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A NOTE ON KADIRI'S EXPLICIT ZERO FREE REGION
FOR RIEMANN ZETA FUNCTION

Wo00-JIN JANG AND SOUN-HI KwON

ABSTRACT. In 2005 Kadiri proved that the Riemann zeta function ((s)
does not vanish in the region

Re(s) > 1 — m, Im(s)| > 2
with Rop = 5.69693. In this paper we will show that Ro can be taken Rg =
5.68371 using Kadiri’s method together with Platt’s numerical verification
of Riemann Hypothesis.

1. Introduction

It is well known that the distribution of prime numbers is deeply related
with the zeros of the Riemann zeta function ((s). Let m(x) be the number of
primes up to . Hadamard and de la Vallée Poussin proved the prime number

. . . . _rxodt
theorem which states that 7(z) is asymptotic to Li(z) = [, 557 In 1899, de
la Vallée Poussin proved that {(s) does not vanish in the region

1
~ o log [fm(s)

Re(s) > 1 , Im(s)| > 2

with Ry = 34.82. From this zero-free region for {(s) the error term 7 (z) — Li(z)
can be estimated:

) 1161 ~0(x oo - /%)) when -

See [18] and Section 1 of [7]. The constant Ry has been improved by many
authors, particularly by Rosser [13, 14, 15], Schoenfeld [14, 15], Stechkin [16],
Ford [1, 2], and Kadiri [7]. Recently Kadiri improved significantly on Rjy.
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Theorem 1 (Kadiri [7]). ((s) does not vanish in the region

1
Re(s) > 1

] > 2
Z17 Bolog () N =2

with Ry = 5.69693.

The aim of this paper is to show that Ry can be slightly reduced to 5.68371.
In order to enlarge zero-free regions for (s) Kadiri used Weil’s explicit formula
together with a generalization of Stechkin’s work. In [6] Heath-Brown used
Weil’s explicit formula to get better zero-free regions for Dirichlet L-functions.
Kadiri adapted Heath-Brown’s method for ((s). Moreover, Heath-Brown sug-
gested several test functions with which one can use Weil’s explicit formula.
Kadiri used one of those functions and Wedeniwski’s numerical verification of
the Riemann Hypothesis to prove Theorem 1. In this paper we will use Kadiri’s
method with different test functions together with Platt’s numerical verifica-
tion of the Riemann Hypothesis and obtain Ry = 5.68371. For the numerical
verification of the Riemann Hypothesis, see van de Lune, te Riele, and Winter
[10], Wedeniwski [19], Gourdon [3], Platt [11, 12], and Kadiri [7, §].

The structure of this paper is as follows. In Section 2 we review briefly some
of well-known patterns for studying the zeros of {(s). In Section 3 we present
Kadiri’s method. In Section 4 we give our numerical results using various test
functions and trigonometric inequalities.

2. The logarithmic derivative of {(s) and the zeros of {(s)

To begin with we consider the logarithmic derivative of (s)

s )
g n>1 "

where A(n) is the von Mangoldt function. Using the functional equation for
¢(s) and the Hadamard product formula we get

¢! —logmr 1_T'[s 1 1
—Re>(s) = “Re— (2 +1 — 7§ —
ReC(s) 5 +2ReF 2+ + Re 1 Re =)

peZ(¢)

where Z(¢) denotes the set of non-trivial zeros of ((s). Let po = Bo + iy be
some particular zero with |y9| > 2. Note that if Re(s) > 1, then Re# > 0.

Discarding — > ez Reﬁ < 0 we obtain

PF#PO

¢’ —logm 1_ I [s 1 1
_Re>(s) < “Re— (241 R
Rec(s)_ 5 +2Rer 2+ + Re 1 Re pp—
for s with Re(s) > 1. Let P(v) = ZkK:o ay cos(kv) > 0 with ap, > 0 and let

s = o +it. Then
K

Zak ( - Re%(o + zkt)) = Rez ag Z nﬁ(ﬁzt

k=0
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cos(kzt logn) > 0.

