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STRUCTURE OF SOME CLASSES OF SEMISIMPLE GROUP
ALGEBRAS OVER FINITE FIELDS

NEHA MAKHIJANI, RAJENDRA KUMAR SHARMA, AND J. B. SRIVASTAVA

ABSTRACT. In continuation to the investigation initiated by Ferraz, Goo-
daire and Milies in [4], we provide an explicit description for the Wed-
derburn decomposition of finite semisimple group algebras of the class of
finite groups G, such that G/Z(G) = Cy x C2, where Z(G) denotes the
center of G.

1. Introduction

In this paper, F, denotes a finite field with ¢ = p" elements and G is a
finite group such that F,[G] is semisimple. The group algebra F,[G] and its
Wedderburn decomposition are not only of interest in pure algebra, they also
have applications in coding theory. Cyclic codes can be realized as ideals of
group algebras over cyclic groups [8] and many other important codes appear
as ideals of noncyclic group algebras [2, 8, 9]. With the concrete realization of
the Wedderburn decomposition of F,[G], it is straightforward to produce all
the ideals of Fy[G].

It is known from [6, Theorem 1.2] that any group G, such that G/Z(G) =
Cy x (9, is a direct product of an indecomposable group (with this property)
and an abelian group. Since the structure of a semisimple abelian group alge-
bra follows from the well known theorem due to Perlis and Walker [7, Theo-
rem 3.5.4], we focus on the computation of Wedderburn decomposition of finite
semisimple group algebras of indecomposable groups with this property. In
fact there are five isomorphism classes of such groups [5, Section 3] and Table
1 gives their presentation. In [4], the structure of semi simple group algebras
of these groups was determined over rationals and over those finite fields for
which their Wedderburn decomposition has the least number of components.
In [1], Bakshi-Gupta-Passi studied the problem of computing the primitive cen-
tral idempotents and the Wedderburn decomposition of finite semisimple group
algebras of metabelian groups using the concept of strong Shoda pairs and con-
sequently obtained an explicit description of the primitive central idempotents
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and the Wedderburn decomposition of finite semisimple group algebra of the
groups G1 and Gs.

By applying the theory of Ferraz, developed in [3], we obtain a general
expression for the decomposition of finite semisimple group algebras of groups
in Table 1.

We start by establishing the basic notation. The ring of integers modulo « is
denoted by Z,,, the multiplicative order of v € U(Z,,) is denoted by ord,, (v) and
for any positive integer I, (I,u) denotes the g.c.d. of [ and u. If G is any finite
group, then the order of g € G is denoted by o(g), [g] denotes the conjugacy
class of g in G and 7, denotes the class sum of g. The following notation is
also used:

Cn cyclic group of order n
R™  external direct sum of m copies of the ring R

M(n,K) algebra of all n x n matrices over the field K

TABLE 1. Finite indecomposable groups G with % ~ (O x Oy

G Presentation
Gy (z, y, t|a? y? ¥, tcentral , z~ly lay = 2 )
G| (z, y, t]|az?= y* =t 2" ¢ central , 'y lay = 2 )
Gs (z, y, t1, ta | 2%, Y2 =ta, 13, 13,

t1, ta central , oty lay = t%mlil )
G4 (x, y, t1, to |22 =t1, v =t2, 13, 13,

t1, to central , z 7'y oy = t%mtl )
Gs (@, y, t1, to, t3 | 22 =to, y> =ts, t7 ', 13, 12 °,

t1, t2, t3 central , 7ty tay = t%mtl )

2. Preliminaries
Let K be a field of characteristic p > 0 and G be a finite group.

Definition 2.1. An element g € G is said to be p-regular if p = 0 or p > 0
and (p,o(g)) = 1.

Let s be the L.C.M. of the orders of the p-regular elements of G, £ be a
primitive s root of unity over K and Tg r denote the multiplicative group
consisting of those integers ¢, taken modulo s, for which & — &' defines an
automorphism of K (§) over K.

Observation 2.2. Tgr, ={1,¢,...,¢°" '} mod s, where ¢ = ord,(q).
Definition 2.3. The cyclotomic K-class of v, is defined to be the set
S(vg) = {7t | t € Tk}
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Proposition 2.4 ([3, Proposition 1.2]). The number of simple components of
K[G]/J(K[G]) is equal to the number of cyclotomic K -classes in G.

Theorem 2.5 ([3, Theorem 1.3]). Suppose that Gal(K(§) : K) is cyclic. Let
t' be the number of cyclotomic K-classes in G. If Ki,..., Ky are the simple
components of Z(K|[G)/J(K[G])) and Si,...,Sy are the cyclotomic K -classes
of G, then with a suitable re-ordering of indices, |S;| = [K; : K].

