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ON SOME THETA CONSTANTS AND CLASS FIELDS

DoNG HwA SHIN

ABSTRACT. We first find a sufficient condition for a product of theta
constants to be a Siegel modular function of a given even level. And,
when K (g,,) denotes the ray class field of K = Q(e2™/5) modulo 2p for
an odd prime p, we describe a subfield of K2, generated by the special
value of a certain theta constant by using Shimura’s reciprocity law.

1. Introduction

Let N (> 2) be an integer and §n be the field of meromorphic modular
functions of level N whose Fourier coefficients lie in the Nth cyclotomic field
([9] or [7, §6.3]). For a vector [5] € (1/N)Z? — Z? the Siegel function g[r](T)

is defined on the complex upper half-plane H by the following infinite product

2y mis(r— T 27Ts
gr)(r) =~ gD O emisr= (1 — g7 e?m)
x (1 o qn+r€27ri5)(1 o qnfref27ris) (7_ c H),
n=1

where ¢ = €™ and i = /—1. Let {m(r,s)}[r]e(l/]\,)zLZ2 be a family of

integers such that m(r,s) # 0 ounly for finitely many vectors [5]. Kubert
and Lang [6, Chapter 3, Theorem 5.3] showed that if {m(r, s)}[r] satisfies the

quadratic relation modulo N, namely

Zm(T,S)(NT>2 = Zm(r, 5)(Ns)> =0 (mod gcd(2,N) - N),
(5] (5]

Zm(r,s)(Nr)(Ns) =0 (mod N),

(5]
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1270 DONG HWA SHIN

and 12 divides ged(12, N) - Z[r] m(r, s), then the product §H[r] 9] (7))

belongs to §x, where ¢ = H[T] ems(1=r)m(rs) - In particular, g[r](7)12N be-

longs to §n for any vector [5] € (1/N)Z? — Z?, which depends only on [7]
(mod Z?). And, the group GLa(Z/NZ) acts on the family

Lo Y rjeamm iz Q)
by the rule
(g[g](T)uN)a = gta[g](T)uN (o € GL2(Z/NZ)),

where '« stands for the transpose of « [6, Chapter 2, Proposition 1.3].

Now, let K be an imaginary quadratic field and Ox = Z[f] be its ring of
integers with § € H. For a positive integer N we denote the ray class field of
K modulo N by K(x). The main theorem of complex multiplication ensures
that K(y) is generated by the singular values f(6) for all f € §ny which are
finite at 0 [7, Chapter 10, Corollary to Theorem 1]. And, by using Shimura’s
reciprocity law [9, Theorem 6.31] Jung et al. recently showed in [3] that if
K # Q(v/-1),Q(v/=3) and N > 2, then Ky is generated by the singular
value gr o 1(0)'2" over K.

[1/v]

In this paper we shall attempt to find higher dimensional analogues of these
results. Siegel modular functions of level N (> 1) defined on the Siegel upper
half-space H, (¢ > 2) are certain multi-variable functions which generalize
meromorphic modular functions of one variable (§2). As in the case of modular
functions, the action of the general symplectic group GSpy,(Z/NZ) on the
Siegel modular functions of level N was investigated by Shimura (Proposition
2.1). If r,s € (1/N)Z9, then the theta constant

Poxezs (((x+1)Z(x+1)/2+ (x +1)s)
@)= xZx/]2
S ZXEZQ 6( X X/ )
is a typical example of Siegel modular functions (of level 2N?2) (§4). We shall
first give a sufficient condition for a product of theta constants to be a Siegel
modular function of level N when N is even (Theorem 4.3). And, we shall
further show that a certain subgroup of GSp,,(Z/NZ) acts on the family

{tl)[;] (Z)*N*}, se(1/N)zs /20 0 & natural way, namely

S s

(@) (2)*7)% = @, x1(2)*Y
(Theorem 5.2).

On the other hand, let K be a CM-field, K* be its reflex field and Z,
be the associated CM-point (§6). The theory of complex multiplication for
polarized abelian varieties of higher dimension developed by Shimura claims
that if f is a Siegel modular function that is finite at Zy, then the special value
f(Zy) lies in some abelian extension of K*. Furthermore, Shimura’s reciprocity

law describes Galois actions on f(Zp) in terms of actions of general symplectic
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groups on f (Proposition 6.2). Here, we focus on the case where K = Q(e?7/?).
For an odd prime p let K (5, and K(g,2) be the ray class fields of K modulo
2p and 2p?, respectively. Komatsu considered in [5] a certain intermediate
field L of K(o2)/K(ap) with [L : K,)] = p* and provided a normal basis of
L over K(3p). Unlike Komatsu’s work, however, we shall examine the field

K(®rq1/p (Z)?") as a subfield of K(3p) (Theorems 7.3 and 7.4). To this end
0
0

we shalol utilize transformation formulas of theta functions (Propositions 3.1
and 3.2) together with Shimura’s reciprocity law.

And, we shall also present some ideas of combining two generators of an
abelian extension to get a primitive generator (Theorems 8.2 and 8.4).

2. Siegel modular forms

We shall introduce necessary facts about Siegel modular forms, and explain
actions of general symplectic groups on the Siegel modular functions whose
Fourier coefficients lie in some cyclotomic fields.