Let us consider for example the classical mequahty
P(v) =3 +4cosv + cos(2v) = 2(1 + cosv)? > 0.
Suppose that ¢ > 1. We have

¢ —logm r’ 1 1
_> < i - _
C(U)_ 5 + RI‘ 2—1— —|— — Re )
!

—1 1 1
“Re (oping) < 087 1 SRe— (U 0 1) +Re( . )_
o+iy—1

¢ 2 2 o—Bo’
and
¢ —1og7r o+ 127 1
“Re> (o +i2 R— I 4 1) 4 Re( ——
eg(a—i—z Y0) < 5 + > + Re PR S—
*( )
—Re| ——— ).
o —Po+1iv0
From
¢ C' ¢
Re( —3>(0) —4=(oc+iv) — =(c + 1270)) 20
¢ C ¢
we get
1 < 5 Tt log |0l
p—c c1log |0

where ¢ is some positive constant that can be estimated explicitly. If we choose
o optimally, then we obtain an upper bound for Sy. See Chapter III of [17],
Section 1 of [15], Section 4 of [6], and § 8 of [9].

In [16] Stechkin proved the following.

Stechkin’s Lemma. Let 8 € [1/2,1], y > 0, 0 > 1 and let 7 = (1 +
V1+402)/2. Then

1 1 1 1 1
Re — + — — — — + . >
[U—B—Hy oc—1+p8+iy \/5<T—B+zy T—1+6+ly>:|

If p is a zero of ((s), then p and 1 — p are also zeros of ((s). In view of
Stechkin’s lemma we have

1 1 1 1 1
R _ >0
e{a-i—it—p_'—a-i-it—l—l—ﬁ \/5<U+5+it—p+U+§+it—(1—ﬁ)>] =
where 6 = 7 — 0. We consider

—Reg—/( )+ —Reg—/(s+5)

¢ V5 ¢
()i ) )
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1 1 1 1 1 1
— —Re———— — = R
s—1 5 s+o—1 2 o e{ +

+ Re =
Py )

1 1
_%(s+5p+s+51+p)}

One may discard the sum

1 1
>
Z Re[s—ers— <s+6 p s+(5—1+l))]_0

PEZ(C)
P#p0o, 1—p0

and get

Combining this bound and
- 1 ¢ ¢
];OakRe<%z(o + 0 +ikt) — Z(a + ikt))
— Z %(1 — li;s/g)P(tlogn) >0

n>1

one can obtain a zero free region for ((s). Note that using Stechkin’s lemma one
can reduce the constant 1 to 5 (1— 7) This allows to get wider zero-free region
for {(s): in particular, Rosser and Schoenfeld obtained Ry = 9.645908801 in
[15]. For more detail see Stechkin [16], Rosser and Schoenfeld [15], and Graham
[4].

In [6] Heath-Brown established the explicit formula that relating the sum

> An) ng)f(bﬂ)

— log g

to a sum over zeros of Dirichlet L-function L(s, x) associated with x, where x
is a primitive Dirichlet character modulo ¢ > 1, and f(¢) is a positive smooth
function satisfying certain conditions given in Section 5 of [6]. Note that Heath-
Brown gave several functions for f(t). Using this explicit formula Heath-Brown
improved zero-free regions for Dirichlet L-functions (see [6]). In 2005 Kadiri
generalized Stechkin’s work and used it together with Weil’s explicit formula
for ¢(s). We will describe Kadiri’s method in the next section.
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3. Kadiri’s method

In this section we will describe Kadiri’s method in brief. We will use the
same notations as [7].

Let f be a positive function with compact support that is in C2([0, d]).
Assume that

(1) fld)=£'(0) = f'(d) = f"(d) = 0.
Let J
F(2) :/0 e F f(t)dt

be the Laplace transform of f. In Proposition 2.1 of [7] Kadiri proved the
following.

Proposition 1 (Weil’s explicit formula). Let f be a function as above and
s = o + it a complex number. Then we have

Re(; %f(logn))
= f(O)(— %logﬂ—l—Re%%(% + 1))
+ReF(s—1)— Y  ReF(s—p)
PEZ(C)

1 1/24i00 p1 o/, Fy(s—2z) Fy(s)
Re( — Re— | = d
" e<27Ti /1/2—ioo ‘T (2) (s —2)? T ),

where Fy is the Laplace transform of f” and the sum is over the mon-trivial
zeros p of ((s).