If F is a finite field, Gal(F(§) : F) is cyclic showing that Theorem 2.5 is
applicable to the group algebra F|[G].

In what follows, ¢ = p™, p > 2.

3. Wedderburn decomposition of Fq[G1] and F4[G2]
Consider the presentation of (G; as discussed in Table 1:
(x, y, t] 2% v° 2", t central, z ly ey :t2nlfl>.
The elements of GG; can be written uniquely as
thadyk, 1<i<2™ 0<j<1, 0<k<1.

It is important to note that any group G in this paper has a two-element
commutator subgroup G’ generated by a central element h of order 2 and so
conjugacy classes of a noncentral element w is of the form {w, hw}.

The following are the distinct conjugacy classes of Gi:

(1) [F]={t'}, 1<i<2m,

(2) [tia] = {tix, 2" Tz}, 1 <i<2m L,
(3) [ty] = {tiy, 2" +iy}, 1 <i<2mTl
(4) [tiay] = {tixy, 2" Fiay}, 1<i<2m1L,
Theorem 3.1. If m > 2, then

d)Qmil/d

)

m—1 k+1
FlGi|2F; @ (& Fl, " @ MQF,

where dy, = ordar (q) and d = d,,.
Proof. Since G = (2" "),
G1/Gh

om 1 271171

(x, y, t]a% v t 71, t central, z ly lay =t )

2771.71
, t central, zy = yx)

>z, y, t]a® Pt
= Coym-1 X Oy x Cs.
Thus

F.[G1] = F,[G1/G] & A(G1,GY)

1

Fq[CQm—l X CQ X CQ] & (631 M(?’LZ,Fl))
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~F,Conr]' 0 (6 M ()

i=1
m—1 it1 . el
(31) =5} o ("5 Fi*) @ (& )
for some finite field extensions F; of Fy, n; > 2 and e, > 1.
It is easy to see that Fya is a splitting field of G;. That is

m—1

FpulGi] = Fp™ @ (ﬂi M(W,qu))

q

for some m; > 2.
But 2! + 4 x 2m~1 = 2mF2 Ag a result m; =2V j.
Notice that Fga[G1] = Fya ®r, Fy[G1]. Therefore by the uniqueness of Wed-
derburn decomposition, n; =2 V i.
Foreach k, 1 <k <m—1, let
Af y={i|1<i<2mt (2 ) =2m i)
Ifi e Al,fn_l and s1, sg € TG,]an then

[(t'zy)™] = [(t'zy)*]

& i8] =489 or 189 + 2™ mod 2™

& i8] =isy mod 2m !

& 81 = s9 mod 2F
showing that there are 2*~!/d; distinct cyclotomic F, classes of the form
S(Yeizy)s © € AF, 1 in Gy, each of size dj.

Proceeding in a similar way, the remaining cyclotomic F-classes can be

determined. Therefore Proposition 2.4 and Theorem 2.5 yield

q'k

3
m ¢ m—1 3
Z(F,[Gq]) = (Fq ® & Ff;jk)/d’“) ® (Fq@ o ]Fso@’“)/dk)
k=1 k=1

2m=1/d

m—1 2k+1/dk
F p

~ T4
(32) :]Fq @ P} qdk @ F

and using equations (3.1) and (3.2), we obtain
~ Tl m—1 2k+1/d. Qm—l/d
FlGi]=F; & o Fou '™ & M (2,F ) .

Observe that
Gy ={(x, y, t]|a*= y*=t, 2", t central, z 'y tzy = t2m71>

m+1

=,y |2 =y P ey ey =97 ).
With this presentation in hand, we observe that the following are the distinct
conjugacy classes of Gs:
{yf, "M Vi, 1<i< 2™ (6,2) = 1;
Wy} vi, 1<i<2m
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{xy?, zy? " P} Vi, 1 <i<2m;

Theorem 3.2. If m > 2, then

qdi

FilG 2 F2 & (@12 Fol") @ M2F0™ /",
where dy, = ordar (q) and d = d,y,.

Proof. Let d be the multiplicative order of ¢ modulo 2™*! and s;, sy be
distinct elements in T' = Tg, 5, = {1,4,.. -, ¢~} mod 21,
IfieB={j|1<j<2™, (4,2) =1}, then

7:81] _ 7:82]

ly ly
& isy = 2™ +isy mod 2L
& s1=2™ + s9 mod 2!

& 81 = s9 mod 2™,

Thus there are 2™~ /d distinct cyclotomic F, classes in G2 of the type S(v,:),
when i € B, each of size d.

We shall now use the following presentation of the cyclic group Cam to
explore the remaining cyclotomic Iy, classes in G

(z | 227).

