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IMPULSIVE INTEGRAL INEQUALITIES WITH A

NON-SEPARABLE KERNEL

Sung Kyu Choi*, Namjip Koo**, and Chunmi Ryu***

Abstract. In this paper we present some Gronwall-tpye inequal-
ities with a non-separable kernel and obtain the explicit estimate
for solutions of impulsive differential equations. Furthermore, we
give an example to illustrate our results.

1. Introduction

Integral inequalities of various Gronwall types play important roles
in the study of stability of solutions of differential and integral equa-
tions, as well as in the modeling of engineering and science problems.
Gronwall-type inequalities can be provided explicit bound for solutions
of differential and integral equations as well as difference equations. For
a detailed discussion of impulsive integral inequalities and some basic
concepts concerning about the impulsive differential equations, we refer
the reader to [1, 2, 4].

Differential equations with impulse effect describe evolution process
which at certain moments change their state rapidly. In the mathemat-
ical simulation of such processes it is convenient to assume that this
change takes place momentarily and the process changes its state by
jump. Thus, the impulsive differential equations are adequate mathe-
matical models for description of evolution processes characterized by
the combination of a continuous and jump change of their states. The
theory of impulsive differential equations has found its extensive applica-
tions in realistic mathematical modeling of many real world phenomena.

Choi et al. [3] studied h-stability for linear impulsive equations using
the notion of t∞-similarity and an impulsive integral inequality.
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In this paper we present some Gronwall-tpye inequalities with a non-
separable kernel and obtain the explicit estimate for solutions of impul-
sive differential equations. Furthermore, we give an example to illustrate
our results.

2. Main results

Let PC(R+,R) denote the class of piecewise continuous functions
with discontinuities of the first kind only at t = τk, k ∈ N.

We need the following conditions:

(H1) the sequence {τk} satisfies 0 ≤ t0 < τ1 < τ2 < · · · , and limk→∞ τk =
∞;

(H2) m ∈ PC(R+,R) and m(t) is left-continuous at τk, k ∈ N.

We need the Gronwall-type integral inequality with a non-separable ker-
nel to prove our results.

Lemma 2.1. [5, Theorem 1.1.4] Suppose that h,m ∈ C[R+,R+],K ∈
C[R2

+,R+],Kt(t, s) exists, is continuous and nonnegative. Let

m(t) ≤ h(t) +

∫ t

t0

K(t, s)m(s)ds, t ≥ t0.

Then,

m(t) ≤ h(t) +

∫ t

t0

B(s, t0) exp
(∫ t

s
A(ξ, t0)dξ

)
ds, t ≥ t0, (2.1)

where

A(t, t0) = K(t, t) +

∫ t

t0

Kt(t, s)ds

and

B(t, t0) = K(t, t)h(t) +

∫ t

t0

Kt(t, s)h(s)ds.

If we set h(t) = c in Lemma 2.1, then we obtain the following explicit
estimate.

Theorem 2.2. Suppose thatm, b ∈ C(R+,R+),K ∈ C(R2
+,R+),Kt(t, s)

exists, is nonnegative and continuous and for t ≥ t0,

m(t) ≤ c+

∫ t

t0

K(t, s)b(s)m(s)ds,
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where c is a nonnegative constant. Then, we have

m(t) ≤ c exp
[ ∫ t

t0

(K(s, s)b(s) +

∫ s

t0

Ks(s, σ)b(σ)dσ)ds
]
, t ≥ t0.

Proof. If we set h(t) = c in Lemma 2.1, then we have

m(t) ≤ c+ c

∫ t

t0

A(s, t0)e
∫ t
s A(σ,t0)dσds

= c
(

1 + exp
[ ∫ t

t0

A(s, t0)ds
] ∫ t

t0

A(s, t0)e
−

∫ s
t0
A(σ,t0)dσds

)
= c

(
1 + e

∫ t
t0
A(s,t0)ds

(
1− e−

∫ t
t0
A(s,t0)ds

))
= c exp

(∫ t

t0

A(s, t0)ds
)
, t ≥ t0,

where

A(t, t0) = K(t, t)b(t) +

∫ t

t0

Kt(t, s)b(s)ds.

