p/(p—p) and

o(p+n)(p — p)lbl(c)n
{n+@-pbl}a+1),’

dg =p(l—0) +

then B
Kfq,n(aa G, p; Q) - Nn,ég (6)

Proof. Suppose that the function f, given by (1.9) belongs to the class

=b . . b . .
Kp.n(a,c,p;k) and the function g € S . (a +1,¢,p) is given by (4.11). Then,

we have
Re { F'(2) } = Re {p — Zl?;n(p + k)aerkszrl }
P = e (P4 K)oy g 2h L
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S P- Y e 0+ K)ap ik
p Zk n(p + k)bp+k

which implies that

(4.19) S+ E)ape <pl—0)+ 5> (p+k)bpsr.
k=n k=n

Since a > ¢ > 0 and the function g € Sb (a4 1, ¢, p), Lemma 2 implies that

o0

(p+n)(p —p)Ibl(c)n
2o R < o G 1),

Thus, by using the above inequality in (4.19), we get the required result. [

Remark 4. (i) Letting a = ¢ = p = b =1 in Theorem 10 and Theorem 12, we
get the corresponding results obtained by Altintas and Owa [4].

(i) Settinga=A+1 (A>—-1),c=p=1b=7v,p=1-0< <1
and n =1—a(0 < a < 1) in Theorem 10 and Theorem 11, respectively, we get
the results obtained by Murugusundaramoorthy and Srivastava [16, Theorem
3 and Theorem 4].

(ii) Takinga =p+1,c=p+1-A(0<A<1),p=1-4(0< f<1)and
n=p—a (0 <a<p)in Theorem 10 and Theorem 11, respectively, we get the
results due to Aouf [3, Theorem 3 and Theorem 4].

5. Subordination results
We now prove:

Theorem 13. Ifa>c >0, f € g’gﬁn(a,c, p), g €C and

_ (n+ (p—p)b)(a)n
2{(n+ (p—p)IbD(a)n + (p = p)Ibl(c)n}’
then
(5.1) [e 2P f(2)] x g(2) < g(2) (2 € ).
Moreover,
(5.2) Re<£p(f3) >—5- (z€l).

If p and n are odd, then the constant factor € in (5.1) and (5.2) cannot be
replaced by a larger number.

Proof. Let the function f be given by (1.9) and g(z) = z + Y pey ck2® € C.
Then

{e2'7Pf(2)} *g(z Zbkckz (z € ),
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where
g, if k=1,
b, =<0, if 2<k<n,
—capyip—1, if k>n+1.
Thus, by Definition 3, the subordination result (5.1) holds true, if {b;}7° is
the subordinating factor sequence. Since
(k+ (0 —p)lbD(@) _ (n+ (= p)[b))(@)n
(©)x - (©)n

we have for |z| =r < 1,

Re {1 +22-2 ) kazk“}

k=n

>0 (k>n),

= - ! 3 n — C)nla P
Re{l +2¢ez [0+ =)D (@ + (0 = PIBI] ;;n[( + (p = p)Ibl)(e)nlap+r }

-1 (n+ (p — p)[b)(a)n 7
- [(n+ (p = p)[b])(a)n + (p — p)[b](c)n]

N (p—p)lbl(c)nr i (k+ (=@,
[(n+(p = p)lo))(a)n + (p = p)Ibl(c)n] = (P — P)IbI(c)k Pk

Thus, by using Lemma 2, we deduce that

Re{l +2Zbkzk}
k=0

B (n+(p—p)bh(a),r _ (p=p)bl(e)nr
[(n+ (= p)b)(a)n + (p—p)bl(c)n]  [(n+ (p—p)b])(a)n + (p — p)[bl(c)n]
=1—7r>0.

This proves the subordination result (5.1).
Letting g(z) = z/(1 — z) (z € U) in (5.1), we easily get the result (5.2), and
considering the function

(p = p)Ibl(c)n
(n+(p— p)Ibl)(a

it is easily seen that f € ggn (a,c, p) and if p and n are odd, then

fle) =" -

) 2T (a>c>0;2€U),

1
1_p — = — —
(2777 f(2)]2=—1 %
so that the constant factor € cannot be replaced by a larger number. [

Setting a = ¢ and b = 1 in Theorem 13, we obtain:
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Corollary 3. If f € §£7n(p), g €C and

o _nt—p)
2{n+2(p—p)}’
then
[e2"7Pf(2)] xg(z) < g(z) (z€N).

Re<f(z)) > L (z € U).

Moreover,

2P~ 2¢
If p and n are odd, then the constant factor € cannot be replaced by a larger
number.

The proof of the following theorem is similar to that of Theorem 13, and we
omit the details.

Theorem 14. Ifa>c¢ >0, f € R? (a,c, i, p), g €C and

_ o+ pr)(a)n
2{(p+pn)(a) + (p— p)bl(c)n}’
then
(5.3) {02 Pf(2)} xg(2) < g(z) (2 €.
Moreover,
(5.4) Re<f£2) >f% (z € U).

Ifp and n are odd, then the constant factor o in (5.3) or (5.4) cannot be replaced
by a larger number.

Remark 5. By suitably specializing the various parameters involved, we can
derive the results (for example inclusion relations and neighborhood proper-
ties) of this paper for many relatively more familiar function classes (see also
Example 1, Example 2, Remark 1 and Remark 2).

Acknowledgement. The authors would like to thank the referee(s) for their
comments and valuable suggestions which improved the presentation of the
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