Foranyie By ={j|1<j<2m},

2is1] 21'82]

=1y
& 2isy = 2isy mod 2™
& 48] = isy mod 2™
& 2] = [2*7].
Thus
(1) [S(2)| = 1S(r20) | V i € By,
(2) {S(yy2i)li € Ba}| = {5(720) | i € B}
We prove an analogous behavior for the cyclotomic F, classes of the type
S(’yzyi), i€ Bj.
Notice that (zy)? = z(yz)y = y?> 4.
If s €T, then s = 20 + 1 for some [ > 0 and

(zy)* = (y)**!

= ((z9)*)' (zy)

= (¥ ™ ay

_ Z,y2""l+4l+1

_ xy(2m*1+2)572m*171_
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Hence
(2y')* = y@" D=2 s odd
ay(iths—1 if ¢ is even
and
[(xyi)s] _ { :Ey(melH“)s__Qm*l‘l, x%(2mil+i+1)s+2m’l—1} if i is odd
{ay(HDsml, gy D=1 if 4 is even.
Then

[(2y")™] = [(2y)>]
< (i+1)s1 = (i+1)s2 mod 2™
and by a suitable reordering, we observe that the number (and size) of distinct
cyclotomic F, classes of the type S(7,yi), i € By in G2 is same as the number
(and size) of distinct cyclotomic F, classes in Com.
Since F,[G/G'] =2 F,[Cam]?, therefore working parallel to the proof of The-
orem 3.1, the result follows. O

4. The group algebras F4[G3] and F,[G4]
The group G35 can also be presented by

(z, y, t 2?27, "

We trifurcate the distinct conjugacy classes of GG3 obtained with respect to this
presentation as follows:

{tiyi, 27" iy} 1<i<2metl (j2)=1land 1<j<2ml

(tFyiw, 27 Tyl }, 1<i<2mtl 1< <omol

{t7y* }1<i<2ome, 1<j<2my

We now obtain an expression for decomposition of the semisimple algebra
]Fq[CQa X 0217].

Lemma 4.1. Let G = Coa X Cy. Then

2“, t central, z 1y lay = t2m171>.

FGI2F, @ & & Fiom

m=0 n=0 qd(m,n))
m+n>0
where d(m,n) = ordomaxm.») (q) and e(m,n) = %.

Proof. Let Cza = (¢} and Cy = (d) and for any m,n; 0 <m <a, 0 <n <D,
A = {c' | (i,2%) = 297™},
B, = {d"| (i,2°) = 2"~"}.

Suppose that m +n > 0.
If (am,bn) € Ay, X By, and s1, s2 € T r,, then

(ama bn)SI = (ama bn)52



STRUCTURE OF SOME CLASSES OF SEMISIMPLE GROUP ALGEBRAS 1611

& 51 = s9 mod 2max(mn),

Thus there are e(m, n) distinct Fy-cyclotomic classes of the type S(v(a,, b,)) in
G each of size d(m,n); (am,b,) € Am X By.
Evidently S(va,1)) = {va,1)}. Therefore
Fo[Coe x O] 2F, & & @&  Fe{m

qd(m,n) .

Theorem 4.2. For any my, mo > 3
m

Z(F,[G3]) = @320 qu“"h") & F,[Cy X Comy—1 X Comat1],

d(mq,n)
n—=

where d(l, k) = ordgmaxa.x (q) and e(l, k) = %. Moreover

mi—1 mo+1

F,[Gs] 2 F2 o F2emn) g ;é?o M(2,F gty ) 0™,

m=0  n=0 g4emom)
m—+n>0

Proof. Once the number of distinct cyclotomic Fy classes in GGz and their car-
dinalities are known, the proof follows from Theorem 2.5. Therefore we aim at
finding the same.

As seen earlier, Tg,r, = {1,q,...,q%" '} mod 2m&x(mimatD) " where d =
d(ml, mo + 1).

Foranym, n; 0<m<m;—1, 0<n<mg+1,let

A, ={jl1<j<2am™ (j2mTh) =2m ),
B;l = {Z | 1<i< 2mz+1, (i72m2+1) _ 2m2—n+1}.
Let 51, s2 be two distinct elements of T, r,. Consider the following:
(1) For any j € A}, andi € By,
[(tjyi)sl] = [(tjyi)sz]

e mat1 Js1 = jsz mod 2™ or
& 481 =189 mod 2 and ( jsp = 2™~ 4 js, mod 2™
& 51 = 59 mod 2max(mmatl),

That is, there are e(m, ma+1) cyclotomic F, classes of the form S(745,)
and cardinality d(m,mo + 1), j € A}, and i € B}, ;.
(2) Note that

(y2)*" = [(y2)*) yz
mq—1
=" )y
2k+1t2’"1’1k$

=Y

so that if i is odd and s € Tg, F,, then (y'z)* = {2 T s yis g
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The following is now obvious:

Joins] { tsyisg, (as+2™ sy ) if i is even
[(Hy'z)’] = 2 2
{ 727 T s Dgis g s 2T s D i Vi 4 is odd.

