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UPPER AND LOWER SOLUTION METHOD FOR
FRACTIONAL EVOLUTION EQUATIONS WITH ORDER
I1<a<?2

X1A0-BAO SHU AND FEI XU

ABSTRACT. In this work, we investigate the existence of the extremal
solutions for a class of fractional partial differential equations with or-
der 1 < a < 2 by upper and lower solution method. Using the theory
of Hausdorff measure of noncompactness, a series of results about the
solutions to such differential equations is obtained.

1. Introduction

Fractional order differential equation has broad applications in resolving real-
world problems, and as such it attracted researchers’ attention from different
areas. In order to evaluate the behaviors of fractional order differential equation
based models, one need to know the properties of such equation systems, in
particular, the existence of solutions to such equations. Recently, the existence
of solutions to different forms of fractional differential equation systems has
been investigated [1, 2, 3, 4, 5, 9, 10, 11, 15, 16, 19, 20, 21, 23, 26, 27, 29, 30,
32, 33, 34].

Using the upper and lower solution method to study the existence of ex-
tremal solutions for fractional differential equations is an interesting topic of
research, which has been gaining increasing attention recently [1, 15, 16, 20,
23, 27, 30, 32, 33, 34]). Presently, the upper and lower solution method
is widely used to investigate fractional ordinary differential equations (see
[1, 15, 20, 23, 30, 32, 33, 34]). However, this method is seldom used to study
semilinear fractional evolution equations. [27] considered the existence of ex-
tremal solutions to the following semilinear fractional evolution equation

cDeu(t) + Au(t) = f(t,u(t)), teJ=[0,T], 0<a<l
- {uw) =

Received August 1, 2013; Revised January 17, 2014.

2010 Mathematics Subject Classification. 35R11.

Key words and phrases. fractional partial differential equation, mild solution, upper and
lower solution method, Hausdorff measure of noncompactness.

Project supported by NNSF of China (11271115) and (11201135), Hunan Provincal Nat-
ural Science Foundation of China (14JJ2050).

(©2014 Korean Mathematical Society
1123
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where — A is the infinitesimal generator of an analytic semigroup 7'(¢) = e4*|;>0,
and f: I x X — X is continuous.

As is well known, a mild solution to system (1.1) satisfies the operator equa-
tion

u(t):Sa(t)xo—i-/O Tt — ) F(s,u(s)).

Since 0 < a < 1, we can combine the probability density function and semi-
group to describe the corresponding solution operators Su(t), Tw(t) (see [24]),
ie.,

T =a [ 00,0 T 0w, Si0= [ o010,

where ¢, (0) is the probability density function defined on (0, c0) such that its
Laplace transform is

T et )t = S 2 0
/O ¢ 9al0) ;F(l—f—aj)’ e

Thus, it is obvious that T'(t) = e, T,(t) and S, (t) are positive if —A is
the infinitesimal generator of an analytic semigroup T'(t).

However, for the case 1 < a < 2, the properties of solution operators
Sa(t), Tu(t), Kq(t) corresponding to fractional evolution equations are un-
known (see [30]). On one hand, we do not know if S, (t), To(t), Ka(t) are
positive. On the other hand, we do not know if we can still use the probability
density function together with semigroup to describe the corresponding solu-
tion operators S, (t), To(t), Ka(t). Thus, using the upper and lower solution
method to investigate such fractional order differential equation is a challenging
research topic.

In this paper, we use the upper and lower solution method to investigate a
class of fractional partial differential equations of the form

Dyu(t) = Au(t) + f(t,u(t)), teJ=10,T]
(1.2) { u(0) = xo,u'(0) = 21,

where the superscript « is the order of fractional differentiation, 1 < a < 2.
We use the properties of the Mittag-Leffer function to study the correspond-
ing solution operators S, (t), To(t), Ko(t). Based on the theories of accretive
operators and m-accretive operators, we prove that the solution operators are
positive. Then, a series of results about the solutions to such differential equa-
tions is obtained.

