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THE M,-DELTA INTEGRAL ON TIME SCALES

JAE MYUNG PARK*, DEOK HO LEE**, JU HAN YOON***,
AND JONG TAE Lim****

ABSTRACT. In this paper, we define the M,-delta integral and in-
vestigate the relation between the M, and M,-delta integrals on
time scales.

1. Introduction and preliminaries

Throughout this paper, Iy = [a,b] is a compact interval in R. Let D
be a finite collection of interval-point pairs {(I;, &)}, where {I;}",
are non-overlapping subintervals of Iy and let § be a positive function
on Iy. We say that D = {(I;, &)}, is

(1) a d—fine McShane partition of Iy if I; C (& — (&), & + (&) and
& elpforalle=1,2,--- ,nand U, I; = Iy,

(2) a d—fine M,—partition of I for a constant o > 0 if it is a d—fine
McShane partition of Iy and satisfying the condition

> dist(&,T) < o,
=1

where dlst(&,fl) = 1nf{|t — £z| 't e IZ},
(3) a d—fine Henstock partition of I, if & € I; C (& — (&), & +0(&))
forallt=1,2,--- ,n and U, I; = Ip.
We introduce some concepts related to the notion of time scales. A
time scale T is any closed nonempty subset of R. For each ¢t € T, we
define the forward jump operator o(t) by

o(t)=inf{ze€T:z>t}
and the backward jump operator p(t) by
p(t) =sup{z e T:z <t}
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where inf ¢ = sup T and sup ¢ = inf T.

If o(t) > t, we say the t is right-scattered, while if p(t) < t, we say
that t is left-scattered. If o(t) = ¢, we say that t is right-dense,while
if p(t) = t, we say that t is left-dense. The forward graininess function
w(t) is defined by p(t) = o(t) — t, and the backward graininess function
v(t) is defined by v(t) =t — p(t).

For a,b € T, we define the time scale interval in T by

[a,blr ={t € T:a <t <b}.

A pair § = (01, 0R) of two real-valued functions on [a, b]r is a A-gauge
on [a,bly if d1,(t) > 0 on (a,b|t, dr(t) > 0on [a,b)r, dr(a) > 0,5r(b) > 0,
and Og(t) > p(t) for each t € [a,b)r.

A collection P = {(&;, [ti—1,ti|T)}, of tagged intervals is a d—fine
M, —partition of [a,b]r if U/, [ti—1,tilr = [a,blr, [ti—1,tilT C [& —
6L(§Z)7§Z + 6R(£’L)] ) él € [(L, b}T for each i =1,2,--- y 1 and
Yo dist(&,1;) < o

For a M,—partition P = {(&;, [ti—1,t:])}}—,, we write

FP) =" (&)t —tiv),
=1

whenever f : [a,blT — R.

2. The M, and M,—delta integrals

DEFINITION 2.1. A function f : [a,blr — R is M,—delta integrable
(or M2-integrable) on [a,b]r if there exists a number A such that for
each € > 0 there exists a A-gauge ¢ on [a, b such that

’f(P)—A’<e

for every d-fine M,—partition P of [a,b]r. The number A is called the
MZ-integral of f on [a,b]t, and we write A = (MaA)f; f
Recall that f : [a,b] — R is M,-integrable on [a, b] if there exists a

number A such that for each € > 0 there exists a gauge ¢ : [a,b] — RT
on [a, b] such that

F(P) - 4| < e
for every d-fine M,—partition P of [a, b].

Let f : [a,b]r — R be a function on [a, b]r, and let {(ax, br)}7>, be
the sequence of intervals contiguous to [a,b]r in [a, b].
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Define a function f* : [a,b] — R on [a, b] by

£ = flag) if t € (ag, by) for some k.
| f) if t€la, bl
It is well-known [9] that f : [a,b]r — R is McShane delta(or Ma)-
integrable on [a,b|r if and only if f* : [a,b] — R is McShane(or M)-
integrable, and (Ma) f;f = (M) f; I*.

