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MAXIMUM PRINCIPLE, CONVERGENCE OF
SEQUENCES AND ANGULAR LIMITS FOR
HARMONIC BLOCH MAPPINGS

JINJING QIA0 AND HONGYA GAO

ABSTRACT. In this paper, we investigate maximum principle, convergence
of sequences and angular limits for harmonic Bloch mappings. First, we
give the maximum principle of harmonic Bloch mappings, which is a gen-
eralization of the classical maximum principle for harmonic mappings.
Second, by using the maximum principle of harmonic Bloch mappings,
we investigate the convergence of sequences for harmonic Bloch mappings.
Finally, we discuss the angular limits of harmonic Bloch mappings. We
show that the asymptotic values and angular limits are identical for har-
monic Bloch mappings, and we further prove a result that applies also if
there is no asymptotic value. A sufficient condition for a harmonic Bloch
mapping has a finite angular limit is also given.

1. Preliminaries

A complex-valued function f is said to be harmonic in a simply connected
domain {2 of the complex plane C if and only if both Re{f} and Im{f} are real
harmonic mappings in €. Every harmonic mapping f in € has the canonical
decomposition:

(1.1) f=h+y,

where both h and g are analytic in Q and g(z9) = 0 for some prescribed point
20 € Q (cf. [8]). Let D={2€ C:|z|] <1} and T = {2z : |2| = 1}. Throughout
this paper, we consider harmonic mappings in D.

Definition 1. Let f be a harmonic mapping satisfying the Lipschitz condition
when regarded as a function from the hyperbolic disk D into C, endowed with
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the Euclidean distance. The function f is called a harmonic Bloch mapping
and the Lipschitz number
aup ) = Fw)

27w p(z,w)
is called the Bloch constant of f, where p denotes the hyperbolic distance in

D, that is,
( )_11 (1+r>
plew) =58 \1 2,

and 7 is the modulus of =% (cf. [6]).

For an analytic function f, its Bloch constant is (see [7, Theorem 10])
£ (2) = f(w)] NP
sup —————— =sup(l — [2|°)|f (2)]-
Sup ) sup(1 = [2[)If(2)]
See, for example, [1] for more details.
As a generalization, in [6], the author proved that the Bloch constant of a
harmonic mapping f = h + g has the following expression:

p L= I _ o 12y ()] + 19/ 2))-
z€D

e plzw)
Obviously, a function f = h 47 is Bloch if and only if both A and g are Bloch.

In the following, we introduce some necessary notions and notations.

Let By, (resp. AB) denote the class of all harmonic mappings (resp. analytic
functions) f with sup,cp(1 — |2?) (|0 (2)] + |¢/(2)]) < oo (resp. sup,ep(l —
|2|%)|f/(2)| < 00). It is easy to see that %, (resp. A) is a Banach space with
the norm

1£ 23, = 1£(0)] + sup(1 - 2[*) (17 (2)] + lg' (2)1)
(resp. || fllz = |£(0)] + ilelg(l = 2P (),

which is called the harmonic Bloch space (resp. Bloch space). Each element in
Py (resp. HB) is a harmonic Bloch mapping (resp. Bloch function).
The little harmonic Bloch space B30 (resp. little Bloch space %) is the set

of all mappings f € By (resp. f € A) satisfying

lim (1~ |2]?) (|0 (2)] +1g'(2)]) = 0 (resp. lim (1~ [2[*)|f'(2)] = 0).

|z]—1 |z]—1
Each element in %y ¢ (resp. %o) is called a little harmonic Bloch mapping
(vesp. little Bloch function).

Definition 2. We say that the harmonic mapping f in D has the asymptotic
value a € C at the point £ € T if there exists a Jordan arc I" that ends at & and
lies otherwise in D such that

f(z) = a for zeT, z—¢.

We call such an arc an asymptotic path. If I' = {{&r 1 0 < r < 1}, we call a a
radial limit (cf. [10]).
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Definition 3. A (symmetric) Stolz angle is a set of the form
A={zeD:|arg(l )| <g—5} (0<6< g),

that is a sector of vertex ¢ and angle less than 7 symmetric to [0,£]. We say
that f has the angular limit a at £ € T if

f(z) 5 a as z—¢§z€ A

for every Stolz angle A at & (cf. [10]).