The rest of the paper is organized as follows. In Section 2, some notions
and notations that are used throughout the paper are presented. The main
results of this article are given in Section 3. Finally, in Section 4, an example
is considered to illustrate the applications of the main results presented in
Section 3.
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2. Preliminaries

In this section, we present some notions and notations that are used through-
out the paper.

2.1. Definitions and lemmas

In this work, C(J; X) (resp. C™(J; X)) denotes the Banach spaces of func-
tions f : J — X, which are continuous (resp. m-times continuous) and differ-
entiable from J to X equipped with the norm || f||c = sup,c; || f(t)||x (resp.

I fllem = supie s 35 ISP (1) x)-
For a function ¢(t) of a real variable t € R, its Laplace transform is

(L)) = /O T e Mo, (Ae o).

The corresponding inverse Laplace transform for z € RY is then defined by
L 1 y+ioco
O R L
Y

210 )y _ioo

In general, the Mittag-Leffer function is defined as [28]

Eas(z) i a 1/ B w850, e C
a,B\%) = Y T € y @ ) R )
” k:OF(ak:—i—ﬁ) 2mi Jy,  pe—z K

where H, denotes a Hankel path, a contour starting and ending at —oo, and
encircling the disc |u| < |z|* counterclockwise. It then follows from the above
definition that

El,l(z)

= ez
Fy1(2%) = cosh(z),
Ey1(—2%) = cos(2).

)

In addition, we have

2E5 2(2%) = sinh(z),
and

2B o(—2%) = sin(2).
Applying the Laplace transform to the Mittag-Leffer function yields

\e—B
BT
In this paper, we use the Hausdorff measure of noncompactness «(+) on each

bounded subset % of Banach space X, which is expressed as

a(PB) =inf{e > 0;# has a finite € — net in Y}.

LA By p(—p*t®)) ReA > p=, p> 0.

Now, we consider some basic properties of a(-).
As is well known, the Hausdorff measure of noncompactness has the following
properties. (See Deimling [14], Heinz [18], Lakshmikantham and Leela [22].)
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(1) For all bounded subsets %, % of X, if Z C 2, then (%) < a(2)
(monotone).

(2) a({z} U AB) = a(AB) for every x € X and every nonempty subset & C
X (nonsingular).

(3) A is precompact if and only if a(#) = 0 (regular).

) Let B+ 2 ={x+y,x € B,y € Z}. Then, ao( B+ P) < a(AB) + a(2).

(5) a(BU2P) < max{a(%’), a(2)}.

(6) a(AB) < [Aa(#
For any W C C(J; X) we define

/W ds-{/ u(s)ds : foralluEW,tEJ}.

Lemma 2.1 ([17). If W C C(J;X) is bounded and equicontinuous, then
t — a(W(t)) is continuous on J, and

(2.1) a(W) < I{leajxa(W(t)),

(2.2) a </Ot W(s)ds) < /Ot a(W(s))ds for all t € J.

Lemma 2.2 ([25]). If {un}$° is a sequence of Bochner integrable functions from
J into X with |Ju,(t)]] < m(t) for almost every t € J and every n > 1, where
m(t) € L(J;RT), then the function ¥(t) = a({un}22,) belongs to L(J;R™T)
and satisfies

(2.3) o ({/Ot un(s)ds = n > 1}) < 2/Otw(s)ds

Lemma 2.3 ([13]). If W is bounded, then for each ¢ > 0, there exists a
sequence {un,}>2 C W satisfying

(2.4) a(W) < 2a({un}pl,) + €.

Let X be a Banach space. If there exists a positive constant k < 1 satisfying
a(QAB) < ka(PB) for any bounded closed subset B C W, then the map Q :
W C X — X is called an a-contraction.

The following lemma will be used to prove our main results.

Lemma 2.4 (See [6], Darbo. Sadovskii.). If W C X s bounded closed and
convezx, the continuous map Q : W — W is an a-contraction, then the map Q
has at least one fized point in W.

Now, we recall here several definitions about fractional differential equations.

