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A NOTE ON GENERALIZED DIRAC EIGENVALUES FOR
SPLIT HOLONOMY AND TORSION

ILKA AGRICOLA AND HwAJEONG KIM

ABSTRACT. We study the Dirac spectrum on compact Riemannian spin
manifolds M equipped with a metric connection V with skew torsion
T € A3M in the situation where the tangent bundle splits under the
holonomy of V and the torsion of V is of ‘split’ type. We prove an
optimal lower bound for the first eigenvalue of the Dirac operator with
torsion that generalizes Friedrich’s classical Riemannian estimate.

1. Introduction

It is well-known that for a Riemannian manifold (M, g), the fact that the
holonomy representation of the Levi-Civita connection decomposes in several
irreducible modules has strong consequences for the geometry of the manifold
— by de Rham’s theorem, the manifold is locally a product, and the spectrum
of the Riemannian Dirac operator DY can be controlled ([7], [21]).

If the Levi-Civita connection is replaced by a metric connection with torsion,
not much is known, neither about the holonomy nor about the implications for
the spectrum. This note is a contribution to the much larger task to improve
our understanding of the holonomy of metric connections with skew-symmetric
torsion. The foundations of the topic were laid in [4] (see also the review
[2]), substantial progress on the holonomy in the irreducible case was achieved
in [26] and [25]. If the connection V is geometrically defined, that is, it is
the characteristic connection of some G-structure on (M, g), one is interested
in the spectrum of the associated characteristic Dirac operator ], a direct
generalization of the Dolbeault operator for a hermitian manifold and Kostant’s
cubic Dirac operator for a naturally reductive homogeneous space. In [6], it
was outlined that the first eigenvalue of J) may be estimated from below if the
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torsion is parallel; however, the paper could only deal with G-structures on a
case by case basis. A first general eigenvalue estimate depending only on the
connection V was given by means of twistor theory in the authors’ joint paper
[3] with J. Becker-Bender. In this paper, we also examined the case that the
manifold was reducible, that the holonomy of the connection V decomposed
accordingly, and that the torsion 3-form had no mixed parts.

This note is the first article devoted to the situation that the holonomy
representation of V on T'M splits into several irreducible submodules, but the
underlying manifold can yet be irreducible. We can then prove an optimal
eigenvalue estimate (Corollary 2.1) for the Dirac operator J) under the assump-
tion that the torsion has no non-trivial contribution on any of the V-parallel
distributions of TM — we call (M, g, V) then a manifold with split holonomy
(see Definition 2.1). Examples show that such geometries arise quite naturally
in the investigation of G-structures, a fact that had not been observed before.

2. The estimate
2.1. Geometric set-up

We assume that (M™, g) is an oriented Riemannian manifold endowed with
a metric connection V with skew-symmetric torsion 7' € A3(M™),

1
VXy = Vg(Y+ 5 'T(X,Y,*).

The holonomy group Hol(M™; V) is then a subgroup of SO(n), and we shall
assume that it is a closed subgroup to avoid pathological cases. In order to
distinguish it from the torsion, the tangent bundle and its subbundles will
be denoted by TM™, T1,7>.... Recall that for a V-parallel distribution, the
standard proof of the following basic lemma carries over from Riemannian
geometry without modifications (see for example [23, Prop.5.1]).

Lemma 2.1. Let T C TM™ be a parallel distribution and Y € T. For any
X € TM™, VxY is again in T; in particular, R(X1,X2)Y € T for any X1, Xo.

Let 7 be a parallel distribution, A its orthogonal distribution defined by
N, == T;- in every point x € M™. The fact that all elements of Hol(M"; V)
are orthogonal transformations implies that A is again a parallel distribution.
Thus, the tangent bundle splits into an orthogonal sum of parallel distributions
(n; :==dim7;)

TM"™ = T1 & - ®Tg, and Hol(M™; V) C O(ny) x --- x O(ng) C SO(n).
We assume that every distribution 7; is again orientable and that the holonomy
preserves the orientation, i.e., we assume

Hol(M™; V) C SO(ny) x --- x SO(ny).