Hence, we obtain

m(t) ≤ c exp
[ ∫ t

t0

(K(s, s)b(s) +

∫ s

t0

Ks(s, σ)b(σ)dσ)ds
]
, t ≥ t0.

This completes the proof.

Corollary 2.3. If, in Lemma 2.1, h is assumed to be nondecreasing
and positive, then the estimate (2.1) reduces to

m(t) ≤ h(t) exp
[ ∫ t

t0

(K(s, s) +

∫ s

t0

Ks(s, σ)dσ)ds
]
, t ≥ t0. (2.2)

Proof. Setting w(t) = m(t)
h(t) , we get

w(t) ≤ 1 +

∫ t

t0

K(t, s)w(s)ds, t ≥ t0.

Hence, we have

w(t) ≤ exp
[ ∫ t

t0

(K(s, s) +

∫ s

t0

Ks(s, σ)dσ)ds
]
, t ≥ t0,

by Theorem 2.2, and which yields (2.2). This completes the proof.
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An impulsive integral inequality with a nonseparable kernel can also
be reduced to an impulsive differential inequality if the kernel is differen-
tiable. We need the following impulsive integral inequality of Gronwall-
type to prove our main results.

Lemma 2.4. [4, Theorem 1.5.4] Assume that (H1) and (H2) hold and
m(t) ≥ 0. Suppose that h ∈ PC(R+,R),K ∈ C(R2

+,R+),Kt(t, s) exists,
is nonnegative and continuous and for each k ∈ N, t ≥ t0,

m(t) ≤ h(t) +

∫ t

t0

K(t, s)m(s)ds+
∑

t0<tk<t

βkm(tk), (2.3)

where βk ≥ 0 are constants. Then, for t ≥ t0,

m(t) ≤ h(t) +
∑

t0<tk<t

( ∏
tk<tj<t

(1 + βj) exp
(∫ t

tk

A(σ, t0)dσ
)
βkh(tk)

)
+

∫ t

t0

∏
s<tk<t

(1 + βk) exp
(∫ t

s
A(σ, t0)dσ

)
B(s, t0)ds, (2.4)

where

A(t, t0) = K(t, t) +

∫ t

t0

Kt(t, s)ds,

B(t, t0) = K(t, t)h(t) +

∫ t

t0

Kt(t, s)h(s)ds.

If we set h(t) = c in Lemma 2.4, then we obtain the following explicit
estimate for impulsive integral inequality with a non-separable kernel.

Theorem 2.5. Assume that (H1) and (H2) hold and m(t) ≥ 0. Sup-
pose that K ∈ C(R2

+,R+),Kt(t, s) exists, is nonnegative and continuous
and for each k ∈ N, t ≥ t0,

m(t) ≤ c+

∫ t

t0

K(t, s)m(s)ds+
∑

t0<tk<t

βkm(tk),

where c and βk are nonnegative constants. Then, for t ≥ t0,

m(t) ≤ c

k∏
i=1

(1 + βi) exp
[ ∫ t

t0

(K(s, s)

+

∫ s

t0

Ks(s, σ)dσ)ds
]
, t ∈ (tk, tk+1]. (2.5)
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Proof. Let t ∈ (t1, t2]. Then, it follows from Lemma 2.4 that we have

m(t) ≤ c
[
1 +

∑
t0<t1<t

∏
t1<tj<t

(1 + βj)e
∫ t
t1
A(s,t0)dsβ1

+e
∫ t
t0
A(s,t0)ds

∫ t

t0

∏
s<tk<t

(1 + βk)A(s, t0)e
−

∫ s
t0
A(σ,t0)dσds

]
= c

[
1 + e

∫ t
t1
A(s,t0)dsβ1

+e
∫ t
t0
A(s,t0)ds

(∫ t1

t0

(1 + β1)A(s, t0)e
−

∫ s
t0
A(σ,t0)dσds

+

∫ t

t1

A(s, t0)e
−

∫ s
t0
A(σ,t0)dσds

)]
= c

[
1 + e

∫ t
t1
A(s,t0)dsβ1

+e
∫ t
t0
A(s,t0)ds

(
(1 + β1)