Definition 2.1 ([28]). Assume a,« € R. A function f : [a,00) — R is said
to be in the space C,  if there exist a real number p > a and a function
g € C([a,0),R) satisfying f(t) = tPg(t). In addition, assuming m is a positive
integer, if f(™) Cua,a, then f is said to be in the space Cy,.
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Definition 2.2. Suppose function f € C7",, where m € N*. Its fractional
derivative of order o > 0 in the Caputo sense is defined as

@ L ' m—a— m
th(t):m/o(t—s) 1f( )(S)dS, m—1<a§m
Definition 2.3 ([30]). Suppose A : 2 C X — X is a closed linear operator.
Then, A is called a sectorial operator of type (M, 8, a, u) if there exist 0 < 6 <
w/2, M >0 and p € R such that the a-resolvent of A exists outside the sector

w+ S ={u+ A : X eC,|Arg(—A\Y)| < 6}
and M

(AT = A)7H < el A & pi+ Sp.
Denote C*(J, X) = {x € C(J,X) : D%z exists and D% € C(J,X)}. Obvi-
ously, C*(J, X) is a Banach space whose norm is

o]l = sup{ ()l + [ D2 (t)}.
teJ

In fact, if 1 < a < 2, we have
C*(J,X)cC'(J,X) CcC(J,X).

Here, we denote the Banach space D(A) with the graph norm [|-||1 = ||-||+]| A-]|.
A function u € C*(J, X)NC(J, X;) is called a classical solution of (1.2) if u(t)
satisfies equalities (1.2).

Definition 2.4 ([30]). A function u € C(]0,T], X) is said to be a mild solution
to (1.2) if it satisfies the operator equation

’U,(t) = Sa(t)zo + Ka(t)xl + fot Ta(t - S)f(svu(s))ds

Here

1

Sa(t) = 5 / MATIR(NY, A)d,
1

Ka(t) = 5— / MNTZR(AY, A)d),

1
Ta(t) = 5 / MR, A)d,

where c is a suitable path satisfying A% &€ u + Sy for A € c.

Lemma 2.5 ([30]). Suppose A is a sectorial operator of type (M,0, ., p). If f

satisfies a uniform Hélder condition with exponent 8 € (0, 1], then the unique

solution of the linear initial value problem for the fractional evolution equation

(2.5) Dyu(t) = Au(t) + f(t), teJ=10,T]
' u(0) = zg, v/ (0) = z1

8

(2.6) u(t) = Sa(t)uo + Ko(t)us + /0 To(t — 8)f(s)ds.
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Next, we recall some definitions and concepts of cone.

Let P be a cone in X. Then a partial ordering in X can be defined by x < y
ifand only if y —x € P. If z <y and = # y, we say that z < y.

P is said to be normal if there exists a positive constant N such that 6 <
2 <y implies ||z|| < N||y||, where 0 is the zero element of X.

Besides, if X is an ordered Banach space, then C(J, X) is also an ordered
Banach space with partial order “ <” induced by the positive cone K = {z :
x e C(J,X), z(t) >0 forallte J} and if K is normal, then there exists the
same normal constant N, for all < 2 < y, such that ||z|| < N|y|| holds. Here,
we use [u,v], where u,v € C(J,X) and u < v, to denote the order interval
{weCJ,X):u(t) <w(t) <o(t) for all t e J}in C(J, X).

Definition 2.5 ([27]). If a function ug € C*(J, X) N C(J, X1) satisfies

Diug(t) < Aug(t) + f(t,uo(t)), teJ=1[0,T
(2.7) {UO(O;; ) < Aul®) 1 1, lt) 0, 7]

then wy is said to be a lower solution of system (1.2). If the directions of all the
inequalities in (2.7) are changed, then wy is called an upper solution of system

(1.2).