Let g (> 2) be a positive integer and

_ |0 _Ig
=l @)
Given a commutative ring R with unity we let

GSpy, (R) = {a € Matgy(R) | *aJa = v.J for some v € R*}.

Considering v as a homomorphism GSp,,(R) — R* we denote its kernel by
Spa, (I?), namely

Spy,(R) = {o € Matyy(R) | ‘e = J}.
We further define a homomorphism ¢ : R* — GSp,,(R) by

Ha) = [IOQ aqu] '

One can then readily show that v(c(a)) = a1
The Siegel upper half-space H is defined by
H, = {Z € Mat,(C) | 'Z = Z, Im(Z) is positive definite}.
Then, it is well-known that Spy,(Z) acts on Hy by
A B
C D

where A, B,C, D are g x g block matrices [4, §1, Proposition 1]. Let N (> 1)
and k be integers, and define the group

I(N) = {7y €Spyy(Z) | y =I5y (mod N)}.

} (Z)=(AZ + B)(CZ + D)™},
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A holomorphic function f : Hy — C is called a Siegel modular form of weight
k and level N, if

f(v(2)) =det(CZ + D)*f(Z) for every v = [A B

e D} € T(N).

For z € C, we set
e(z) = ¥,

As a consequence of Kéecher’s principle, a Siegel modular form f can be written
as

F(Z) =) c(©e(tr(€2)/N)  (c(§) € C),
3
where & runs over all g X g positive semi-definite symmetric matrices over half
integers with integral diagonal entries [4, §4, Theorem 1]. This expansion is
called the Fourier expansion of f with Fourier coefficients c¢(§). Note that if

&= k] 1<juey 0 Z = [Zii] .z then

g
w(EZ) =Y &2 +2 D Eindins
j=1

1<j<k<g

from which it follows that

f<Z>Zc<§><He<§jjzjj/N> I e<2§jkz]—k/fv>>-

3 J=1 1<j<k<g

Letting (v = e(1/N) we consider the field

Frn — / g1 and go (# 0) are Siegel modular forms of the same weight such that
N =92 g /g2 is invariant under I'(N) and its Fourier coeflicients lie in Q({x)

Proposition 2.1. (i) t((Z/NZ)*) acts on Fn as follows: If a € (Z/NZ)* and
f=2ec(§)e(tr(§2)/N) € Fu, then

FUO =3 c(e)" D e(tx(€2)/N),
3

where p(a) is an endomorphism of Q({n) induced from the map (n — C%.
(i) Spo,(Z) acts on Fn by compositions, that is, if v € Spy,(Z) and f € Fy,
then
fr="Ffon.
(iii) GSpy,(Z/NZ) acts on Fn as follows: Let a € GSpy,(Z/NZ) and f €
Fn. Set a = v(a) € (Z/NZ)* and v = (a)a € Spy,(Z/NZ). Lift v to
Y0 € Spy,(Z). Then,

1

o= (e
Proof. See [11, §1]. O
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3. Theta functions

We shall briefly review fundamental transformation formulas of theta func-
tions.

Let g (> 2) be an integer, u € C9, Z € H, and r,s € R9. We define a
(classical) theta function by

1) O Zirs) = 3 e(f(x+1)Z(x +1)/2 + (x +1)(u+s)),
XEZLI

which is a holomorphic function on Z. Since x can be replaced by —x in the
above summation, we get the relation

(2) O(-u,Z;—r,—s) = O(u, Z;1,s).
Proposition 3.1. Ifa,b € Z9, then we have the translation formula
O(u, Z;r +a,s +b) = e('rb)O(u, Z;r,s).
Proof. See [10, p. 676 (13)]. O

For a square matrix « we denote by {a} the column vector whose compo-
nents are the diagonal elements of «.
Proposition 3.2. Let v = [ B] € Spy,(Z) such that {'AC},{*BD} € 279.
We get the transformation formula
0('(CZ + D) 'u,y(Z);r,s)
= \e((frs — tr's') /2) det(CZ 4 D)Y%e((fu(CZ + D)~1Cn)/2)0(u, Z;1',s'),
where A, is a constant of absolute value 1 depending on v and the choice of the
branch of det(CZ + D)Y/?, and [;:} =t~y[5].
Proof. See [10, Proposition 1.3]. O
And, let

N = { m € Q¥ |r,s € (1/2)Z9 and e(2'rs) = —1}.

Proposition 3.3. Let r;s € Q9. Then, ©(0, Z;r,s) represents the zero func-
tion on Z if and only if [5] € E_.

Proof. See [2, Theorem 2]. O

4. Modularity of theta constants

In this section we shall find a sufficient condition for a product of theta
constants to be a Siegel modular function of a given even level.

Let N and g (> 2) be positive integers and r,s € (1/N)Z9. We define a
theta constant by

0(0,Z;r,s)

0(0,7;0,0) (7 € Hy),

() =

s
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which is a nonzero function whenever we assume [5] € Y_ by Proposition
3.3. It belongs to Fon2 by Propositions 3.1, 3.2 and the definition (1) (or [10,
Proposition 7]). We get by (2) that

(3) @[ x)(2) = ¥[1)(2).