Indeed Kadiri established the explicit formula in more general setting. See
Theorem 1 in [7]. For more on explicit formula, see Guinand [5] and Weil [20].

Kadlrl C()nSldered
Re g L f( Og ) - —
n K n

n>1

where 0 < K < 1 and 0 < § < 1 are the constants that will be fixed later. In
view of Proposition 1 we get

Re; %f(logn) (1 - %)

2) = J(0)A1(s) + D(s = 1) = 3 Dls— p) + Aa(s),
PEZ(Q)

where

Aq(s) =Ti(s) — kT1(s 4+ 0), Aa(s) =Ta(s) — kTa(s + 9),
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1 1TV
D(s) = ReF(s) — kReF(s+6), Ti(s) = ~3 logm + §ReF (g + 1),

1 1/24i00 v/, Fy(s—2z) Fy(s)
T: = Re|l — Re—|{ = d
2(#) G(QM /1/2—1'00 er (2) (s —2)? ot s? )

1 [ T (1 t\. Fa(s—1/2—it) Fy(s)
S Re— [ = — |[Re———~dt + R .
o | er(4+’2) “oi2—ie TR

Then
K
A
Z f(logn)@ (1 - %) Zak cos(kvyologn) >0,
n>1 K "/ k=0
where Zszo ay, cos(kv) > 0 with a, > 0. In view of (2) we get

K

> {f(O)Al(O— + ko) + D(o — 1 + k)
k=0
(3) ~ " Do +ikvo — p) + Dalo + ik%)} > 0.
PEZ(C)

Kadiri estimated upper bounds for Zszo ar f(0)Ay (o+ikvo), ZkK:O arD(oc—1+
1kvo0), and Zszo arAs (o +ikvo), and lower bound for ZkK:O ark Y pez(c) Do+
tkvo — p). In [7] the following trigonometric inequality
4
Pv) = Z ay, cos(kv) = 8(0.91 4 cos v)?(0.265 + cosv)* > 0
k=0
is used. Kadiri introduced the variables n, r and w as follows. Let n =1 — Sy
and write
1
rlogvo’
where 5 < r < R. Let Ty = 3330657430.697 and assume that v9 > Ty. Note
that in [7] Kadiri used Wedeniwski’s numerical verification of the Riemann
Hypothesis: if p is a non-trivial zero of {(s) and 0 < Im(p) < 3330657430.697,

then Re(p) = 1, i.e., the Riemann Hypothesis is true for those zeros. See [19].

']’I:

Let
1 1
c=1-——
Rlog(4vo + to)
and
1—-0o
w= ,
n

where to is a real number with t; > 1. (Kadiri put o = 10.) According to
Theorem 1 of [15] one may take R = 9.645908801. Thus

1

>o0=1- -
7 =00 Rlog(4Tp + to)
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1 1
< = <
=10 rlogTy — 5logTy’
and
1—-0 rlog o S rlog Ty 1—o09
w = = = = .
n Rlog(4v0 +to) — Rlog(4To + to) o
We set
1-— (1)
wp = —.
Mo

So, wp < w < 1. Let

4
A= "a; =35.78532.
k=1
We now impose on [ to satisfy

(4) Re(F(z)) >0 for Re(z) > 0.
Kadiri proved the followings.

Proposition 2. There exists a function C5(n) such that

4
ak Z D(o +ikyo— p) > a1 F (o — Bo) — Cs5(n),
0

k= PEZ(C)

where C3(n) is given in [7, Section 4.1].
Proof. See Section 4.1 of [7]. O

To get a lower bound for Zi:o ak Y- pe 7(c) D(o+ikyo — p) Kadiri considered
firstly the case where k = 1 and p € {po,1 — p}:

D(o — Bo) + D(o — 14 o) > F(o — o) + E(n),

where E(n) is given in (34) of [7]. In the case that k = 0,2,3,4 or k = 1 with
p & {po,1 — po}, Kadiri divided the set Z({)* into two parts Z({)* = S1 U Sa,
where

otherwise,

2(0)* = { 228\ (00,1~ po}, fork=1,

S1={p=p0+ive Z()* | % <fB<oc}and So ={p=p+ive Z(()* | o < B}.
For the sum over p € S; Kadiri generalized Stechkin’s work to the Laplace form
F(z):

Proposition (A generalization of Lemma 2 of [16]). For & <8 <o andy > 0,
we have

D(o — B+iy)+ D(oc —1+ B +iy) >0,
where § > 0.61963 and 0 < k verify the conditions given in [7, Proposition 4.2].