LEMMA 2.2. Suppose that f is M2 —integrable on [a,blt. Let € > 0
and let § = (0r,,0Rr) be a gauge on [a, b|T such that

) - i) 1] <

for each 0—fine M,—partition P of [a,b]r.

Assume that D = {(&;, [u;, vi])}, is a 0—fine partial M,-partition of
[a, b]']l', u < t; < Vi, t; € [a, b]j]*, = 1, 2, SR ) and Dl = {(fz, [ui,ti])}?zl,
Dy = {(& [ti, vi]) Yizy-

Then . .
700 = Yo [ ] < 3

i—1

~

and

3

| f(Ds) — Z(Mﬁ)/t_w f] < 3e.

=1
Proof. Denote I = {1,2,--- ,n}, 1 = {i € I|§; < t;}, o = {i €
I|£Z > tl}v
ID% = {(£z7 [ui7ti])}i6h7 D% = {(gla [uiﬂti])}iebﬂ

Dy = {(&, [ti-vil) Yiens D3 = {(&, [ti vi]) Yier,
Then Di, D3 are §—fine partial M,—partition of [a,b]r. By Saks-
Henstock Lemma, we have

7o - S0

i€l Ui

t;

VD SIETAY R ESRC)
i€l ti
Since {(&;, [ui, vi]) }ier, is a d—fine partial M, —partition of [a, b]T, we

have
DGICEED SR

i€l i€l Ui

CH
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From (2) and (3), we have

ot - S [ 1] =[S serw - - S

zelg i€ly i€ls
:KZJC& v — Ug) foz z_tz>
i€ls i€ls
B a)
(o] r-zom) )
< ‘Zf(fi)(“i —u;) — Z(MaA)/vlf
icly icly i .
+| 3 rEwi— ) Z(Mﬁ)/vlf(ﬂe.
icly icly ti
Hence, we have
_ A "
D) s .
= |reob+ oty - 3o o 1- > 5[]
<|rh - ) [ 1]+ ot - S [ ] < e
ich Ui i€ls Ui

Similarly, we have

#(D2) - gwﬁ) [«
U

LEMMA 2.3. Let f, e >0 and 0 = (61,0r) be as in the lemma 2.2.
Assume that D = {(&;, [ui,vi])} is a —fine partial M,—partition

of [a,blr, and u; < s; < t; < v, S, t; € [a,b]T, @ = 1,2,--- ,n. Let
D = {(&:[si ta]) Hq -
Then

< 6¢

@) -0 1
where (M) f = Y0, (M2)[1 /.
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Proof. By lemma 2.2, we have
> e —w) - ()] <5
=1 i=1 Uj

and
)zn:f(ﬁi)(si —u;) — zn:(MaA)/Si f‘ < 3e.
i=1 =1 Uq

Hence, we have
n

’ Zn:f(&)(ti —5;) — Z(Mﬁ)/ti f’
=1 1 Si

i=1
< ‘ zn:f(ﬁi)(ti —ui) — zn:(MaA)/
i=1 i= u;
+ ‘ Zf(fz)(sz —u;) — Z:(]MOLA)/SZ f‘ < Be.
=1 i=1 U;
]

THEOREM 2.4. If f : [a,b]r — R is M2 —integrable on [a,b]T, then
f*:[a,b] = R is M,—integrable on [a,b]. In that case

(Ma)/abf* =(M$)/abf.

Proof. Let [a,b]1® = {wy}ren be the set of all right-scattered points
of [a,b]r, and let € > 0. Then there is a A—gauge § = (d1,0r) on [a, b]T
such that

(1) |f(P) - (MaA)f; f| < € for each d—fine My—partition P of [a, b,

(2) wg + og(wg) = o(wy), for k=1,2,3,-- .,

(3) t + 0r(t) € [a,b]r for t € [a,b]5?, where [a,b]rd is the set of all
right-dense points of [a, b]T,

(4) (SL(O'(U%)) < mm{2k(|f(wk)\+lj”(0(wk))|+1)’ U(wkz) b }, k= 1, 27 Uty

(5) t — 0L(t) € [a,b]y for t € [a,b]id, where [a,b])d is the set of all
left-dense points of [a, b].

