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Abstract

Multivariate skew-normal distribution(distribution that includes multivariate normal distribution) has been
recently applied to many application areas. We consider saddlepoint approximation for a statistic of linear
combination based on a multivariate skew-normal distribution. This approach can be regarded as an exten-
sion of Na and Yu (2013) that dealt saddlepoint approximation for the distribution of a skew-normal sample
mean for a linear statistic and multivariate version. Simulations results and examples with real data verify

the accuracy and applicability of suggested approximations.
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Table 4.1. Design of simulation

p=2 p=3
o = (a1,a2) Q h' = (h1, h2) o = (a1, a2, a3) Q h' = (h1,ha, h3)
(1,3) (2, 5) (1,3, 5) (1, 2,5)
(-1, 3) 1921 (2, 5) (-1, 3, —5) Qo (1, 2, 5)
(1,3) (1, -1) (1,3, 5 (1, -2, 5)
(-1, 3) (1, -1) (-1, 3, =5) (1, 72 5)
Table 4.2. Saddlepoint approximation to the distribution function of linear combination
PWX < z)
W=(2,5), Q=01, o =(1,3) W =(2,5), Q=01, o —=(-1,3)

x Normal Saddle S.Exact x Normal Saddle S.Exact
—-3.0 0.0239 0.0035 0.0034 —7.0 0.0138 0.0104 0.0103
—1.5 0.0566 0.0239 0.0236 —5.5 0.0296 0.0248 0.0249

0.0 0.1170 0.0926 0.0919 —4.0 0.0579 0.0526 0.0525

1.5 0.2130 0.2223 0.2248 —2.5 0.1041 0.1002 0.1003

3.0 0.3439 0.3847 0.3921 —1.0 0.1726 0.1722 0.1721

4.5 0.4969 0.5410 0.5537 0.5 0.2646 0.2692 0.2687

6.0 0.6503 0.6837 0.6903 2.0 0.3764 0.3858 0.3857

7.5 0.7824 0.7922 0.7956 3.5 0.4998 0.5187 0.5120

9.0 0.8799 0.8709 0.8718 5.0 0.6232 0.6336 0.6340
10.5 0.9416 0.9241 0.9242 6.5 0.7351 0.7415 0.7421
12.0 0.9752 0.9577 0.9576 8.0 0.8271 0.8286 0.8295
13.5 0.9908 0.9777 0.9777 9.5 0.8957 0.8931 0.8935
15.0 0.9970 0.9889 0.9889 11.0 0.9420 0.9373 0.9374
16.5 0.9992 0.9948 0.9947 12.5 0.9704 0.9654 0.9653
18.0 0.9998 0.9977 0.9976 14.0 0.9861 0.9820 0.9820

15.5 0.9941 0.9912 0.9911
17.0 0.9977 0.9959 0.9959

1 0.3 0.5
1 03
Q= Q=103 1 07

03 1
0507 1

¥
flo
1o,
o

Eisg

Normal: A}

Saddle: Lugannani-Rice #Hol oot B g o ZAL
7

S.Exact: 9HE314 109 RAFE 53 H&3

4.2. A2 S8

4.2.1. QT DBl 22 X,F Xo7h 27t SN(a1)3 SN(az)% W w, AF-AE B
o (stress-strength model) ol He] THITE P(X) < Xo)ol that 2A1E AZIA. X, Xo7h $59



814 Jonghwa Na

Table 4.3. Saddlepoint approximation to the distribution function of linear combination

P(WX < x)
M =(1,-1), Q=0, «=(1,3) M=(1,-1), Q=, o =(-1,3)

T Normal Saddle S.Exact T Normal Saddle S.Exact
—-3.0 0.0093 0.0094 0.0093 —4.0 0.0002 0.0007 0.0007
—2.5 0.0278 0.0279 0.0278 —-3.5 0.0014 0.0031 0.0032
—-2.0 0.0698 0.0698 0.0697 -3.0 0.0073 0.0112 0.0112
—1.5 0.1493 0.1490 0.1483 —2.5 0.0285 0.0347 0.0347
—-1.0 0.2737 0.2730 0.2725 —-2.0 0.0863 0.0909 0.0904
-0.5 0.4348 0.4341 0.4335 —-1.5 0.2049 0.2011 0.2005