Proof. See Proposition 4.2 of [7]. O
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For these choices for § and  the sum Zi:o ak Y pes, Do +ikyo —p) >0
can be discarded. Note that o < S yields |y| > k7o + to. For the sum over
p € So Kadiri estimated the zero density of ((s).

Proposition 3. There exists a function C1(n) such that

FO) S axi(o + k) < 51— K)F(0)log + Cr(n),

k=0

where C1(n) is given in [7, Section 4.2].
Proof. See Section 4.2 of [7]. O

Proposition 4. There exists a function Co(n) such that

4
> axD(o =1+ ikyo) < agF (o —1,0) + Ca(),
k=0

where C2(n) is given in [7, Section 4.3].
Proof. See Section 4.3 of [7]. O

Proposition 5. There exists a function Cy(n) such that

4
ZakAQ(O' + ik’yO) S 04(77)7
k=0

where Cy(n) is given in [7, Section 4.4].
Proof. See Section 4.4 of [7]. O

In addition, for the proofs of Propositions 2-5 Kadiri estimated the upper
bounds for |Re%(z)| and observed in detail how behave the Laplace transform
F(s).

Gathering together (3) and Propositions 2-5 we obtained that

A
() 0< 5(1 —£)f(0)logyo + aoF (o —1) — a1 F(o — fo) + C(n),
where
C(n) = Ci(n) + Ca(n) + C3(n) + Ca(n).

Kadiri used for f(t) the function given in Lemma 7.4 of [6] with A = 1. For

0 €|r/2, n| Kadiri set f(t) = nhg(nt), where
-0 u —20

_ 2 2 _u _
he(u) = (14 tan 9){(1 + tan 9)(tan9 2) cos(utanf) + g Y

sin(26 + u tan6) sin(f + u tan 6)
- — 2|1t
sin(20) sin 0
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for u € [0, =2%]. Kadiri verified that C(n) < 0 for n € [0,m0]. From (5) it

) tan 0
follows now that

;(1 — k)nhg(0)logyo > a1 F (o — Bo) — apF (o — 1).

Let
K(w,0):=a1F(0c — By) —apF (o —1)

d
= / (ale(ﬁo*d)t _ aoe(lfa)t)f(t)dt
0

d1(0)
= / (are”" — ag)he(t)e”tdt,
0

where d = le(Q and d; (0) = =2%. Ultimately we get

tan 6 *
K(w,9)

(6) nlog~yo > )

2(1 = r)he(0)
Kadiri chose r = 5.94292, § = 1.848 for which K(w,#) is increasing with
w > wo = 0.579471. For the choices § = 0.61963 - - -, x = 0.44213 - - -, we get

K (wp, 1.848) S 1

(1 —0.44213 - - - )hy.g4g(0) — 5.942924085
We let now R = 5.942924086 and repeat the same calculations. Kadiri iterated
six times and obtained Ry = 5.69693. This proves Theorem 1. Setting

nlogyo > 7y
2

l1—0

o= <1, f(t) =nhe(nt), w= o

1 -
Rlog(4vo + to)

and dealing skilfully with them are very original parts in Kadiri’s method.
In the next section we will apply Kadiri’s method to various functions f(t).

4. Various choices for f(t) and trigonometric inequalities

In this Section we will apply Kadiri’s methods to various functions and
reduce Ry. Heath-Brown proposed several functions for f(¢) in Lemmas 7.1-
7.4 of [6]. Kadiri used the function given in Lemma 7.4 of [6]. We will use the
functions given in Lemmas 7.1-7.4 of [6] in Propositions 6-9 below, respectively.
Moreover, Heath-Brown mentioned a suggestion for optimizing f(¢) that would
lead a possible improvement in Section 16 of [6]. Following this idea Xylouris
found a family of functions f in [21]. See also [22]. In Proposition 10 below we
will use these functions.