Define a gauge 0 = (61,05) on [a,b] by

(6) 61.(t) = 61.(t), Or(t) = Og(t) if t € [a, by and op,(t) = 5%, Jp(t) =
o(t)—tift e (wg,o(wg)), k=1,2,---.
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Suppose that P = {(&, [ti—1,ti])}, is a 5—fine M, —partition of
[a,b].

Put 41 = {i|§; = o(wg) and (wk, o(wk)) N [ti—1,t;] # @ for some
ke N}7 Ay = {1727 7n}\A1~

From (4), we see that for each i € A; there is a unique k; € N such
that & = o(wg,), and (wy,, o(wg,;)) N [ti—1, ti] # 0.

Put Ay = {Z € Al” i—1, ] - [wki’ (wkl)]}

A = {Z € Al” i—1, ] Z [wkl’a(wkl)]}
Let

Pr={(& [tim1s ti]) iea, U{(ti1, [tim1, 1i]) Yican
U {(tiflv [ti*b J(wki)])}ieAlz U {(U(wki)7 [U(wki)’ ti])}ieAm'

Then Py is clearly a d—fine M,—partition of [a,b] and from (4) we
have

IF5(P1) = X (P) < ) [ f(we,) = flo(wg,))|(ti = tiz1)
i€Aq11
+ > 1 f(wk,) = flo(we)|(o(wr,) = ti-1)
1€A12
<SS U wr)l + L (we)) Dt — tir)
k=1 i€A11
ki=k
+ > (1 F(wi)| + | f (o (we,) ) (o (w,) — tz‘—l))
i€A19
ki=k
€ (7)

For the simplicity of notation , we rewrite Py as P1 = {(m;, [us, vi]) } 1.

Then (8) If n; = o(wy) for some k € N, then [u;, v;] N (wg, o(wg)) = 0.

Put I = {1,2,--- ,m} and W = {wg|(wg, o(wg)) N [u;,v;] # O and
(wi, o(wg)) \ [ui,v;] # O for some i € I}. Reorder {wy}ien so that
W = {wy,wa, - ,w} and wy < wg < -+ <w. Put J ={1,2,--- 1}

If u; ¢ [a,blr, then there is a unique p; € J such that u; € (wp,, o(wp,)).
If v; ¢ [a, b]T, then there is a unique ¢; € J such that v; € (wg,, o(wy,)).
Now separate I as follow;
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I = {Z S I’m‘ S [a,b]qy,ui S [a,bh‘,vi S [a,b]'ﬂ'}
Iy=1I\1I, I} ={i € Dlfu,vi] N (wj,o(w;)) # 0}, j € J.
Iy = {’L c 12|77i S [a, b]']r,ui S [a, b]']r,Ui ¢ [a,b]'ﬂ'},[gl = Iy ﬁfg,j e J
Iy = {’L S IQ|77i € [a, b]']r,ui §é [a, b]']r,Ui c [a,b]']r},ng = 1IN Ig,j e J.
Iz = {i € L|n; € [a, by, u;i & [a, by, vi & [a,b]r,pi = qi}, I3y =Ios N I3,
jeJ
I24 - {Z S -[2|771 S [CL, b]Taui ¢ [a7 b]Tav’i ¢ [a’7 b]Tvpi 7é QZ}7I%4 2124 N I%v
jed.
From the choice of 8§, we have that if 7; & [a,b]r, then u; € [a,b]r,
and 7; € (wp,, o(wp,))- . ‘
Put Ios = {Z € 12|771' §{ [a, b]’ﬂ‘}, 155 =I5 N Ig, 7€ J.

Since {(n;, [wi, vi]) bier, is a 0—fine partition M,—partition of [a, b|r,
we have by Saks-Henstock lemma,

D) (s —vi) = Y (ME)
| I

i€ly i€l Ui

CH)

From (2) and (3), we see that {(7;, [us, 0(wg,)]) }iep is a d—fine partial
M, —partition of [a,b]r for each B C I;. Hence by lemma 2.2,

‘ Z f*(ﬁi)(wqi — ul) . Z (Mﬁ)/wq
i€l P i

where we use the convention (MZ)["* f = 0 if wq, = u;.