0.0 0.6077 0.6073 0.6067 —1.0 0.3881 0.3750 0.3748
0.5 0.7615 0.7615 0.7607 —-0.5 0.6008 0.5884 0.5887
1.0 0.8746 0.8750 0.8746 0.0 0.7868 0.7848 0.7856
1.5 0.9437 0.9441 0.9440 0.5 0.9091 0.9153 0.9157
2.0 0.9785 0.9788 0.9787 1.0 0.9696 0.9759 0.9759
2.5 0.9931 0.9933 0.9932 1.5 0.9921 0.9952 0.9952
3.0 0.9981 0.9982 0.9981 2.0 0.9984 0.9994 0.9993
3.5 0.9996 0.9996 0.9996

4.0 0.9999 0.9999 0.9999

Table 4.4. Saddlepoint approximation to the distribution function of linear combination

P(WX < x)
K =(1,2,5), Q=Q2, o =(1,3,5) M =(1,2,5), Q=Q2, o =(-1,3,-5)
T Normal Saddle S.Exact T Normal Saddle S.Exact
—-2.0 0.0401 0.0011 0.0011 —15.0 0.0297 0.0340 0.0342
—-0.5 0.0802 0.0244 0.0232 —13.5 0.0516 0.0560 0.0560
1.0 0.1450 0.1228 0.1221 —-12.0 0.0848 0.0884 0.0885
2.5 0.2381 0.2676 0.2759 —10.5 0.1319 0.1336 0.1334
4.0 0.3569 0.4160 0.4268 -9.0 0.1945 0.1935 0.1929
5.5 0.4915 0.5533 0.5612 -7.5 0.2724 0.2684 0.2681
7.0 0.6271 0.6707 0.6763 —6.0 0.3633 0.3568 0.3566
8.5 0.7485 0.7668 0.7693 —4.5 0.4626 0.4549 0.4550
10.0 0.8450 0.8409 0.8416 -3.0 0.5644 0.5571 0.5573
11.5 0.9132 0.8955 0.8952 —-1.5 0.6621 0.6567 0.6571
13.0 0.9560 0.9339 0.9333 0.0 0.7499 0.7474 0.7472
14.5 0.9799 0.9598 0.9594 1.5 0.8238 0.8243 0.8240
16.0 0.9917 0.9764 0.9763 3.0 0.8822 0.8849 0.8847
17.5 0.9970 0.9867 0.9866 4.5 0.9253 0.9292 0.9293
19.0 0.9990 0.9928 0.9928 6.0 0.9552 0.9593 0.9595
7.5 0.9746 0.9781 0.9783
9.0 0.9864 0.9891 0.9891

A2t AR SYA Aol sl ‘l FAAR] A3E Table 4.691 AASFITE Table 4.6914 GB&
Gupta®} Brown (2001)°]] &3k 4] (2.3)9] Z3}o]H, Saddle2 HFHZAL, S.Exact+ 10%HHe] 2o
AFL 3} 33 glolth. o) }—v— ol o ZAH(Saddle) o] A £49 A= Gupta?l Brown]
2slsiel v o) A Q290 ¥ = LE Aguow, ALY AL g AP Lael 2
S3ke A (3.3)0] HlISle] AFATAE AETUTE HU A9 3289 WAL A8 Aol
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Table 4.5. Saddlepoint approximation to the distribution function of linear combination

P(WX < x)