We denote an orthonormal frame of 7; by ef,... e, i = 1,..., k. For con-
venience, we assume that the spaces 7; are numbered by ascending order,
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ny < ng < -+ < ng. We recall the following properties of the curvature of
the connection V from our previous article [3]:

(1) Since the distributions 7;, 7; are orthogonal, Lemma 2.1 implies for any
vector fields X, Y that g(R(X,Y)7;,7;) =0if i # j.
(2) The Ambrose-Singer theorem implies that the curvature operator
R(X,Y) vanishes it X € T;, Y € T, i # j.
(3) The Ricci tensor has block structure,
RiCl 0
Ric = 0 T 0 s
0 Rick
i.e., Ric(X,Y) # 0 can only happen if X, Y € T; for some i.
(4) The scalar curvature splits into ‘partial scalar curvatures’ Scal; :=
tr Ric;, and Scal = Zle Scal;.
Be cautious that despite of the block structure of the Ricci curvature, one has

in general that R(X,Y,U,V) #0if X, Y € T;, U,V € T, for i # j. The space
of 3-forms splits under the holonomy representation into

k
A(T) = PATeo@PNTHINTe @ TinT AT
i=1 i#j i<j<k
In our first paper [3], we treated in detail the situation that the torsion T of the
connection V is entirely contained in the first summand, i.e., may be written
as asum T = Y, T; with T; € A3(7;). This is basically the case when M is
locally a product.

The main point of this note is the observation that the other extreme case,
i.e., that T consists only of terms of the third type, can also be controlled and
is in fact not so exotic as it may appear. Examples will be given in the last
section. Thus, we define:

Definition 2.1. If the torsion T satisfies T(X,Y) = 0 whenever X, Y € T;
and VT = 0, we shall call (M, g, V) a manifold with split holonomy.

Although the definition would make sense without the additional assump-
tion VT = 0, we shall see in the sequel that our method for estimating Dirac
eigenvalues relies strongly on this condition. Obviously, interesting split ge-
ometries (T # 0) can only exist if k£ > 3, i.e., the tangent bundle splits into at
least three subbundles.

Example 2.1. A metric almost contact manifold M of dimension 2n + 1 has
structure group U(n), embedded as upper (2n) x (2n)-matrices in O(2n + 1).
Thus, the holonomy of a characteristic connection (if existent) is necessarily
reducible, the tangent bundle 7 M splits into a 2n-dimensional and a one-
dimensional parallel distribution. This is not yet sufficient for a manifold with
split holonomy; but in many cases, 7 M decomposes further with a torsion of
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split type (see Section 3). On the other side, a strict Ga-manifold or Spin(7)-
manifold (i.e., without further reduction to a subgroup G C G, Spin(7))
cannot be of split holonomy, since Gy and Spin(7) act by an irreducible repre-
sentation.

2.2. Dirac operators and Schrédinger-Lichnerowicz formulas

Let us assume from now on that M is also a spin manifold. Let p; denote the
orthogonal projection from 7M™ onto 7; and define the ‘partial connections’

k
Vi = Vpi(x), henceV = Zvi.
i=1

We use the same notation for their lifts to the spinor bundle ¥ M. They induce
the notions of ‘partial Dirac operators’ and ‘partial spinor Laplacians’ (u is the
usual Clifford multiplication) through
k k
Di = poV', D =>"D; A := (V)'V, A=Y Al
i=1 i=1

Aslong as the connection is not further specified, this is a correct definition; if V
is chosen to be an invariant connection for a G structure, i.e., a characteristic
connection, the ‘right” Dirac operator to consider is the characteristic Dirac
operator ]D associated with the connection with torsion 7'/3. Nevertheless, we
shall also use D; and D as an intermediate tool.

At a fixed point p € M™ we choose orthonormal bases et ..., e of the

? N

distributions 7; (i = 1,...,k) such that (V. el)p = 0 for all suitable indices

i, j,m,l. This means in particular that [e’,,e]] = —T'(el,,el) and VY, e, = 0.
Denoting V.i by Vi, the partial Dirac and Laplace operators may then be

expressed as

D; = ieanfn, At = fiVinVin.
m=1 m=1

The divergence term of the Laplacian vanishes because of VY, ef, = 0. We
compute the squares of the partial Dirac operators D;.