In order to find optimal trigonometric inequalities we consider

2(a + cosv)? >0,
8(a 4 cosv)?(b + cosv)? > 0,
32(a + cosv)? (b + cosv)?(c + cosv)? > 0,
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where 0 < a,b,c < 1. We have observed numerically that the first and the third
inequalities lead worse values for Ry. So, we take the trigonometric inequality

of the form
4

Z ay cos(kv) = 8(a + cosv)?(b + cos v)?

k=0
with 0 < a,b < 1. According to [11] and [12] the Riemann Hypothesis is true
for the non-trivial zeros p with Im(p) < 30610046000. From now on we let
Ty = 30610046000 and R = 5.69693. Let n, 1y, w, wp, and A be as in Section
3.

Proposition 6. Let 0 < 0 < 5 and let A > 0. Set

hie(u) = A(1 + tan? 9){)\(1 + tan®6) (At: 5 g) cos(uM tan d)
n

sin(20 — uA tan 0) sin(f — uX tan 6)
tanf Au sin 20 —2 (1 + sin 6

for 0 <u < M%fne. Let f(t) = nhio(nt). If we let A = 1.03669, § = 1.13537,
a = 0.909198, and b = 0.261704, then Ry = 5.68372.

Proof. We verify numerically that the maximum

max LO)

o< Ahl 9 0
0<6<% ’ ( )
0<a,b<1

reaches approximately at A = 1.03669, § = 1.13537, a = 0.909198, and b =
0.261704. So we choose these values for A, 6, a, and b, respectively. For the
choices A = 1.03669 and 6 = 1.13537 we verify that f(t) satisfies (1). Hence we
can use Kadiri’s method for f(t). We proceed as [7] and perform four iterations.
For each iteration, we determine J, x and the error term C(7) as Section 4 of
[7]. Our numerical results are as follows :

5 =0.620388, r =0.439672, C(n) = —135.097n+ 143.458n> + 1176221,

We verified that C(n) < 0 for n € [0,70] and 2 K (w,0) > 0 for § = 1.13537.
In view of (6) we get

K (wp, 1.13537) 1
nlogyo > > .
5(1 — 0.439672)]1171_13537(0) 5.68372
We conclude that Ry = 5.68372. (|

Proposition 7. Let A > 0. Set
1
hox(u) = %)\(2 — )3 (4 + 6)u + A?u?)

for 0 < u < 2. Let f(t) = nhoa(nt). If A = 1.98916, a = 0.909192, and
b =0.261661, then Ry = 5.68483.
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Proof. Let

>

K(w,\) = / (are™" — ag)ha A (t)e ! dt.
0
We verify numerically that the maximum

ey LA
oo, Ah2,(0)

reaches approximately at A = 1.98916, a = 0.909192, and b = 0.261661. So we
choose these values for A, a, and b, respectively. For the choice A = 1.98916 we
verify that f(t) satisfies (1). Hence we can use Kadiri’s method for f(t). We
proceed as [7] and perform four iterations. For each iteration, we determine
d, k and the error term C(7) as Section 4 of [7]. Our numerical results are as
follows:

§ =0.620396, r =0.439654, C(n) = —48.04791 + 52.8366n° + 43329.87°.

We verified that C(n) < 0 for n € [0,70] and &K (w,\) > 0 for A = 1.98916.
In view of (6) we get

K (wo,1.98916) 1
nlogyo > — > .
5 (1 —0.439654)h2 1.98016(0) — 5.68483
We conclude that Ry = 5.68483. O

As our proofs of Propositions 8 and 9 below are analogous to that of Propo-
sition 6 we omit its proofs.