Lemma 2.6 ([8, Gronwall inequality]). Let a and b be nonnegative constants.
If continuous function u(t) onto <t <T (some T < o0) satisfies

(2.8) u(t) <a-+ b/t u(s)ds,

to

then we have
(2.9) u(t) < a0t <t <T.
2.2. Properties of solution operators

Lemma 2.7. If A is a sectorial operator of type (M, 0, a, 1), then we have

1 _ = (At)k
2.10)  So(t) = =— [ eMATIR(AY, A)dN = Eo 1 (AtY) =Y ——
210) 8a(0)= 5 [ NTROC A= Bas(4) = 3
(2.11)
T (t) = L/e”R(Aa A)d\ =t By o (AtY) = 27! i (Ar)"
2me J, ’ I+ ak)’
and
(2.12) K, (t) = L/e”v—21%(v A)dX = tE, »(At?) ti ()"
' ¢ 2m J, ’ “ = L2+ ak)
Proof. We note that
1 1
2.1 ——=— [e¢%d .
(2.13) ) 2m/ceC ¢, Res>0
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Applying the transformation ¢ = n'/® to equation (2.13) gives
1 1 1/a _s 1

2.14 ——=—— [T pTatalay.

(2.14) T(s) 2mia / o g

Since A is a sectorial operator of type (M, 0, o, ), it follows from the inequality

XNT—A)7 Y < ———
10T =47 <

that A is the infinitesimal generator of a-resolvent families
{Sa(t)}ez0, {Ta(t) b0 and {Ka(t)}eo (see [30]).

Hence, using the transformation ¢ =%n = \* (i.e., t~%dn = aA\*"'d\ and e’ =

e), we obtain
o = (At)E
B (A1) (1 +ak)
=0
g { e e
- 27 ¢ g
k=0
_— / "y {i(At“ -1 }dn
2T
k=0
_ /e” t=(tonl — A)~tdn
2T
1 Atya—1
= — AYTIR(AY, A)dA
27ri/c ( )
= S.(t).
Similarly, we can show that
o~ (Ato)k
o 1Eaa Ata — - 1 (
Z I‘(a + ak)
_ ta,1 i /enl/an7k+é72 (Ata)k
2mia c
k=0
_ -1 /enl/“né_Q {i(Atan_l)k} d77
2mia J,
k=0
1 [e3 1
2miae /.

1 At
R e R(ANY, A)dA
211 c ( ’ )

Tu(t),
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and

t 1/a 1 i
— n —-=-1 Ate —1\k d
27Tm/ce n {E (At*n~) } n

k=0

= 1, /e"l/at7°‘+1n*é(t70‘nl — A)"tdn
2T
1
NTZA RN, A)dA
271'1 ( )
- Koz( ) |:|

Lemma 2.8. If A is a sectorial operator of type (M, 0, a, 1), then we have

A(Ka (1) dSa(t)

2.1
(2.15) dt dt

= Sa(t) and AT, (t) =
Proof. A being a sectorial operator of type (M,0,«, ) indicates that it is
the infinitesimal generator of a-resolvent families {Sq(¢)}i>0, {Tw(t)}i>0 and
{Ka(t)}t>0. Therefore, the series

N 7 U L — At‘“ = (At)k
a—1
Y s ma 13 O
k=0
are uniformly convergent on [0, T], where T > 0. Hence, we obtain
[ 0 Ata St AktkaJrl

L(2+ ak) —~ T(2+ak)

o0

Z AL+ ak)ter SN (A)F
0 (14 ak)(1 + ak) _k:OF(lJrozk)

= Sa(t)

and

o gk—lpa(k—1)

= A 12 P(a+ a(k—1))

for t € [0, 7). O
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Remark 2.1. Now we consider a special case of A = —p. It then follows from
Diu(t) = —pu(t) + f(t)
(2.16) { u(O) — Co,u/(O) =c

that .
u(t) = couo(t) + crus (t) + / us(t — s) f(s)ds,
0

where ug(t) = Eq1(—pt®), ui(t) = tEq2(—pt®), and us(t) = t* L Eq o(—pt®).
We note that uo(t), u1(t) and us(t) satisfy

uy(t) = /0 up(s)ds, and  ug(t) = —%u’o(t).

Definition 2.6 ([27]). Let R(t)(>0) be an a-resolvent solution operator in X.
If R(t)x > 0 for every x > 0, x € X and t > 0, then R(t)>0) is said to be
positive.

Definition 2.7 ([7]). Let A : D(A) — X be a linear operator. A : D(A) —
X is said to be nonnegative if and only if it satisfies both of the following
conditions:

(i) There exists K > 0 such that, for every value of A > 0 and every u €
D(A),

(2.17) Mullx < K||Au+ Aul/x.
(ii) R(AI + A) = X for every value of A > 0.