_s s

Lemma 4.1. Let a € (Z/2N?Z)*. The action of
- I,
o) =[5, ] € GSpy,(Z/2N?2)

on q)[r](Z) can be described as

D[rp(2)) = @1 1(2) = By ) (2),

S

Proof. We see from Proposition 3.1 that <I>[ r ](Z) and (I)tb(a,l)[r] (Z) are well-

as

defined. And, it follows from the definition (1) that
ry(2) )
(erzg ( ( ) )6( ( ) (X+r)/2)>b(a1)
> ezs €((1xZx)/2)
s)

D oxezs € (x +r)as)e("(x + 1) Z(x +1)/2)
D xezs €((1x2%)/2)

by Proposition 2.1(i)

= (I)tb(a,l)[;](Z). |:|
Lemma 4.2. For even N, let v = Ipg+ N [ég gg] € I'(N) with Ao, Bo, Co, Dy
€ Matgy(Z). Then we have

@r1(v(2))

S

_ e( 2;[ (NT)(~'Bo + N Ag' Bo)(Nr) — %t(NS)(Co +NGo'Do)(Ns)

s

- %t(Nr)(Ao + (N/2)(Ao" Do + *DoAg + Bo'Co — tBOCO)(Ns))q)[r](Z)_

Proof. We obtain from the relation tyJ~y = J that

[* I, N'Ay — NDy — (N'Ag)(NDo) + (NtOoXNBo)] _ [ﬁ (ﬂ ,

* *
which gives rise to
(4) Dy = —tAg — N'*AyDy + N'CyBy.
We then derive that

@rr1(v(2))
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©(0,7(Z);r,s)
©(0,7(2);0,0)
_e(('rs —'r's)/2)0(0, Z; 1, s")
- 6(0,Z;0,0)

by Proposition 3.2

where ] =5 (5],

— (= g (VOB + N A Bo) (V) ~ 50 (N9)(Co + NGy Do)

Ly

N (NI‘)(AO + tDO -+ NAQtDO + NBOtCQ)(NS)) (I)[rJrzAO(NrHtCO(NS)] (Z)

s+ Bo(Nr)+'Do(Ns)

_ e( B %%Nr)(—tBo + N Ag' Bo)(Nr) — %t(Nsto +NCo'Dyo)(Ns)

_ %t(Nr)(AO _ tDO + NAOtDO + NBOtCO)(NS)) (I)[;] (Z)

by Proposition 3.1

_ e( B %%Nr)(—tBo + N Ag' Bo)(Nr) — %t(Nsto +NCo'Dyo)(Ns)

- %t(Nr)(AO + (N/2)(Ao" Do + "Dy Ao + Bo'Co — tBoCo)(NS))‘I)[r](Z)

S

by (4). 0

Theorem 4.3. For even N, let {m(r,s)},s, where r,s € (1/N)Z9 such that
[5] € X_, be a family of integers such that m(r,s) = 0 except finitely many
pairs of r,s. Consider the following product

®(2) = [[ @xy(2)").
Then, ®(Z) belongs to Fn if the family {m(r,s)}r s satisfies the condition
> “m(r,s)(Nt;)(Nri) = > m(r,s)(Ns;)(Nsy)

r,s

(5) =0 (mod2N) (1<j,k<yg),
Zm(r,s)(Nrj)(Nsk) =0 (mod N) (1<4,k<yg),

r,s

ry S1
whererlg] andslg‘|.

Proof. If v € T(N), then we have

- 0(0,(2);r,8) \ "
©) 2((2) = H(W)
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= e( - % > “m(r,s)'(Nr)(—'By + NAy' By)(Nr)

- 3N Z m(r,s)"(Ns)(Co + NCy'Dy)(Ns)
N % m(r, )t (NT)(Ag+

(N/2)(A' Do+ DoAa + Bt Co ' BoCi)) (V) ) #(2),

where [éa g‘;] = % (v — Iog) € Mato,(Z), by Lemma 4.2.

Now, for every pair of integers j, k with 1 < j,k < g let Ej; be the g x g
matrix whose entries are all zeros except for the (j,k)th entry which is 1.
One can then easily see that Mat,(Z) is generated by Ej; (1 < j,k < g) as

u; Vi
Z-module, and if u = ,v=| 1| €29, then "uEj,v = u;vy.

Assume first that the family {m/(r,s)}, s satisfies the condition (5). Then
the above observation leads to ®(y(7)) = ®(7). On the other hand, since ®(2)
belongs to Fypnz, its Fourier coefficients of ®(Z) lie in Q({3n2). However, at
this stage we have to show that the coefficients actually lie in Q({x). To this
end, let a be an integer such that a = 1 (mod N), which can be written as
a = 1+ cN for some integer c. Regarding ¢ as a map on (Z/2N?Z)* we get
that