It is well known that (analytic) Bloch functions are normal functions (see [10,
p. 261] for definition of normal functions). In this paper, we consider properties
of harmonic Bloch mappings, which are generalizations of the corresponding
ones for normal functions or Bloch functions.

In [9] (see also [10, Theorem 9.1]), it is given the maximum principle for nor-
mal functions, which is a generalization of the classical maximum principle for
analytic functions since there is no any assumption on |f(z)| with z belonging
to some subarc of the boundary. In Section 2, we consider the maximum prin-
ciple of harmonic Bloch mappings, and get a harmonic analog of [10, Theorem
9.1], which is a generalization of the classical maximum principle for harmonic
mappings.

In Section 3, we consider the convergence for a sequence of harmonic Bloch
mappings. By using maximum principle of harmonic Bloch mappings which
is obtained in Section 2, we prove that a sequence of harmonic Bloch map-
pings f, converges to 0 as n — oo in the unit disk under the condition that
max,cc, | fn(2)| converges to 0, where {C), } is a sequence of closed Jordan arcs
with positive measure. Our main result is Theorem 2, which is a generalization
of [10, Theorem 9.2] for normal functions.

Finally, in the last section, we consider the angular limits of harmonic
Bloch mappings. We first show that the asymptotic values and angular lim-
its are identical for harmonic Bloch mappings. Then, as a generalization of
[10, Theorem 9.5], by using different method, we prove that for a set E, if
sup,cp [Img(z)| < oo or sup,cp |Imh(z)| < oo, limsup dist[f(z), E] exists as
z — & € T along some arc I' C D with £ € T', then this is true in every Stolz
angle. A sufficient condition for a harmonic Bloch mapping has a finite angular
limit is also given.

2. Maximum principle for harmonic Bloch mappings

Before giving the main result, we give the following lemma which will be
useful in the proof of the main result.

Lemma 1. Let ¢ be analytic in D and |o(z)| < 1. If f = h+g is a harmonic
Bloch mapping in D and

sup(l - [22) (W ()] + 19 (2)]) = & < o0,
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then F = f oy = H + H, is also Bloch in D, and
sup(1 — =) (1 H' (2)] + [H] (2)]) < o,

zE

with equality if ¢ is a Mobius transformation of D onto itself.
Proof. By G. Pick’s Theorem ([3, p. 6]), we have
L=z’ () < 1= &' (2),

with equality for a Md&bius transformation of D onto itself, it follows that

A= [=P)(H )+ H(2)) = Q=)' @00 ()] + 19" (e(2)])
< (1= le(2)P) (W ()] + 19" (9(2))])
< a.
The proof of the lemma is complete. ([

Theorem 1. Let f =h+7g € By and
(2.1) Sug(l — [0 ()] + 19" (2)]) € & < 0.
z€

Let G be a domain with G C D that lies in the lens-shaped domain of angle 3
(0 < B < 7) cut off from D by the circular arc B. We suppose that

(22) )<
for z € G\ B. Then
(2.3) [f() <n

for z € G, where n = (6, «, B) is the smallest positive solution of
K
2.4 0= -
(2.4) nexp| 277]

with k = af/sin B.

This theorem is a generalization of the classical maximum principle for har-
monic mappings in so far as it does not make any assumption about |f(z)]
for z € BN OG. On the other hand, this theorem is highly non-linear: It is
only when, compared to 1/a, |f(z)| is rather small on OG \ B that we get any
estimate at all.

Since the function ¢ exp[—2;] is increasing for 0 < ¢ < oo, it follows that, for
d >0, (2.4) has a unique solution i with n > 0.

This theorem is also a generalization of [10, Theorem 9.1] for analytic func-
tions which is a basic result for the maximum principle for normal functions
obtained by Lehto and Virtanen in [9)].

Proof of Theorem 1. By choosing a suitable Mobius transformation ¢ of D onto
D and replacing f by F = f oy, we assume that B is a circular arc passing
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FIGURE 1.

through —1 and 1, and G lies below the arc B. By Lemma 1, F = fop = H+H;
is also Bloch in I, and
Slelg(l — =) (| H'(2)] + [H{(2)]) < a.