(
1− e−

∫ t1
t0
A(s,t0)ds

)
+(e−

∫ t1
t0
A(s,t0)ds − e−

∫ t
t0
A(s,t0)ds)

)]
= c(1 + β1)e

∫ t
t0
A(s,t0)ds, t ∈ (t1, t2],

where A(t, t0) = K(t, t) +
∫ t
t0
Kt(t, s)ds.

Let t ∈ (t2, t3]. Then, by the same method, we also have

m(t) ≤ c
[
1 + (1 + β2)e

∫ t
t1
A(s,t0)dsβ1 + e

∫ t
t2
A(s,t0)dsβ2

+e
∫ t
t0
A(s,t0)ds

( 1∑
i=0

∫ ti+1

ti

∏
s<tk<t

(1 + βk)A(s, t0)e
−

∫ s
t0
A(σ,t0)dσds

+

∫ t

t2

∏
s<tk<t

(1 + βk)A(s, t0)e
−

∫ s
t0
A(σ,t0)dσds

)]
= c

[
1 + (1 + β2)e

∫ t
t1
A(s,t0)dsβ1 + e

∫ t
t2
A(s,t0)dsβ2

+e
∫ t
t0
A(s,t0)ds

( 2∏
i=1

(1 + βi)
(

1− e−
∫ t1
t0
A(s,t0)ds

)
+(1 + β2)

(
e−

∫ t1
t0
A(s,t0)ds − e−

∫ t2
t0
A(s,t0)ds

)
+
(
e−

∫ t2
t0
A(s,t0)ds − e−

∫ t
t0
A(s,t0)ds

))]
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= c

2∏
i=1

(1 + βi) exp
(∫ t

t0

A(s, t0)ds
)
, t ∈ (t2, t3].

Then it follows from mathematical induction that (2.5) holds for k ∈ N.
This completes the proof.

Corollary 2.6. If h is nondecreasing and positive in Lemma 2.4,
then the estimate (2.4) reduces to

m(t) ≤ h(t)

k∏
i=1

(1 + βi) exp
[ ∫ t

t0

(K(s, s)

+

∫ s

t0

Ks(s, σ)dσ)ds
]
, t ∈ (tk, tk+1]. (2.6)

Proof. Setting w(t) = m(t)
h(t) , we get

w(t) ≤ 1 +

∫ t

t0

K(t, s)w(s)ds+
∑

t0<tk<t

βkw(tk), t ≥ t0.

Hence, we have

w(t) ≤
k∏
i=1

(1 + βi) exp
[ ∫ t

t0

(K(s, s)

+

∫ s

t0

Ks(s, σ)dσ)ds
]
, t ∈ (tk, tk+1], (2.7)

by Theorem 2.5, and which yields (2.6). This completes the proof.

3. Example

In this section we give an example which illustrates our results from
the previous section.

Example 3.1. [5, Lemma 8.1] We consider the scalar differential
equation with impulse effect

x′(t) = a(t)x+ g(t, x), t 6= tk, t ∈ R+;

∆x(t) := x(t+)− x(t) = bk + Ik(x(t)), t = tk, k ∈ N;

x(t0) = x0,

(3.1)

with the following conditions:

(i) The sequence {tk} satisfies 0 ≤ t0 < t1 < t2 < · · · < tk < · · · and
limk→∞ tk =∞, k ∈ N.
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(ii) The function a ∈ PC(R+,R) and bk ∈ R, k ∈ N, and
∏∞
k=1(1 +

|bk|) <∞.
(iii) Each function g : R+ ×R→ R is continuous and locally Lipschitz

continuous with respect to x in the sets (tk−1, tk] × R, k ∈ N,
and for each k ∈ N and y ∈ R, and the limit of g(t, x) exists
as (t, x) → (tk, y), t > tk. Furthermore, the following inequality
holds:

|g(t, x) ≤ b(t)|x|,
where the function b ∈ PC(R+,R) is nonnegative.