()@ = H((I)[r](z)b(a)*l)m(r,s)

s

=11 [ (Z)™*%) by Lemma 4.1

= H (I)[s+£Ns] (zym

= H (‘rcNs)® ](Z))m“*S) by Proposition 3.1
( Z m(r Ns)) (Z)
= < sz s)(Nr;) (st)>q>(2)

j=1r,s

= ®(Z) by the condition (5),

which ensures that Fourier coefficients of ®(Z) lie in Q(¢x) as desired. There-
fore we conclude that ®(Z) is in Fy. O
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5. Family of theta constants

Let N be an even positive integer and r,s € (1/N)Z9 (g > 2). By Theorem
4.3, (ID[;] (Z)?N belongs to Fy. In this section we shall show that a subgroup of
GSpy, (Z/NZ) has a natural action on the family {tb[;] (Z)2N? br.se(1/N)ze /20 -
Lemma 5.1. Let M and £ be divisors of N. Ifr € (1/M)Z9, then @[;](Z)é
is determined by r (mod Z9) and s (mod (M/ ged(M, £))Z9).

Proof. If a € Z9 and b € (M/ ged(M,¢))Z9, then we see by Proposition 3.1
that

@[Qiﬁ} (2)t = (e(trb)@[;](Z))f = q>[r](2)4. O

Let
A B ¢ — gt —
Sn = c pl€ Spey(Z/NZ) | {'AC} ={"BD} =0 (mod 2) ¢,
Gn = (((Z/NZ)"), SN),
which are subgroups of GSp,,(Z/NZ) [12, §27.6]. One can then readily show
that
C D
Theorem 5.2. If a € Gy, then we have
(B[z)(2)*)" = @) (2

Gy = { {A B] € GSpy, (Z/NZ) | {{AC} = {{BD} =0 (mod 2)}.

Proof. It o € L((Z/NZ)*), then the assertion follows from Lemmas 4.1 and 5.1.
Let o € Sy with a lifting ap = [ég gg] to Spy,(Z). Note that since N is
even, {*AgCo},{*BoDo} € 2Z9. Thus we derive that

(@r)(2)*")°
= (@[;] (Z)QNQ)O‘“ by Proposition 2.1(iii)
= ) (2)*" “oay by Proposition 2.1(ii)

S

= (e((*rs — tr’s’)/2)<1>tao[;](Z))2N2 where [;:} ="'ag [%], by Proposition 3.2

S

= cpta[r](sz by Lemma 5.1.
Since Gy = (t((Z/NZ)*), Sn), we get the theorem. O
Remark 5.3. (i) This theorem tells us that the group Gy acts on the family

{tb[;] (Z)QN2 }r.se(1/N)ze /zo in a natural way.

(ii) For later use we consider the case where r,s € (1/M)Z9 for an odd
positive integer M. Then (I)[r](Z) (respectively, <I)[r](Z)M) is of level 2M?
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(respectively, 2M) by Theorem 4.3. As in the proof of Theorem 5.2 one can
show in a similar way that if a € Gajps, then
((I)[r](Z)ijz)a — (I)ta[r](Z)2M2.

Now, let @ € Gapr2 with a = v(«) and set v = t(a)a € Sapr2. Then we achieve
that

NHIC
= ¢[r](z)b(a)7lv
= <I)[ r ](Z)"Y by Lemmas 4.1 and 5.1
= e(("ras — 'r's’)/2)® [r }( ) where [5] ="y[&]="Yua ") [5] ="a[L],

by Proposition 3.2 and Lemma 5.1
= e((*ras — 'v's")/2)®, [r]( ).

S
Lemma 5.4. Let Zy € H,. If ©(0, Zy;0,0) is nonzero, then we have
®(r1(Z0) = @[ x 1(=20),
where the bar indicates the usual complex conjugation.
Proof. Consider the expansion CID[r](Z) =D c(§e(tr(€2)/2N?)/6(0, Z;0,0)
S

with ¢(§) € Q(Canz), where & runs over all g x g positive semi-definite sym-

metric matrices over half integers with integral diagonal entries. Note that
©(0, Z;0,0) has rational Fourier coefficients. Then we obtain that

o ](Zo)

S

Z—«f (=Z0))/2N?)/©(0,-Z;0,0) because e(z) = e(—%) (z € C)
Z 1(6(=Z0))/2N?)/0(0,~Z5;0,0) where p(—1) is the
endomorphlsm of Q(¢an2) induced from (opz — Q;]\lﬂ = Cone
= (> cl§e(tr(£2)/2N?)/6(0, Z; 0, 0))"-V""(=Z,) by Proposition 2.1(i)
3
= @pz(2)°Y(Z0)
<I)[ ](—70) by Lemma 4.1. 0

6. Shimura’s reciprocity law

We shall briefly explain Shimura’s reciprocity law which connects the theory
of Siegel modular functions with class field theory.
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Let g be a positive integer and K be a CM-field with [K : Q] = 2g, that is, a
totally imaginary quadratic extension of a totally real algebraic number field.
Fix a set {¢1,...,p4} of g embeddings K — C such that no two of them are
complex conjugate. One can take an element £ € K satisfying

(i) ¢ is purely imaginary,
(ii) —€2 is totally positive,

(i) Im(&¥*) >0 forall k=1,...,q9,

(iv) Trg/g(éx) € Z for all x € Ok
m‘/’l

: 1, and let L = {®(x) €
9
CY9 | © € Ok} which forms a lattice in C9. Then we have an R-bilinear map
E :C9 x C9 — R defined by