Proposition 8. Let 0 > 0 and let A > 0. Set

0 U
= A(1 — tanh? 1 —tanh®0)( ——— — = | cosh h
hsg(u) = A(1 — tan 9){)\( tanh” ) ()\tanht? 2) cosh(u tanh 6)
n SV sinh(26 — uAtanh6) o1+ sinh(f — uA tanh 9)
tanh 6 b sinh 26 sinh

foro<u< #ﬁhe. Let f(t) = nhs,o(nt). If we let A = 2.00106, § = 0.135923,
a = 0.909215, and b = 0.260906, then Ry = 5.68484.

Proposition 9. Let 5 <0 < and let A > 0. Set

20
tan 6

hap(u) = A(1 + tan? 9){)\(1 + tan? 6) (M;H 7 g) cos(uA tan 6)
n

_ sin(20 + uAtan6) 5 (1 N sin(6 + u tan 9)) }

A sin(20)

sin 6

for0<u< %. Let f(t) = nhag(nt). If we let A = 0.630225, § = 1.75566,
a = 0.909282, and b = 0.262108, then Ry = 5.68486.
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Following the suggestions in Section 16 of [6] Xylouris found a family of
functions for f(¢) in Chapter 5 of [21]. Let v be a positive real number. Set

g(t) = ¢1 cos(z1t) + co cosh(zat) — c3
for —y <t < v and g(t) = 0 for |t| > 7, where ¢, c2, 21, and 22 are real
numbers, and
c3 = ¢y cos(x1y) + c2 cosh(zay).
Then ¢ is continuous, non-negative, even function supported in an interval

(=7,7)- Set
Y

o) = (g5 )W) = [ gla)gtu~z) da,
u—ry
for 0 < u < 2. Then hs_, satisfies the conditions (1) and (4). We will use
those functions in Proposition 10 below.

Proposition 10. Let v, g(t), and hs (u) be as above. Let f(t) = nhs~(nt).
Ifa =091, b= 0265 ~v = 0.509607, ¢; = 0.675805, x; = 0.463784, co =
0.799229, and x2 = 0.40991, then Ry = 5.68371.

Proof. Let
2y
K(w,v) = / (are™" — ag)hs (t)e“ dt.
0

We verify numerically that the maximum

max | EL)
0<y h517(0)

0<cy,c2,x1,22<1

reaches approximately at v = 0.509607, ¢; = 0.675805, ©1 = 0.463784, co =
0.799229, and z2 = 0.40991. For those choices we proceed as [7] and perform
four iterations. For each iteration, we determine 4, x and the error term C(n)
as Section 4 of [7]. Our numerical results are as follows:

5 =0.620388, x = 0.439672,

C1(n) < —0.000015975917,

Cs(n) < —6.73037 - 10~ %7 + 1.12991 - 10~*°n? + 0.0001723217°,
C3(n) < 2.90148 - 10759 + 0.00002099557 + 0.000455292n>,
Cy(n) < 0.016588n3,

and
C(n) = —0.0000198048n + 0.0000209955n% 4 0.01721567°.

We verified that C(n) < 0 for n € [0,7n] and é%K(w,'y) > 0 for v = 0.509607.
In view of (6) we get

K (wp,0.509607) S 1
(1 —0.439672)hs,0.509607(0) — 5.68371°
We conclude that Rg = 5.68371. O

nlogno > 3
2
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In view of Propositions 6-10 we conclude therefore the following.
Proposition 11. We can take Ry = 5.68371.

Remarks. (1) In the proof of Proposition 10 we obtained Ry = 5.68371 with

various values for a, b, v, c1, c2, 21, and z2: e.g. a = 0.909202, b = 0.261712,

v = 0.509747, c; = 0.824381, co = 2.16732, 1 = 2.26558, and x5 = 0.0346198.
(2) According to [21] one can take also

g(t) = ¢1 cosh(z1t) cos(zat) + co sinh(x1t) sin(xat) — c3,
where v > 0, ¢1, ca, 1, and 9 are real numbers, and
cg = ¢1 cosh(x17y) cos(zay) + co sinh(x1v) sin(xa7y).

Using those g(t) we obtained rather worse values for Ry: e.g. for the choices
a=091,b=0265c¢c1 =1, ¢c0 =05, 21 =1, zo = 1, and v = 0.508, we
obtained Ry = 5.68383.

For the computations we have used Mathematica.
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