Proposition 2.1. If (M, g,V) is a manifold with split holonomy, the partial
Dirac operators D; satisfy the identities

. iy 1
(Di)*y = A"+ 67 + 773 ¥,

where
(1) ~i 1 R( AN ) ) i 0
Op = = 9 ek,el,ep,eq ekelepeq
- k<lp<q,
epeepeq 4-form
for any numbering {e,}p=1,... n of the total orthonormal frame U¥_ {ei, ..., el ).
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Proof. For the first identity, let & and [ be indices running between 1 and
dim 7; = n;. We split the sum into terms with & =1 and k # [,

)y = Z ex Vi€

k,l=1
k=1 k#l
= A"+ e (ViVi = Vivie
k<l

and express the second term through the curvature in the spinor bundle,

(Dif*6 = A+ Y ehe [R™(ehsel) = Vrey op] -
k<l
By our assumption of split holonomy, T(e}'c, e}') = 0, so the corresponding term
vanishes. R” in turn can be expressed through the curvature R (see [1], [3]),
and, by the curvature properties listed before, only terms with all four vectors
inside 7; can occur:

D ckeiR(choel) = 5 > cheiR(el Aei) -y
k<l k<l
3 Z R(ej,, €], €p, €q)€r€1€peqtd.

k<l,p<q

Note here that e,, e, are not necessarily from 7;. The summands with same
indices add up to half the partial scalar curvature, while different indices yield
the Clifford multiplication by the 4-form 61 by (1),

o o . 1
> kel RE(ehel) =+ g7 .
k<l

Recall that the characteristic Dirac operator J0? is linked to the Laplacian
of the connection V through the following Schrédinger-Lichnerowicz formula
([4], [13]). Here, Scal? and Scal denote the scalar curvatures of the Levi-Civita
connection and the new connection V, respectively, and

or = %Z(ekJT)/\(ekJT).

k

Theorem 2.1. For VT = 0, the spinor Laplacian A and the square of the
Dirac operator D are related by

1 1 1
2) p* = A- —T2+ Scal? + g|\T||2 = AC+UT+ZSca1+ZT2.

Then the Dirac operatorle and DY satisfy the following relationship:
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Proposition 2.2. If (M,g,V) is a manifold with split holonomy, we have

k
(3) Z&T =

which implies
k

(4) Z(Di)Qw = AY+ory+ iScalz/J = @2¢ _ iTQw

i=1

Proof. For the identity (3), observe that VT = 0 implies dI' = 207, hence the
first Bianchi identity is reduced to

XY, Z
6 R(X,Y,Z,V) :UT(X7Y7Z5V)'

From the symmetry property of R(X, Z,U, V) with respect to X,Y and U,V
and Lemma 2.1, it holds that R(ef,,e) = 0 for i # j. Thus, we have the
following equation for the 4-form and the partial 4-forms:

1
or = 5 E R(ep, eq, er, €s5)epeqeres
p<q,r<s

_ Z % Z R(ep, €gq,€r, Es €p€q€res Z

i p<q,r<s,ep,eq€T;
The equality (4) is then a consequence of Proposition 2.1, (2) and (3). O
2.3. An adapted twistor operator

For our eigenvalue estimate, the crucial point is to use an adapted twistor
operator. Define an operator P : F(ZM) — I(T*® XM) by

Py = V°¢+Z Zel®el DS

i=1

By a direct computation, one checks

k
5) 1Pl = [((a =30 2 (D). vpan.

The crucial step is the following integral identity. Recall that the dimensions
n; of the distributions 7; are chosen to be ordered, n; < ng < --- < ny:

Theorem 2.2. Let (M, g, V) be a manifold of split holonomy. Then the Dirac
operator D satisfies

2 =Dk cal?
J @ oy int = s [ scarv v am

+/((78(RZ’“ ST = T )¢ w)
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i kz i—— (DS
711’:1 i

Proof. From the generalized Schrodinger-Lichnerowicz formula

1 1 1
p2 = A — Z T2 + Z Scalg + §|‘T||2

So, we compute

1 21 2 - 1 2 lop 1 g 1 2
A— Zn_z = P*——(Dg)"— n_(Di) — _ZT +ZScal +§|\T|| .
=1 1

:—/
+
=
»n
Q
I
=
o
@
]
@
=
=
=
+
]
=

By equation (4

k1 1 oo
A — Z(D)? =P — —p? — ~ 2| (D)?
;:1 m( )P =D nle ;_1 peia (Di)
1 1 1
—T?% - | == T? 4 = Scal’ T
I [ 717+ 7 Sea I M
k—1
ny—17 11 )
= - ~— _—|(D
{ i, ]lD P [nz o