([12, p.43]). Define a map ® : K — C9 by &(z) = [

g u1 U1
B(u,v) =Y & (wby —mox) (u=|: |, v=|:]).
=t Ug Ug
And E gives a non-degenerate Riemann form on the complex torus C9/L sat-
isfying E(®(x), ®(y)) = Trg,q(§zy) € Z for all 2,y € Ok [12, p. 44], which
makes it an abelian variety. Hence one can find a positive integer pu, a diagonal

€1
matrix £ = [ ] € Maty(Z) with 1 =1 and eglepy1 (k=1,...,9 — 1),
€g

and a complex g x 2¢g matrix = [w1 w2] with wy,ws € Mat,(C) such that
(i) E(Qx,Qy) = p'xJy for all x,y € R?9,
(i) L= {Q[ﬁ] luezd, ve EZg}
[10, p. 675]. Tt is well-known that Zy = wy 'w; lies in H. Let K* be the reflex

field of K, namely K* = Q(3>_{_, z#*|z € K). As a consequence of the main
theorem of complex multiplication we have the following proposition.

Proposition 6.1. If f is an element of Fn which is finite at Zy, then the
special value f(Zy) belongs to the mazimal abelian extension of K*.

Proof. See [12, Theorem 26.6]. O

For simplicity and later use, we assume that £ = I;. We define, as a rep-
resentation map, a ring homomorphism h : K — Matq,(Q) as follows: Fix
&1,8,...,&y € K such that Q = [fb(fl) D(&) - @(529)} and let x € K.
If z¢; = Zigzl riée With rj, € Q (j =1,...,g), then we define

h(z) = [Tjk} 1<j,k<2g "

Since L = ®(Ok) = OZ% = Z®(&1) + - - - + ZP(&24) by the assumption € = I,
the set {£1,...,&,} forms a basis of Ok as Z-module. Hence, if z € Ok, then
h(z) € Matag(Z).
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On the other hand, we take a Galois extension K’ of Q containing K, and
extend ¢ (k=1,...,9) to an element of Gal(K’/Q). We then define a homo-
morphism ¢* : (K*)* — K* by

g -1
o (@) = [T (z e (K)).
k=1
Proposition 6.2 (Shimura’s reciprocity law). Let f be as in Proposition 6.1.
Take a positive integer M such that N|M and f(Zo) € K{,;. Let @ be an

element of Ok~ which is prime to M. Considering h(p*(x)) as an element of
GSpy, (Z/MZ) we have

K(*M)/K*

F(Zo) @) = @ (74,

Ky /K*
where (%) is the Artin reciprocity map.

Proof. See [12, Theorem 26.8] or [8, §2.7]. O

(mod N). Tt is obvious that ¢*(x) = 1

Remark 6.3. Assume further z = 1
= Iy, (mod N). Hence we get by Proposition

(mod N), which yields h(p*(z))

K¥ /K
6.2 f(Zo) @ ) = fre @)(Z,) = f(Z). This means that f(Zo) lies in
Ky,
(v)

7. Construction of class fields
Let K = Q(¢) with ¢ = {5, which is a CM-field of degree 29 = [K : Q] = 4.
In this section we shall examine the subfield of K5, for an odd prime p which is
generated by the special value of ® [1 /p] (Z )21’2 by using Shimura’s reciprocity
0
0

0
law.

Fix a set of two embeddings {1, @2}, where ¢1 and @2 are defined by
P =( and (¥ =(2

If we set £ = ((—(*)/5, then one can readily check that ¢ satisfies the conditions

(i)~(iv) in the beginning of §6. Let ® : K — C? be the map given by ®(x) =
P1

[i‘P } and L = ®(Ok). We have an R-bilinear map E : C? x C? — R defined

2

by

E(u,v) = &7 (uB1 — Wvy) + £ (ugTz — Tpvz)  (u = [Zﬂ v H )

which induces a non-degenerate Riemann form on C2/L by §6. Set

51:§25 52:§4a €3ZC3 64:C+C35
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and
2 4 3
—[pe) o) o) o)) -4 G & S

One can readily verify that [E(@(fj), @(ék))} 1<jh<a = J, from which it follows
that E(Qx, Qy) = xJy for all x,y € R* because E is R-bilinear. Furthermore,
since O = Z[(] = &7 + &7 + &7 + &7, we get L = ®(Of) = QZ*. (So,
pw=1and & =15 in §6.) Then we obtain a CM-point

z=[a6) o) b6 we)= |5 G| |G G| e
Now we define a ring homomorphism A : K — Mat4(Q) by the relation
&1 &1
z| | =h(x)]: (x € K).
€ &4
Note that the reflex field K* of K is the same as K. We further define an
endomorphism ¢* of K* by
©*(x) = af P (x € K*).
Assume that p is an odd prime.