(iv) The function Ik : R→ R is continuous and

|Ik(x)| ≤ ρk|x|, k ∈ N,
where each ρk is a nonnegative constant.

(v) x(t+k ) represents the right limit of x(t) at t = tk.

Together with equation (3.1), we consider the impulsive differential equa-
tion 

x′(t) = a(t)x, t 6= tk, t ∈ R+;

∆x(t) = bk, t = tk, k ∈ N;

x(t0) = x0,

(3.2)

and the differential equation{
x′(t) = a(t)x,

x(t0) = x0.
(3.3)

Let u(t, s) and w(t, s) be the fundamental solutions of (3.3) and (3.2),
respectively. Furthermore, we assume that u(t, s) satisfies the following
condition: |u(t, s)| ≤ ϕ(t)ψ(s) for tk−1 < s ≤ t ≤ tk, k ∈ N, where ϕ,ψ ∈
PC(R+,R) and ϕ(t) > 0, ψ(t) > 0, ϕ(t+k ) > 0, ψ(t+k ) > 0, ϕ(tk)ψ(t+k ) = 1
for t ∈ R+, k ∈ N. Then the solution x(t) = x(t, t0, x0) of (3.1) satisfies
the following estimate

|x(t)| ≤ c|x0|ϕ(t)ψ(t+0 )
∏

t0<tk<t

(1 + cρk) exp
[ ∫ t

t0

(b(s)

+ϕ′(s)

∫ s

t0

ψ(σ)b(σ)dσ)ds
]
, t ≥ t0. (3.4)

Proof. It follows from [1, p. 45] that we have

|w(t, s)| ≤ ϕ(t)ψ(s)
∏

s≤tk<t
(1 + |bk|)ϕ(tk)ψ(t+k )

≤ cϕ(t)ψ(s),
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where c =
∏∞
k=1(1 + |bk|). In view of the variation in parameters, the

solution x(t) = x(t, t0, x0) of (3.1) satisfies

x(t) = w(t, t+0 )x0 +

∫ t

t0

w(t, s)g(s, x(s))ds

+
∑

t0<tk<t

w(t, t+k )Ik(x(tk)). (3.5)

From conditions (iii), (iv) and (3.5), we obtain

|x(t)| ≤ c|x0|ϕ(t)ψ(t+0 ) + c

∫ t

t0

ϕ(t)ψ(s)b(s)|x(s)|ds

+c
∑

t0<tk<t

ϕ(t)ψ(t+k )ρk|x(t+k )|, t ≥ s. (3.6)

Setting m(t) = |x(t)|
ϕ(t) and K(t, s) = ϕ(t)ψ(s)b(s), then it follows from

Lemma 2.5 that

|x(t)| ≤ c|x0|ϕ(t)ψ(t+0 )
∏

t0<tk<t

(1 + cρk) exp
[ ∫ t

t0

(b(s)

+ϕ′(s)

∫ s

t0

ψ(σ)b(σ)dσ)ds
]
, t ≥ t0. (3.7)

This completes the proof.

Remark 3.2. If we apply well-known impulsive integral inequality of
Gronwall-type in [4, Theorem 1.5.1.] to (3.6), then we also obtain the
following estimate:

|x(t)| ≤ c|x0|ϕ(t)ψ(t+0 )
∏

t0<tk<t

(1 + cρk) exp
[ ∫ t

t0

cϕ(s)ψ(s)b(s)ds
]

= c|x0|ϕ(t)ψ(t+0 )
∏

t0<tk<t

(1 + cρk) exp
[ ∫ t

t0

cb(s)ds
]
, t ≥ t0. (3.8)
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