For any j € A} ,i € B, and m +n >0,

[(Fy'z)*] = [(Hy'z)™]
& js1 = jse mod 2™ 7! and is; = isy mod 2m2 !

& 81 = s9 mod gmax(m,n)

and thus there are e(m,n) cyclotomic F, classes of the form S(vsyi,)
and size d(m,n), j € Al,, i € B, and m+n > 0.

m>

(3) For any m, n; 0 <m <my, 0 <n <maq,if
A ={j 1< <2m, (45,2™)=2™""} and
By={i|1<i<2™, (4,2m)=2"""},
then proceeding in a similar way, we find that there are e(m,n) cyclo-

tomic [, classes of the form S(vy,2i), j € A}, i € B, and m+n > 0,
each of them having d(m,n) elements.

Thus using Theorem 2.5 and Lemma 4.1, we conclude that

my—1 mi1—1 ma+1
ZEGs) = "o FiLt) e Fo e e e FALT)
m=0 4 m=0  n=0 q
m-+n>0
oF, 0 & o Fm
m=0 n=0 getmn
m—+n>0

o~ 6_501#(”17") @ Fy[Co X Comy—1 X Comyg1]

q'i(mb")
and the rest follows. O

The following is an alternate presentation of Gy:

gmi+1 gma+1 1 -1 _ om
(z, y |z Y sy Ty =axt ).

The analysis in G4 is similar to that in G3. So we state the decomposition of
F,[G4] without proof:

Theorem 4.3. For any my, mas > 3

mi mo—+1

F (G 2F, & & Fen) g ’éiﬁo M(2,F yamy ) <m0,

2o gd(m.n)

m+n>0

where d(I, k) = ordymaxax (q) and e(l, k) = %.
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5. The group algebra F,[G5]

As previously, we begin with a lemma that enables us to determine the
decomposition of F,[G5] that is much in spirit of Theorem 4.2.

Lemma 5.1. Let G = Caa X Cyp X Coe. Then

a b c I

F G =F,& & & & F{mmd

G =Fq m=0n=0 =0 _ 4"
m—+n—+1>0

where d(m,n,1) = ordgmax(m.».n(q) and e(m,n,l) = %W.

Observe that the following is a presentation of Gs:

my mo+1 m3 _ — my—1
(x,y,t | 2", 2* ,y2 Ut central, a7 ly oy =2 ).

Theorem 5.2. For any my, mo, mg > 3,

mi1—1 mo+1 mz3+1 e(m.n. m
F[Gs]=F, @ & & & F&h e @20

m=0 n=0 qdlmomD

ms M(O.F e(my,n,l)
2] ( ) q‘“’"lr"v”) )
= =0
m+n+1>0

where d(m,n,1) = ordgmax(m.».0(q) and e(m,n,l) = %W.

6. Validation of results in [4]

It is known that U(Zan) = Cy x Cyn—2. However the multiplicative order of
an arbitrary element g € U(Zgn) is not known.

Theorem 6.1. Let q € Z such that
¢ =1 mod 2™ and ¢ # 1 mod 2™*1

for some m > 3.
Then

¢* =1 mod 2™ and ¢* #1 mod 2™t v r > 0.
That is, ordgm+-(q) = 2" V r > 0.
Theorem 6.2. Let ¢ € U(Zan), n > 3. If d = ordan(q) and dy = ordan(q?),

then
do — d ifd=1
2T d/2 ifd> 1.
Moreover,
(1) If g =1 mod 8, then
d— 1 ifn<m
Sl 2™ fn>m
m being the largest integer such that ¢ =1 mod 2™.
(2) If ¢ =3 or 5 mod 8, then d = 2"~ 2.
(3) If =7 mod 8, then d = 2"~™F1 m < n being the largest integer such
that ¢> = 1 mod 2™.
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For any group G in Table 1, let C(q, G) and N (g, G) be the number of com-

mutative and non-commutative components in the Wedderburn decomposition
of F,[G] respectively. A lower bound for C'(¢, G) and N(q,G) has been ob-
tained in [4] and it is proved that the minimal number is achieved when ¢ = 3
mod 8. The same can be derived using Theorem 6.2 and the decompositions
obtained in Sections 3 through 5.

(1]
2]

(3]
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