For 0 < 8/ < f3, let G’ be the intersection of G with the domain of angle 8’ cut
off by the circular arc B’ through +1 (see Figure 1).

Suppose that (2.3) does not hold. Since |f(2)| < <7 (2 € G\ B) by (2.2)
and (2.4), and since G C D, there exists 8’ such that |f(z)| <n for z € G'. Let
B’ (0 < B’ < fB) be the largest such number. Then

(2.5) n = sup [f(2)| = |f(z0)]
zeG’

for some zp € B’ \ dG. By a further Mdbius transformation we may assume
that zg = 1yo, —1 < yp < 1, where

(2.6) Yo = tan(% - %).
Let
b 1 b
a(2) = /() expl log T + T2 = 28] (s € G,

where b = % log #(> 0). It is known that every point in D) is on one circular
arc that passes through —1, iy and 1 for some —1 < y < 1, and on this circular
arc arg[(1 + 2)/(1 — 2)] = arg[(1 + iy)/(1 — iy)] = 2arctany, it follows that
exp[% log 12 + b — 2b3'] and |a(2)| with z € G’ attains its maximum on the
boundary point zyp = iyo. Since arg[(1 +2)/(1 —2)] = ' — § for z € B', it
follows from (2.5) that

< b3 = 6.
Jmax  a(z)] < nexp(—bf') =4
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Since G’ \ B’ C 9G \ B, we obtain from (2.2) that

sup |a(z)| < sup [f(2)[ < sup [f(z)] <0
z€0G'\B’ z€0G'\B’ z€0G\B

Hence from the property that |a(z)| with z € G’ attains its maximum on the
boundary point zg = iyo, it follows that |a(z)| < § for z € G’, and then
b
log | f(iy)| < logd + 2b3" — % — 2barctany, iy € G’.

We have from (2.6) that 5’ = § — 2arctanyo. Since |f(iyo)| = 7, we have

log | f(iyo)| = logn = logé + bB" = logd + 203" — %b — 2barctan .
Therefore
log | f(iy)| — log | f(iyo)| < —2b(arctany — arctanyy), iy € G'.
Letting y — yar yields that

D (iyo) — g'(iyo), _ _—2b 21og(n/94)
2.7 Rels - < = — .
@7) [ f(iyo) T+yg  B+43)
On the other hand, since | f(iyo)| = 7, it follows from (2.1) that
(2.8)

P Go) — g'Ciyo) | W (iyo)l +19'Giyo)l o _ a
f (o) £ (iyo)] “n(l—yg)  n(l+yg)sin
Hence (2.7) and (2.8) imply that
K’ af’
> - =
§ > nexp| 277]’ e
which contradicts (2.4) because k' < k. O

3. The convergence for sequences of harmonic Bloch mappings

We begin this section with the following lemma, which is identity theorem
for harmonic mappings, see, for example, [5, Lemma 2].

Lemma 2. Let f be harmonic in a connected open set D. If f(z) =0 in some
open subset G of D, then f(z) =0 in D.

Marty’s normality criterion (see [10, p. 262]) states that a family of mero-
morphic functions is normal if and only if their spherical derivative (see [10,
p. 261] for the definition of spherical derivative) are locally uniformly bounded.
Hence a sequence of Bloch function is normal, and then a sequence of harmonic
Bloch mappings is also normal since both the analytic part and anti-analytic
part of a harmonic Bloch mapping are Bloch, this fact will be used in the proof
of the following theorem.
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Theorem 2. Let f, € By, and

(3.1) sup(1 — |2|) (|l (2)| + gL (2)]) S a < o0, n=1,2,....
zeD
If there exist closed Jordan arcs Cy, C D such that
(3.2) diamC, = sup |[z—w|>v>0, n=1,2,...
z,weCy
and
(3.3) max [fn(2)] =0 (n— o),

then fn(z) — 0 as n — oo, locally uniformly in D.