1 1 1
— =Scal? + |— +~ | T? — = ||IT|>.
S *[4%*4} i
The identity (5) for the adapted twistor operator P thus implies the desired
identity. O

We now recall the general Schrédinger-Lichnerowicz formula from Theorem
2.1, which relates @2 and A°€. Since the torsion T' is V-parallel, A commutes
with T, and we obtain ([5], Proposition 3.4)

@2 ol = To l)2.
It is therefore possible to split the spin bundle ¥M in the orthogonal sum of
its eigenbundles for the T" action,
= D
“w

and to consider J)? on each of them, since V* and J0? both preserve this splitting.
We shall henceforth denote the different eigenvalues of T' on ¥ by p1, ..., 1.
This method of evaluating eigenvalues was first described in [6] (see also [19]).

Corollary 2.1. Let A\ be an eigenvalue ofl)2 with an eigenspinor ¥ which lies
in u-eigenspace of T. Then,

n
AD?[5,) = Wk_)scal‘fnm +

ng 14 ng 9

mHTH2 - mﬂ = Beprit(11)-
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The equality holds if and only if Scal? is constant, P(y)) = 0 and either n* = n*
or Dip =0, for alli = 1,...,k. For the smallest eigenvalue A oijQ on the
whole spin bundle XM, one thus obtains the estimate

ng Nk 9 1+ ng 5 )

A > S Scaly, — T = Dsplit-
= e —1) Ca“”“JrS(nk—l)H I e —1) max(p7, ..., ui) = Bsplit
Proof. The inequality is a direct consequence of Theorem 2.2. O

Remark 2.1. The eigenvalue estimate from [3] for reducible holonomy may not
be applied in this situation. However, two other general eigenvalues may be
compared to our result. Both require only the condition VT' = 0, no assumption
on the holonomy:

(1) In [4], it is proved that
1 1 1
A > =Scal? .+ = |T|I* — = max(u3,...,u3) = Buniv-
4 min 8 4
This is called the universal eigenvalue estimate, because it is derived
from the universal Schrédinger-Lichnerowicz formula cited in Theorem
2.1.
(2) In the first part of [3], twistor theory is used to prove (n := dim M)
n n(n —5) n(4—n)
N> ——Scal!. + ——Z|T|*+ ———=% 2m3) = Bew-
= 4(n _ 1) Calmin + 8(n o 3)2 H ” + 4(TL 7 3)2 maX(Mla 7Mk) ﬁt
This estimate has the advantage that it yields the classical Riemannian
estimate by Friedrich from [14] if T' = 0.

Remark 2.2. Tt is interesting to ask what the ‘extreme’ case would be for our
new eigenvalue estimate (Corollary 2.1). If there is only parallel distribution,
T =T (i.e.,, k=1 and n; = dim M), the condition of split holonomy requires
T = 0 (and in particular, VT = 0 is trivially fulfilled). The estimate does then
coincide with Friedrich’ estimate [14], i.e., it is the best possible one.

3. Examples

Several examples will show that the assumption of split holonomy occurs
quite naturally in the study of G structures on manifolds.

Example 3.1. The twistor spaces of the only 4-dimensional compact self-
dual Einstein manifolds S* and CP? are the 6-dimensional manifolds CP? and
F(1,2) = U(3)/U(1) x U(1) x U(1), the manifold of flags I C v in C* such
that dim! = 1 and dimv = 2. It is well-known that they carry two Einstein
metrics; one is Kihler (on CP3, this is exactly the Fubini-Study metric), the
other is nearly K&hler. We shall henceforth be interested in their nearly Ké&hler
structure. The characteristic connection V for nearly Kahler manifolds was first
considered by Gray in [18] and, in this particular case, happens to coincide with
the Chern connection (see the review [17] for general hermitian connections
and [16] for the general description of characteristic connections on almost
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hermitian manifolds). By a theorem of Kirichenko ([8], [22]), the torsion T
of V is parallel, VI = 0, which is the first of the conditions needed for split
holonomy. In [11], it was proved that the only complete, 6-dimensional, non-
Kahler nearly Kéahler manifolds such that the characteristic connection has
reduced holonomy are exactly CP? and F(1,2) (as Riemannian manifolds, both
are of course irreducible). For computational details on these very interesting
spaces, we refer to [9, Section 5.4]. In fact, one checks that in both cases, the
holonomy of V splits the tangent space in three two-dimensional subbundles
772 (the upper index indicates the dimension)

TM = TPe T e T, M=CP?or F(1,2).