Lemma 7.1. Letr,s € (1/p)Z2.
(i) @(0 Z;0,0) is nonzero.
(ii) 2 [ ]( 0) is an algebraic integer.
(111) [ ](Zo) S K(sz) and (I)[ ](Zo)p S K(gp).
(iv) Ifr=[71] ands==+[""2] forry,ro€(1/p)Z, then e(—trS/Q)@[;](Zo)
15 real.
Proof. (i) See [1, p. 784].
(ii) See [5, Proposition 2].
(iii) This is immediate from Remarks 5.3(ii) and 6.3.
(iv) We observe that

0 0 01

= [¢ ¢ ¢ A+ o 0 11
(1 Q= oo Pyt =Qa where a = 110 0
1 0 00

Let © = [w1 w2] and o = [4 B] with 2 x 2 matrices wy,ws, 4, B,C, D. Then
we derive that
—70 = —t70 since ZO = tZQ

— t——1
= —twltw2

= —(*Alwy +C'wsq)(*Btwy + tth2)71 by (7)
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— 7(tAtw1 + tCtWQ)t gltw2(tBtw1 + tthg)_l
= —("A'wfwy 10 (" Blwfwy P+ D)
—(*AZy +'C)(*B'Zy +'D)™!  because Zy =7,

0O 0 1 -1

—tA4 —tiC 0 0 -1 O

(8) *ﬂ(ZO) Whereﬂ[tB tD] 0 1 0 0
1 1 0 0

One can readily check that 3 € Sp,(Z). Hence we achieve that
e(~"rs/2)®x)(Z0)
= e(trs/2)<I>[ rs](—ZJ) by Lemma 5.4
= e('rs/2)@( r 1(B(Z0)) by (8)

—S

= e('rs/2)e((‘x(~s) — ')/ 2oy x 1(Z0) where [5] = 8] %].
by Remark 5.3(ii)

T2
r1—r2

e((—r? +2r1r2)/2)¢{ " ](ZO) if s = [” _”} ,

—7rg
TL—T2
—ry

e((r? 27’17’2)/2)@{ - }(Zo) ifs = [”1“’2],

= e(—trs/Q)(I)[;](Zo) by (3),

which ensures that e(—trs/2)<I>[r](Z0) is real.

Now, we shall investigate the field K (,221)2) with

0
0

Note that z € K(g2) and 2P € K3,y by Lemma 7.1(iii). Let
w1 =142p(, w2 =1+42p(¢* = ¢* +¢Y).

z = (I)|:1/p:| (Zo)
0

Then we get
(9) h(¢*(21)) = h(1+ 2p(¢ +¢%)))
1-2p —-2p —-2p O
0 1-2p 0 -—2p
2 % 1 0 (mod 2p*)
2p 4p 2p 1

(10) h(g*(z2)) = h(1+ 2p(¢ +2¢* = (7))
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14+ 2p 6p —2p 4p
_| 4 1-2p 4p 2 2
=l —op 1-4p 4p | (mod 2P
—2p —4p —6p 1
and
(11) v(h(p*(21))) = v(h(*(22))) =1 —2p (mod 2p°).

Here we observe that h(y*(xx)) (k = 1,2) belongs to Gap2.

Lemma 7.2. Let a,b,c,d € Z.
(i) We have the formula

K(ap2)/¥
® 0 (Zo) =0 ) (k=1,2)
b/p
¢/p
d/p
e((—a® + 2ad — b* — ¢ — 2cd — 2d°) /)@ r o/p (Z0) ifk =1,
b/p
¢/p
— d/p
e((—a® + 4ab — dac — b> + 4bc — ¢ + 2¢d + 2d*) /p)® r o/pq (Z0) if k = 2.
b/p
¢/p
d/p
Fap2) /%)
(i) Gy ™ =G (=1,2).
(iii) Assume that ® [1/]0} (Zo) and ® o/, (Zo) are nonzero. If
0 b/p
B c/p
d/p
2 2
<1> [/] (20" = @ pasp (20
0 b/p
3 c/p
d/p

then —2ab + 2ac + ad — 2bc — 2¢d — 2d? = 0 (mod p).
Proof. (i) We derive that

Kap2)/ ¥

(Zo) 0 ) (k=1,2)

L0

a/p
b/p
c/p
d/p

a/p (2)e" @) (Z4) by Proposition 6.2

b/p
c/p
d/p

= e(("r(1 - 2p)s — tr’S’)/2)¢{w} (Zo),

’
S
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where r = [Z;ﬂ , S = [27;} and [%] ="h(p*(2x)) 5],

by Remark 5.3(ii) and (11)

e((a® +b* — ¢ — 2cd — 2d°%) /p)® (Zo)

a/p
b/p

—2a+2c+2d
+ |: 2a2b+25+4d:|

c/p —2a+2d
d/p —2b
if k=1,
B e((a® — 4ab + b* — ¢ + 2cd 4 2d*)/p)® a/p 2a—dbt2e—2d (Zo)
b/p { 6a—2b—2c—4d ]
c/p —2a+4b—4c—6d
d/p 4a—2b+4c
if k=2,
by (9), (10) and Lemma 5.1
e((—a® + 2ad — b* — ¢ — 2cd — 2d*) /p)® a/p1 (Zo)
b/p
c/p
d/p
ifk=1,
) e((—a?® + 4ab — dac — b% + 4bc — @ + 2cd + 2d) /p)® a/p1 (Zo)
b/p
c/p
d/p

if k=2,
by Proposition 3.1.