Proof. Suppose that the assertion is false. By (3.1) and Marty’s criterion, the
sequence {f,} is normal in D. Taking a subsequence we may therefore assume
that

(3.4) fn(2) = f(2) as n — oo, locally uniformly in D,

where f is a harmonic mapping such that f(zg) # 0 for some zy € D.
Now, we consider the first case that

(3.5) rn, =inf{lz| : 2€ C} =1 (n — ).

By (3.2), there exist points ay,, b, € Cy, with |a,, — b,| > v. If B,, denotes the
circle through a,, and b,, that is orthogonal to T, then for n is sufficiently large,
an and by, lie on different arcs of B = B, N {r, < |z,| < 1}. Hence we can
find a subarc CJ, of C,, that intersects each arc of B} exactly once. By (3.5),
the subarc B], of B,, between the endpoints of C/, does not intersect C/, at any
other point.

If G,, is the inner domain of the Jordan curve B, UC , then 0G,, = B,,UC), C
D, which shows that G, C D. Hence we obtain from (3.1), (3.3) and Theorem
1 (with 8 = ) that

max | fn(z)| < max |fn(2)] = 0 (n — o).
z€Bj, z€G

n

Since B, intersects {|z| < r} for some r < 1 and large n, it therefore follows
from (3.4) and Lemma 2 that f(z) = 0, which is false.

In the case that (3.5) does not hold, C,, intersects {|z| < r} for some r < 1
and infinitely many n. Hence it follows from (3.2), (3.3), (3.4) and Lemma 2
that f(z) = 0, and this is false. O

A sequence {C,} of closed Jordan arcs C,, C D is called a sequence of
harmonic Koebe arcs with respect to the harmonic mapping f if diam C,, >
v>0(n=1,2,...)and if, for some ¢ € C,

—c|—+0, n— oo.
max |f(2) = o =+ 0, 1 - 00

We say that f has no Koebe arcs if no such sequence exists.

Corollary 1. A non-constant harmonic Bloch mapping has no Koebe arcs.
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This corollary is a generalization of [10, Corollary 9.1] for normal functions,
which is obtained by Bagemihl and Seidel in 1961. The proof follows from
Theorem 2 for f,,(z) = f(z), here we omit it.

Corollary 2. Let f be non-constant harmonic Bloch in D and let T' : z(t),
0 <t <1 be a half-open Jordan arc in D with |z2(t)] = 1 (t = 1). If

(3.6) f(zt) —a as t =17,
then z(t) — & (t — 17) for some £ € T so that T' is an asymptotic path.

Proof. It is clear that z(t) has at least one limit point on T as ¢ — 1~. Suppose
there are two distinct limit points &,£ € T. Then we can find closed subarcs
C,, of T such that diam C,, — | — &'| # 0 as n — co. By (3.6), they form a
sequence of Koebe arcs, contrary to Corollary 1. O

4. The angular limit of harmonic Bloch mappings

By Definition 2, an angular limit is a radial limit and therefore an asymptotic
value. In the following theorem, we will show that the converse holds for
harmonic Bloch mappings. Therefore a harmonic Bloch mapping has at most
one asymptotic value at any given point £ € D.

Theorem 3. If the harmonic mapping f € By has the asymptotic value a at
&, then f also has the angular limit a at &.

The main idea of the proof for this theorem comes from the proof of [10,
Theorem 9.3] (see also [9]). For the convenience, we give the proof.

Proof of Theorem 8. Without loss of generality, we assume that £ = 1 and
a = 0. Suppose that z, — 1 for z, € A, where A is a Stolz angle at £. First,
we choose two real sequences {£,} and {y,}, and r < 1 such that

_ s5+&n

1+¢&,s
Obviously, |z,| < 1. The pre-image ¢,,* (') of the asymptotic path I intersects
the imaginary axis if n sufficiently large. Hence we can find a subarc C,, of

D N ¢, }(T) such that diamC,, > %, Rez > 0 for z € C,, and there exists a
sequence {w,} in the arc ¢, (C,) C I" such that w, — 1 as n — co. Then

(4.1) Zn = Pn(iYn), ©n(s) ynl <1y & — 17

4.2 n = —0 — .
(42) max £ (pu(s)| = _max  |f(2)] >0 (0 )
Since f o ¢, is harmonic Bloch in D by Lemma 1, we obtain from Theorem 2
that f(pn(s)) = 0 as n — oo, uniformly in |s| < r. Hence (4.1) shows that
f(zn) =0 (n — 00). O