Definition 2.8 ([7]). If A is a linear operator and satisfies condition (i) in
Definition 2.7 for K =1, then A is said to be accretive. In addition, A is said
to be m-accretive if condition (ii) is also satisfied.

Remark 2.2 ([7]). Assume that X is a Hilbert space with inner product (-;-).
Then the necessary and sufficient condition for A to be accretive is Re( Au;u) >
0 for every u € D(A). Particularly, if X is a real Hilbert space and A is positive,
then we obtain (Au;u) > 0 for every u € D(A). Note that an ordered Banach
space is a real space, implying that if X is an ordered Banach space and A is
accretive, then (Au;u) > 0 for every u € D(A).

Remark 2.3. It follows from Lemma 2.7 and Remark 2.2 that if X is an ordered
Banach space and A is a sectorial accretive operator of type (M, 0, a, p), then
the a-resolvent families {7 (t)}+>0, Sa(t);5¢ and {Ka(t)}:>0 are all positive.

Lemma 2.9 ([30]). Suppose that A is a sectorial operator of type (M, 0, a, ).
Then, for ||Sq(t)||, there hold the following estimates:

(i) If p >0, then for ¢ € (max{f, (1 — )7}, 5(2 — ), we have

1

[K1(8,¢)(14pt®) @ sing & _
ISa(t)]] < FEE e T
(218) wsin'Ta 60
n T(a) M
7(14pt®)| cos =2 | sin O sin ¢’

o

(1 + pt*)
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where t > 0.
(ii) If p <0, then for ¢ € (max{%, (1 — a)r}, 5(2 — a)), we have
(2.10) [1S.(0)] < eM[(1+sing)s — 1] T(a)M 1
“ - | cos g1 7| cos || cos =L | 1+ |pfte’

where t > 0.

Lemma 2.10 ([30]). If A is a sectorial operator of type (M, 0, «, 1), we have
the following estimates:
(i) If u >0, for ¢ € (max{0, (1 — a)n}, (2 —«a)), we have

sin 1
M[(1 + gmpte)™ — 1)

msind
Mtafl

+ ;
(1 + pt®)| cos %;‘ﬂa sin 0 sin ¢

sin ¢ é _
M1+ z55gy)™ — UKL(0, 9) (1 4 pt®) 252 o= 1K (0.0) 1t )&

1
[Ta@®) < (1 + pt®) e LelKi(@:0) (Lpt™)]

[Ka(®)] <

A at2
msinfd o

n Mol («)

(1 + pt®)| cos %;‘ﬂa sinfsin ¢’

where t > 0 and K;(0, ¢) = max{1, Sirf(i;fe) }.

(i) If p <0, for ¢ € (max{3, (1 —a)r}, 5(2 — a)), we have

Tl < <eM[(1+sm¢)é —1] M ﬂ|> gl

7| cos @] 7| cos ¢|| cos L+ [t

MJ[(1+sin¢)s — 1]t I(a)M 1
e e ,
7| cos P T 7| cos @|| cos T=2| | 1+ |pfte

where t > 0.

3. Main results

In this section, we give the main results of this article, i.e., the existence
of mild solutions (which is defined in Definition 2.4) to equation (1.2). We
consider the mild solutions under the following assumptions:

(H1) There exists a constant C' > 0 satisfying

(3.1) ft,m2) — f(t,21) > —C(22 — 1)

for every t € J, and vg(t) < 21 < za < wy(t).

(H2) For C' > 0 of inequality (3.1), linear operator (A — CI) is a secto-
rial accretive operator of type (M, 6, «, 1) and generates compact a-resolvent
families {T%(t) }+>o0, S;(t)tzo and {KX(t)}>o.
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(H3) Cauchy problem (1.2) has a lower solution vy € C*(J, X) N C(J, X;)
and an upper solution wy € C*(J, X)C(J, X1). Notice that, vy, wg € C(J, X)
and vg < wp in ordered Banach space C(J, X).