(ii) For k = 1,2 we see that

(K<2p2>/K) .
Copo R = ;‘gf @) by Proposition 6.2
= C;;?(w*(xk))) by Proposition 2.1
=Gyt by (11).
(iii) If @4, (ZO)QP2 =®-,/ (Zo)2p2, then we deduce that
il
0 c/p
d/p
Kp2) /% K2y /K
(I) 1/p (ZO)( (z1) )/@ 1/p (Z())( (x3) )
] ]
=1 by (i)
Heap) /% K(ap2) /K
= (@ rasp (Zo)) =0 /(e a/p (Zo)' ™ Gy )
b/p b/p
e/p c/p
d/p d/p
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for some 2p®th root of unity &

( (2p2) ) (K(ZPQ)/K)
= €7 gy (Z0) TR (Z0) 60 ) by (i)
b/p b/p
c/p c/p
d/p d/p
= e((—4ab + 4ac + 2ad — 4bc — 4ed — 4d2)/p) by (i).
This proves (iii). O

Now we let
’ K ( /
T = {0 € Gal(K oy /K) | (:7) "G~ O _ _ )"

for some extension ¢’ of o to K (g2}

Since K(g,2)/K is an abelian extension, T" is obviously a subgroup of
Ga.l(K (2p) /K)

o Ke Kep2) /K
Furthermore, if o € T, then (27 )( <w1> ) = ()" G277 for all extensions
o’ of o to K (2p2)- Indeed let o be an element of T" with some extension

(e Kap2) /K
o’ satisfying (27 )( <Il> ) = (2° e ) ). Now that 27 € Ky, if 0" is
another extension of o to K/(p2), then (2)7" = (2P)7". So we get 27" = €27
Kap2) /X Kap2) I
) _ é‘( (z2) ) — 5172p

for some pth root of unity £&. And, since 5( D)
(k=1,2) by Lemma 7.2(ii), we obtain that

Kiap2y/ K Kpp2y/K K o,2y/ K Kiop2y/ K

’ "

1" ) ( ) ’ (2p2)
(2° )( o) — (€27 )(T) = (&2° )(T) = (2° )( ) )_

Let F' be the subfield of K () fixed by T'. Then by the Galois theory we see
the isomorphism Gal(K s,y /F) ~ T

Theorem 7.3. K(2%") contains F.
Proof. By the Galois theory the assertion is equivalent to saying that
Gal(K(Qp)/K(ZQP ))

is a subgroup of T. Let o € Gal(K(gp)/K( 22%7")), that is, o is an element of
Gal( (2p)/ K ) which fixes z?P". If ¢’ is an extension of o to K (5,2), then we have

= &z for some 2p?th root of unity. Since both (L))/K) and ((2(%))/]()

send £z to £'7?P( 'z by Lemma 7.2(i) and (ii), o belongs to T'. This proves
the theorem. 0

Theorem 7.4. Let vz = a0+a1C+a2C2+a3C3+a4C4 forintegers ag, a1, az, as, a4
such that Ny g(x) is prime to 2p and h(o*(x)) € Gap2. Assume that z is
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nonzero. If(K(Q(’)T))/K) fizes 22172, then we have —2ab+2ac+ad—2bc—2cd—2d? =
0 (mod p), where

a = ag — apa] — apas + a1a2 + a1a3 — a1a4 — a% + asaq4,
b= —apa; + apaz — agaz + apas + ajaz — a3 + a3 — azay,
Cc = —apa1 — apaz + agas + apgay + a? —ai1as + azaq — ai,
d = apas — agas + a1a3 — ar1aq4 — a% + agasz — azaq + ai.

Proof. One can readily verify that the first row of h(e*(z)) is [a b ¢ d},
namely

xwflzwglél
= (ap + a1¢ + a2¢? + a3C® + as*)(ap + a1¢® + aal + azl* + as?)¢?
= a1 + bz + c&3 + d&s.

And we have

Kp) /K

(Z2p2)( ) — (q) |:1

p] (2)2" 1" @)(74) by Proposition 6.2

OO~

=0 1/p:| (Z)2p2 (Zy) by Remark 5.3(ii)

thig* (2)) { 0
0

—® (Zo)2"".

a/p
b/p
c/p
d/p

We then conclude the theorem by Lemma 7.2(iii). O

Remark 7.5. Let  be of the form 1 + 2y for some y € Ok such that Ng /g (z)
is prime to 2p. Since

B(e* (@) = h((1 +2) (1 +2y)# ) = h(1) = I, (mod 2),
h(¢*(x)) belongs to Gs,2 automatically.
Example 7.6. We follow the notations and assumption in Theorem 7.4. Let
x =1+2(¢+¢?), then Ng/g(x) = 5. So we assume p # 5. Since a = —1,
b=0,c=0,d=—2, we get —2ab+ 2ac+ ad — 2bc — 2¢d — 2d* = —6 (mod p).

Therefore, if p # 3, then (%) does not fix 227" by Theorem 7.4.