From Theorem 3, we know that for harmonic Bloch mappings, asymptotic
values and angular limits are identical. In the following, we can furthermore
prove a result that applies also if there is no asymptotic values.
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Theorem 4. Let f =h+g€ By and E C C. If

sup |Img(z)| < oo or sup|Imh(z)| < oo,
z€D zeD

and if T is a Jordan arc that ends at £ € T and lies otherwise in D such that

(4.3) limsup dist[f(z), E] < oo,
z—&, zel

then, for every Stolz angle A with vertex £,

(4.4) limsup dist[f(z), E] < .
z—E&,z€A

Choosing F = {|lw|] < r} or E = R we see that if |f(z)| or Imf(2) re-
mains bounded as z — ¢ along some arc I" with sup,cp [Img(z)| < oo or
sup,¢p [Imh(z)| < oo, then this is true in every Stolz angle.

This theorem is indeed a harmonic analog of [10, Theorem 9.5] (see also [1])
for Bloch functions.

Proof of Theorem 4. Without loss of generality, we assume that £ = 1 and
sup,cp [Img(z)| < co. Suppose that (4.4) is false for some Stolz angle A with
vertex 1. Then there exist z,, € A with

(4.5) dist[f(zn), E] = 00, 2, = 1 (n — 00),

which is equivalent to

(4.6) in% |h(zn) + g(2zn) — 2ilmg(2,) — w| = 00, 2, = 1 (N — 0).
we

As in the proof of Theorem 3, we write z,, in the form of (4.1) and determine
arcs Cp, C DN, 1(T) such that ¢,(C,) — 1 as n — co. The function

1
h(en(s)) + g(en(s)) — (h(zn) + g(2n))
is meromorphic, and satisfies

bn(s) =

(1= ) i < (1= [en P (a0 + 1o (oD <
It follows from (4.3), the inequalities sup,p [Img(z)| < oo and
1
[7(on(s)) + 9(pn(5)) = (h(zn) + 9(2n))]

1
|1 (pn(5)) = w + 2im(g(n(s)) = g(2n))| = 1f(2n) — w]] (

that b,(s) — 0 for s € C,, n — oco. Consequently, by [10, Theorem 9.2],
bn(s) — 0 as n — oo uniformly in |s|] < r. This contradicts the fact that
by (iyn) = 00 and |y,| < r by (4.1). O

w € F)
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In the remaining part of this section, we consider a method to associate
to each harmonic mapping in the little harmonic Bloch space %3 ¢ another
function f* in the harmonic Bloch space % in such a way that f has a finite
angular limit where f* is locally bounded. The idea of the methods comes from
the theory of the lacunary series, which was used in [4]. For completeness, we
give the proof of the main result.

Now, we first introduce some polynomials. For the harmonic mapping

(4.7) f(z) =h(z) +g(z) = i anz" + i bpz™ with z € D,
n=0 n=1

we define polynomials po(z) = ag + a1z + az2? and

2k 2k+1

2n—2k—2 2k _p 1 "
(4.8) pr(2) = Z — T W + Z — 1 %
n=2k—-142 n=2k+4+1
for k =1,2,.... Induction shows that
m 2m 2'm+1
., gm+l g1
Zpk(z)zzanz + Z n—1 anz
k=0 n=0 n=2m+41
and since limsup |a,|'/™ < 1, it follows that
(4.9) h(z) = Zpk(z) for z e D.
k=0

Similarly, we define polynomials qo(2) = b1z + byz? and

2k 2k+1

2n —2F —2 2k+1 1
(410)  @(x)= Y The" 7n1+bnz"
n=2k-142 n= n=2k4+1 n=
for k =1,2,.... We also have
(4.11) 9(2) =Y _ai(z) for z€D.

k=0

Obviously, all p; and g (kK = 1,2,...) are in the class H*> of bounded
analytic functions f in D, which is a Banach space with the norm

[flloe = sup |£(2)]-
zeD

Now, we give the following three lemmas which is useful in the proof of next
result.