R =(1,-2,5), Q=Q2, o =(1,3,5) R =(1,-2,5), Q=Q2, o =(-1,3,-5)
T Normal Saddle S.Exact T Normal Saddle S.Exact
—4.0 0.0213 0.0147 0.0146 —11.0 0.0043 0.0133 0.0136
-3.0 0.0416 0.0332 0.0330 —10.0 0.0112 0.0244 0.0250
—-2.0 0.0753 0.0670 0.0668 -9.0 0.0263 0.0429 0.0434
—1.0 0.1265 0.1215 0.1211 —8.0 0.0554 0.0722 0.0723
0.0 0.1980 0.1995 0.1995 —-7.0 0.1055 0.1164 0.1155
1.0 0.2897 0.2990 0.2992 —6.0 0.1822 0.1798 0.1774
2.0 0.3975 0.4132 0.4133 —5.0 0.2866 0.2656 0.2618
3.0 0.5139 0.5319 0.5322 —4.0 0.4132 0.3752 0.3693
4.0 0.6290 0.6446 0.6452 -3.0 0.5495 0.5057 0.4992
5.0 0.7336 0.7432 0.7440 —2.0 0.6802 0.6482 0.6446
6.0 0.8208 0.8233 0.8242 —-1.0 0.7916 0.7859 0.7858
7.0 0.8874 0.8841 0.8843 0.0 0.8761 0.8961 0.8970
8.0 0.9341 0.9275 0.9276 1.0 0.9331 0.9626 0.9633
9.0 0.9642 0.9567 0.9567 2.0 0.9674 0.9905 0.9907
10.0 0.9820 0.9753 0.9753 3.0 0.9856 0.9984 0.9983

11.0 0.9916 0.9866 0.9864

12.0 0.9964 0.9930 0.9929

Table 4.6. Saddlepoint approximation to the probability P(X; < X2) when X; ~ SN(a1) and X2 ~ SN(a2)

P(X1 < X2)

aq g X1, X2 : Dependent case X1, X2 : Independent case

GB Saddle S.Exact Saddle S.Exact
0 2 0.7180 0.7179 0.7178 0.7179 0.7179
0.5 2 0.6339 0.6339 0.6338 0.6156 0.6155
1 2 0.5701 0.5701 0.5699 0.5513 0.5512
2 2 0.5000 0.5000 0.5000 0.5000 0.5000
5 2 0.4444 0.4444 0.4443 0.4739 0.4740
10 2 0.4312 0.4312 0.4313 0.4693 0.4694
20 2 0.4275 0.4275 0.4272 0.4681 0.4683

FHIA] ARTt BoARS F3 BEE 32 28 V1€ Guptagt

= st mebx B =RelA AXE PFREIAR v AT
) A A8E = Gulpagt Brown (2001)0] T3l thoba wbog ARgE 4 glo
oA Hot dubEl 594 7HP(Xa T Xo 7 SH)stelA R T3 dAE Zﬂ?‘f?l

4.2.2. Roberts?| IQ AtZ t}Z9] Table 4.7 Roberts (1966)°1A thEo1z 19713 ti7]1<)
oAbl a8 87w el Ml gt 5279 npQl Fgel 1Q Aotk o] Azl thel A&
2} ¥ #3}(non-standard) 9]]7677——‘%_—%_3 At Ax= D]—./] Table 4.7 @ Figure 4.13 Zt}.
T34 Yoz AW EFAWNE ARerlen, A2z HE Aoirs =4l WMWL
Gupta®} Brown (2001)< 3 }71 vpgith O 23 AR E TPgstellAe 4 2AE AR

hj MR
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Table 4.7. Maximun likelihood estimates for Roberts IQ data

Maximum likelihood estimates

Parameter White(X1) Non-white(X?2)
Normal Skew Normal Normal Skew Normal
m 112.86 105.72 106.65 97.45
o 9.59 11.91 8.31 12.34
« 1.14 2.55

— — Normal
Normal ---- Skew Normal
E Skew Normal

80 30 100 110 120 130 140 150 80 30 100 110 120 130
white_lQ nonwhite_1Q
Figure 4.1. Model fitting for Roberts 1Q data
Table 4.8. Saddlepoint approximation to the probability P(Z1 < Z3) for IQ data
White Non-white P(Z1 < Z2)
(Z1) (Z2) (a) Z1,Z2 : Dependent case (b) Z1,Z2 : Independent case
o3} oo GB Saddle S.Exact Saddle S.Exact
1.1432 2.5462 0.5739 0.5739 0.5738 0.5501 0.5499
£ 1A% A9 wae) BH, AridoE BR()E 27, BEERA()E A 2ARALL T 4 3
o}.

A E}
B2 23] Gupta®2} Brown
erow AEE 4 98 FATAT B wRolA ANT ik AFRES S0
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