8. Remarks on primitive generators

In this section we shall introduce two useful methods of combining two gen-
erators of an abelian extension to get a primitive one. We begin with an
example.
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Example 8.1. Following the same notations as in §7 we consider the field
K (2P, (25). Note that (22)P is an algebraic integer which lies in K (9p) by Lemma
7.1(ii) and (iii). The prime ideal (1 — {5)Ok of K, which lies above the prime
ideal 5Z of Q, is totally ramified in the extension K ((25)/K with ramification
index [K(C25) @ K] = [Q(¢25) : Q/[Q(¢5) : Q] = 5. On the other hand, all
prime ideals of K which are ramified in K(5,)/K must divide the ideal 2pOf.
So we have [K(zP,(25) : K(2P)] = 5. Furthermore, a conjugate of (25 over
K (2?) is of the form C;g“r’k (k=0,1,2,3,4). And we get

4 4
Trrc(ar cas)/1¢(om) (G25) = Z G = G Z ¢ =0,
k=0 prd
4
N (20,c5)/ K (27) (3C25 + 1) = ]:[(34'21;*5]6 1)
k=0
4
= (=3¢25)° [T (=5 + (=3¢25) ™)
k=0
= 243(5 + 1.

We then obtain primitive generators of K(z?, (25) over K by Theorems 8.2 and
8.4 as follows:

K(2P,Co5) = K (2% + Co5) = K((3(22)" + 1)(3Ca5 + 1) °(243¢5 + 1)).

Theorem 8.2. Let L be an abelian extension of a number field K. Suppose
that L = K(x,y) for some x,y € L. Let £ = [L : K(z)], and a and b be any
nonzero elements of K. Then we have

L= K(ax+b(ly — Tr k@) (y)))-
Proof. 1f we set € = ax 4 b(ly — Trr/k(2)(y)), then we achieve
TI“L/K(QC)(E) = TI‘L/K(JC)(O,:C) + TrL/K(m)(bEy) + TrL/K(z)(berL/K(m)(y))
= azxTrp /g (2)(1) + b0TrL ke (2) (Y) — OTrL /i (2) (W) Tr L K (2) (1)
(12) = axl.
Observe that since L/ K is an abelian extension, any intermediate field of L/K
is an abelian extension of K by Galois theory. This fact implies that K (¢) con-

tains e for any o € Gal(L/K); whence Try /g (5)(g) belongs to K (g). Therefore
we deduce that

K(e) = K(e)(Tr k(2)(e)) = K(Trp x)(€))(e)
= K(azl)(e) = K(x)(e) by (12)
= K(z)(e —ax + bTrp k() (y) = K(z)(bly) = K(x)(y) = L.

This completes the proof. (I
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Lemma 8.3. Let K be a number field and x be an algebraic integer. Suppose
that K(x)/K is a Galois extension. If a and b are nonzero integers such that
2 < |a/b|, then we have

K(x) = K((ax +b)") for a nonzero integer n.

Proof. We first note that ax + b is nonzero. Otherwise, x = —b/a is a nonzero
rational number less than 1/2; which contradicts the fact that z is an algebraic
integer. Suppose on the contrary K(xz) 2 K((ax 4+ b)™). Then there exists
a nontrivial element o of Gal(K(z)/K ((ax + b)™)). That is, ((ax + b)™)7 =
(ax 4 b)™ but z° # z, from which we see that az? + b = {(ax + b) for some
|n|th root of unity £ (# 1). Thus we have

(13) a(z? = &x) =b(§ = 1) (#0).
Let ¢ = [K(z) : Q]. Since 7 — &z is a nonzero algebraic integer, we derive that
Nk (@) /0(a(@” — &2))] = |al* [Nk (@) /q(27 = €x)| > |al”.

On the other hand, since any conjugate of £ — 1 over Q is of the form & —1 for
some integer ¢ and |£! — 1| < 2, we claim that

Nk (2)/0(0(6 = 1)) = [b*INk (2 (€ — 1| < [b]2°.

Hence we get from (13) |a|® < |b]*2¢, which contradicts the assumption 2 <
|a/b|. Therefore we conclude the lemma. O

Theorem 8.4. Let L be an abelian extension of a number field K. Suppose
L = K(x,y) for some algebraic integers x and y. Let ¢ = [L : K(x)] and a, b,
¢, d be nonzero integers such that 2 < |a/b| and 2 < |c¢/d|. Then we have

L= K((a:c+b)"(Cerd)*”wNL/K(z)((cy+d)m)) for nonzero integers n and m.
Proof. If we let € = (ax 4+ b)"(cy +d) "™ Nk (2)((cy +d)™), then we get that
(14) Np/x@)(e)

= Np/x (@) ((az +b)")Np k() ((cy + d)ime)NL/K(z)(NL/K(m) ((cy +a)™))

= Ni/() (e + )™)Y (N sy ((ey + d)™))*

= (az + b)™.

Now that L/K is an abelian extension, K () contains Ny, ()(e). Thus we
obtain that

e)Ni k(@) (€) = K(Np/k()(€))(e)
(az +b)")(e) by (14)

x)(e) by Lemma 8.3

(e/(az +b)"Np k(@) ((cy +d)™)
((cy +a)~™))

(y) = L by Lemma 8.3.
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This proves the theorem. (I
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