Lemma 3 ([4, Proposition 1]). If h € B, then

Ixlloe = sup [p(2)| < 6[|h]|2
|21<1
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fork=0,1,..., and if h € By, then
IPEllcc = 0 as k — oo.
Lemma 4 ([4, Proposition 2]). If |pk|le is bounded, then h € & and

[hllse < 16sup ||pkloo-
k>0

If Ipklloc — 0 as k — oo, then h € Hy.
Lemma 5 ([4, Proposition 3]). Let h € . If sk(z) = po(z)+p1(2)+- - +pi(2)
and ry, =1—27%, then

Ih(ra2) — sk(2)] < 30kl for |2] < 1.

For g(z) and ¢i(z) (k =0,1,...), we have similar results as the above three
lemmas. More details for Lemmas 3 and 4, see also [11] or [12, Vol 1, p. 115].

Theorem 5. If f € PB4, then there is a harmonic mapping f* € B0 C Py
such that, for all € € T,

sup [f*(ré)| < o0 = li_>n% f(ré) exists # 0.

This theorem generalize [4, Theorem] for Bloch functions to the case of
harmonic Bloch mappings.

Proof of Theorem 5. Let f € %4 0. It follows from Lemma 3 that there exist
two decreasing sequences {ej} and {ex} such that

(4.12) Ipelloe < ek and il < €

for k = 0,1,..., where p; and g are given by (4.8) and (4.10), respectively.
We define

F(2) =0 (2) + ¢*(2) = Y_pk(2) + Y ai(2),
k=0 k=0

where p}(2) = e, 'pr(2) and g}(2) = €, "qr(2) for k = 0,1,.... This coincides
with the expansion (4.9) and (4.11).

Since ||pilloe < €r and ||gf||co < €x by (4.12), we conclude from Lemma 4
that h*, g* € Ay, and then f* € By 0.

Writing s}, = po+pi+---+pj and S} = qo+¢} +- - -+¢j, partial summations
give

N1
ZEMDZ( =ensy(z) + Z (e — en+1)s5(2)
= k=0

and

=
L

S engi(2) = enSx(2) + 3 (e — 1) Si(2).

b
Il
o
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It follows that

f(ré) = h(ré) + g(ré) = Zskpk r€) +Zequ r§)
0

= hm Zakpk 7‘§ + 11 iéqu 7"5
o 0
= ngnoo (ensi(z) + 2 (er — ert1)85(2))
7N71
+ ngnoO (en Sy (2) + k_o(ek — ert1)57(2))
= Z(sk — €pt1)55(rE) + Z(ék — €k11) 55 (r).
k=0 k=0

Let now |f*(r€)| be bounded in 0 < r < 1 for some £ € T. By Lemma 5, we
have

[£7(r&) = s3(8) = Sp ()] < [h* (r&) —s1.(&)|+ g7 (r§) = SE(&)] < 30([|hl] 2+ |9l )

for r = 1 —27F. Tt follows that |s}(£) + S;(€)] is also bounded in k. Since

|s1. (&) + Si(§)| is continuous in 0 < r < 1 for each k and since e — €441 > 0
and € — €41 > 0, we easily deduce that

o0
= (ek — eug1) sk (1E) +Z (ek — €k+1) 55 (ré)
k=0 k=0

is uniformly continuous in 0 < r < 1 and therefore has a limit as» — 1~. O

We write the class of bounded harmonic mappings f in D as h°°, which is a
Banach space with the norm

[ flloe = sup |£(2)]-
zeD

An immediate consequence of [6, Theorem 3] is that h>° C %y, however it is
well known that a bounded harmonic functions doesn’t always belong to «%’H,o
(see [2, Section 3]). In [2], Attele proved that if f € H>, then f'(re?)(1—r2?) —
0 for almost all # as r — 17. By using similar argument, we can generalize this
result to the case of harmonic mappings and obtain the following remark.

Remark 1. Suppose that f = h+ g € h*> is a harmonic Bloch mapping in D,
then

€1 (re??) 4 €t g/ (rei)|(1 — r%) — 0 for almost all § as r — 17,
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