The general identities for nearly Kéhler manifolds imply that Scal? = 30,
|IT]|> = 4 and T has the eigenvalues g = 0 and p = +2||T|. Furthermore,
there exist two Riemannian Killing spinors ¢ that satisfy PDp® = F||T||¢*
[15]. To fix the ideas, in the notations of [9, Section 5.4 a)] for M = F(1,2):
Ti = {e1,e2), To = (e3,eq), T3 = (es,€q), the almost complex structure and
the torsion 1" of the characteristic connection V are

Q = eipa—e3s+ess, T = eass+ eia6 — €236 + €135.

Here and in the sequel, we abbreviate exterior products e; Ae; A --- as eg;....
Thus, we are indeed in the situation of split holonomy as defined in Definition
2.1, and the eigenvalue estimate from Corollary 2.1 takes in this situation the
value

2 2 1+2
A> ———Scal! + ———||T||* - 1 + max (0, 4[|T[|%) = 4 =: Bpuit.

T 4(2-1) 8(2-1) (2-1)
Thus, one sees that our estimate is optimal in this situation, since the two
Killing spinors realize this lower bound. However, the result could also have
been obtained directly from [4], since the bound Bspiiy coincides with the uni-
versal eigenvalue estimate Syniv (see Remark 2.1). This is due to the deeper
fact that the two Killing spinors are in fact V-parallel.

Example 3.2. In [27], the author classifies 6-dimensional almost hermitian
manifolds with parallel torsion by discussing the possible holonomy groups of
the characteristic connection (denoted by V¢ in this paper) and the normal
form of the torsion. One finds that there are many more examples of manifolds
with split holonomy — for example, all cases with Hol(V¢) C S, T2, of which
there are many interesting examples. However, it is not possible to test the
eigenvalue estimate from Corollary 2.1 explicitly, since the curvature is not
fixed by these data.

Example 3.3. The Stiefel manifolds
M?® =S0(4)/S0O(2) and M” = SO(5)/SO(3)

carry a normal homogeneous metric and a distinguished Sasaki structure; both
are described in detail in [3], Example 5.1 (parameter value t = 1/2 of the
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metric) and Example 5.2 (parameter value ¢ = 1 of the metric). Both are
well-known spaces in the investigation of Riemannian spin manifolds: besides
the metric that we are investigating, both carry an Einstein-Sasaki metric and,
therefore, they admit two Riemannian Killing spinors ([14] for M?, [20] for
MT). The characteristic connection V turns out to be the canonical connec-
tion of the underlying homogeneous space, hence the holonomy representation
coincides with the isotropy representation (see [24]) and the torsion is auto-
matically parallel (the space is naturally reductive). The tangent bundle splits
into (again, the upper index denotes the dimension)

TM = TPeT,eT), TM = TPeTlaTs.

The Sasaki direction corresponds in both cases to the one-dimensional bundle.
With respect to a consecutive numbering of vectors of an orthonormal basis
(this coincides with the numbering from [3]), the torsion is

Tas = —(e13s +eass), Tayr = —(e1ar + eas7 + €367),

so one sees that again, the manifold is spin and of split holonomy. There are
two spinors that are constant under the lift of the isotropy representation, thus
they define global sections and they are V-parallel with Dirac eigenvalue A = 1.
One easily checks with the geometric data given in [3] that this is equal to the
bound given by all three known eigenvalue bounds,

1 = Bsplit = Buniv = ﬁtw-

This shows that our bound is, in this situation, again optimal. We suspect that
these examples can be generalized to the Tanno deformation of any Einstein-
Sasaki manifold: they have parallel torsion and a natural splitting of the tan-
gent bundle such that the torsion is of split type, but it seems hard to prove in
general that these subbundles are indeed holonomy invariant. A description of
the Tanno deformation of an Einstein-Sasaki manifold and of its characteristic
connection may be found in [10].
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