DIFRCDICIC wqi)—Z(MaA)/g(wqi)f‘S?)e ...... (11)

1€B i€B
for each B C Io;.
Similarly, we have

(Zf ni) (vi — o (wp,)) — Z(Mﬁ)/:i f‘§3e ...... (12)

i€l i€l (wp;)
A U(wpi)
‘ Zf 7]2 wpl wpi) — Z(Ma )/ f’ S 3e------ (13)
i€B i€B Wp

for each B C Iys.
If i € I3, then [u;, v;] C [wp,, o(wp,)].
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If i € Ip4, then pi+1 = g; and wy, < u; < o(wp,) < wy, < v; < o(wgy,).

For B C Iy, put By = {i € Blp; is odd}, B, = {i € Blp; is
even}. From the choice of &, {(n;, [wp,,o(wp,)])}iep, is a é—fine par-
tial M,—partition of [a, b]r. Hence by lemma 2.2 and lemma 2.3,

wqi

S rm e~ otw) - S | <oe )
i€Bo i€ Bo o (wp;)

U(wpi)
|3 rmetu) —w) = S g <se 1)
i€Bo i€Bg Wp;

U(wqi)
| Fmotu) —w) - SR [ g <36 10)
i1€By i€By Waq,

Similarly, we have

|3 F i~ otwn)) = ) [ f]<eeea)

i€ Be i€Bo
A J(wpi)
‘ Zf 77@ wpl wpz.)— Z(MO‘ )/ f’ §3€ ...... (18)
1€ Be i€B. Wp,
A U(wqi)
‘ Zf /)7’L qu wqi)_ Z(Ma )/ f’ S36 ...... (19)
i€Be i€Be. Wy,

From (14) to (19), we have

( D ) (wg —a(wp) = D (M(f)/:% f’ <12------ (20)

i€lay i€layg wpi)
A o( pl)
| 5ot ~wn) - S22 | < e
i€B i€B Wp;

for B g 124"-(21)

‘ Zf (i) (0 (wg,) — wg;) — Z(MaA)/

1€B i€eB
for B - 124 s (22)
Ifi € Ips, then u; & [a,blr, i € (wp,, 0(wy,)) and [u;, v;] C [wp,, o(wp,)]-
Put I}, = {i e Blpi = j}, 1242 = {i € ,lgi = j}, j € J, and put
Ioa1 = Ujes I3y, Toaz = Uje Ty
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From (9), (10), (12) and (20), we have

=3 ) (vi — w)

i€l
/ fre+ > MA/ f+ 3e
zEIl icla
+ [ paser Sy "
i€lao o (wp;) i€l "(“’m)
+ 126+ Y ) (v —wg,) + D (i) (o (wp,) — wi)
i€la i€l
+ > ) —w) + > ) (o (wy,) — ui)
i€l23 1€124
+ ) ) (i = wg) + Y F ) (v — wi)
i€l2q i€las
S [T ST [
[ZEZII /u’ ig; /ul Z§2 /U (wp;)
+3 / Yo 196} [ (X roe - w,
i€l z JjeJ ’LGIj
+Zf 1) (o (wp,) Zf mi) (vi — ui)
16122 16153
+ Y Frm)(o(ws) —w) + Y () (i — wy)
iell,, i€13,,
+ 3 S = )] = (D) (1) (23)
i€l

For each j € J, choose r; € Ig such that f*(n,,) = max{f*(n;)|i €
IJ}. Then rj € I for each j € J.

Ifrj € Io3, then [u,;, v, ] C [wprj , U(wprj )] and [u,;, vy |N[wj, o (w;)] #
0. Hence, p,, = j and {(n,,[w;,0(w;)])}r;en; is a d—fine partial
M, —partition of [a,b]r. Hence, we have

Y rotu) —w) - 3 028

rj€las rj€l2s
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Iij € Io5, then Nr; € (ZU]',O'(U)]’)), [urjvvrj] - [wjv U(wj)] and f*(nrj) =
f(wy). Since {(wy, [wj,o(wj)])}r;ers is a d—fine partial M,—partition
of [a, b]T, we have

‘ Z S () (o (wy) — wy) — Z (MaA)/U(wj)f‘ < evennn (25)

7‘]‘6125 7‘j6125 wy

By (11), (13), (21), (22), (24) and (25), we have
(ID) < Y ) o(wy) —wy)+ Y f* () (o(wy) — wy)

'I’jEIQl TjGIQQ
+ D ) o(w) —w) + Y () (o(wy) — wy)
rj€l23 rj€l241
+ ) ) o(wy) —wy)+ D Fr ) (o(wy) — wy)
’I‘j61242 7’]'6125
o(wy) o(w;) o(w;)
<Y e S re )
rj€la wj rj€lag wj rj€la3 wj
o(w;) o(wy)
s e S [
rj€l241 Wi rjE€l242 Wi

o(wj)
+ > (MQA)/' f+20€----- (26)

Tj6125 wj

From (7), (23) and (26), we have

b
F(P) < f*(P) + e < (M2) / [+ 406 (27)

Similarly, we can show that

FAP)> (M| f—40€----- (28)

a

Hence, we have ]f*(P)—(MaA)fab f| < 40e. Therefore f* is M,—integrable

on [a,b] and
(Ma)/abf* - (Mﬁ)/abf-
O

THEOREM 2.5. If f* : [a,b] — R is M,—integrable on [a,b], then
f :[a,b]r — R is M2 —integrable on [a, b]T.
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Proof. Suppose that f* is M,—integrable on [a, b]. Define a function
g :la,b] = R by

ls

@)+ 1@ if tela,b]
g(t)_{ 0 if te[a,b]T—[a,b]g;.

Then since [a, )5 is a countable set, g = 0 a.e. on [a,b]. Hence, g is
M, —integrable on [a,b] and (M) ffg = 0. Let € > 0. Then there exists
a gauge d = (0r,0R) on [a,b] such that

<€ and lg(D)] < e

b
£*(D) — (Ma) / s

for each d—fine M,—partition D of [a, b].
Define a A—gauge §' = (0},4}%) on [a, bt by

S1(t) = 6. (t) if tela,br

)Rt if tea b
5R(t)_{a(t)—t i te o b

Assume that D = {(&;, [u;,v;])}1, is a 6'—fine M, —partition of [a, b]T.
Let A = {i <nl|& € [a, b’ and [&,0(&)] C [us, vil},

B=1{1,2,--,n} - A.

For each i € A, choose a d—fine Henstock partition D; = {(&;, [}, ”ij])}§;1

of [§;, 0 (&)]-
Let D* = {(&, [wi, vi]) biep U{(&) [wi, &)1 € A us < &} U [UieA Dz}-

Then D* is a —fine M, —partition of [a, b], and

(D)= £(D")
= | 2o AE0(E) &) = 30 D £ (6 vy — )|

i€A 1€A j<p;
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=3 [rere — 3 &) (i uyy)

i€cA J<pi
&ij<a (&)
Z f U’L] Uz])”
1<p;
&ij=0(&)
=13 > [#6) - foten)] i — )
€A j<p;
&ij=0(&)
<3 [+ 1)l vy — i) = 9(D) < ¢
€A j<p;
&ij=0(&)

Hence,

o) o) [

<|[f(D) = (DY)

< 2e.

b
(D) — (Ma) / /

Thus, f is M5 —integrable on [a, b|T and
b
/ f=o) [ 1

From Theorem 2.4 and 2.5, we get the following theorem.

THEOREM 2.6. A function f : [a,blr — R is M5~ integrable [a, b|T
if and only if f* : [a,b] — R is M,-integrable on [a,b]. In this case,

A)/abfz(Ma)/abf*-
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