(Hy) There exist a constant L > 0 satisfying

a({f(t,un)}) < La({un})
for every ¢t € J, and an increasing monotonic sequence {u,} C [vo(t), wo(t)] C

O(J, X).

Theorem 3.1. Assume that X is an ordered Banach space and its positive cone
K is normal. If conditions (H1) ~ (Ha4) are satisfied, then Cauchy problem
(1.2) has minimal and mazimal mild solutions that are between vy and wo.
Such solutions can be obtained by using monotone iterative procedure starting
from vy and wy, respectively.

Proof. Since C' > 0, system (1.2) can be written as
(3.1) Dyu(t) = (A— CI)u(t) + f(t, u(t)) + Cu(t), teJ
’ ’u(to) = .To,’ul(to) = X1.

Notice that (A — CI) is an sectorial accretive operator of type (M, 6, a, u),
and generates compact and positive a-resolvent families {75 (t)}+>0, 95 (%),
and {K}(t)}t+>0. From Lemmas 2.9 and 2.10 we know that for ¢t € J = [0, 7],

there exists a constant M such that

(3.2) sup {[[T)} <M, sup {[[SS@)I[} <M, sup {[|Ki(t)|} < M.
t€[0,T] t€[0,T] t€[0,T]

By Definition 2.4, the mild solutions to Cauchy problem (3.1) are obtained as
(3.3) u(t) = SL(t)xo + K, (t)x1 + /Ot Tx(t — 9)[f(s,u(s)) + Cu(s)]ds.

Let D = [vg, wo]. Then the mapping I : D — C(J, X) can be expressed as
(34)  (Tu)(t) = Sk(t)xo + K (t)x1 + /Ot Tt — 9)[f(s,u(s)) + Cu(s)]ds.
We notice that ' : D — C(J, X) is continuous and u € D is a mild solution of
problem (3.1) or (1.2) if and only if

(3.5) u = Tu.

By (Hs), f(t,z) + Cz is a non-decreasing function for z € D. We notice that
{T5(t) >0, S5 ()~ and {K}(t)}i>0 are all positive. Thus, for ui,us € D, if
u1 < ug, we have

Next, we show that vg < T'vg and T'wy < wg. Let

D*(t)vo(t) = (A= CIve(t) + o(t), teJ=][0,T].
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Using Lemma 2.5 and Definition 2.5, the positivity of operators {T:(t)}+>0,
S*( )t>0 and {K ( )}tzo yields

wlt) = S5(8)(0) + K2 (t)w <o>+/T;<t—s>o—<s>ds

0
< Sr(t)xo + KL (H)xr + /0 Tx(t — 8)[f(s,v0(s)) + Cug(s)]ds

for every t € J.
Similarly, we can prove the following inequality:

wolt) = S5 (w(0) + K2(tyw <o>+/OT;<t—s>g<s><s>ds

¢
> Sk (t)xo + K (t)xr +/ Tx(t — s)[f(s,wo(s)) + Cwo(s)]ds
0
for every t € J. Here o(t) = D*(wo(t)) — (A — CIwo(t). Therefore, for every
u € D, we have
(3.7) vo < Ty < Tu < T'wy < wp.

That is to say, I' : D — D is a continuous increasing monotonic operator. We
define

(3.8) vy = Tv,_1, and Wy, = TWp_1.
It then follows from inequality (3.6) that
(3.9) v <v] < << wp SKwpog << we < wyp < w.

Denote Q = {v,} and Qp = {v,} Uvg,n =1,2,.... By (3.9) and the normality
of the positive cone K, we know that 2 and Qg are bounded, implying that

a(Q(t)) = a(Q(t)) for all te J.

Let
(3.10) p(t) = a((t)) = a(Q(t), teJ.
Using (Hy), (3.2), (3.3), (3.8), (3.10), Lemma 2.2 and the positivity of operators
{T5 () }>0, S5 (t);5 and {K(t)}+>0, we obtain the following estimates:
p(t) ( () = a(T'(?))
= a ({55 ()zo + Ka(t)z

/ (t—8)[f(s,vn— 1())+Cvn1(s)]ds|n1,2,...})
_ <{ R <S,vn1<s>>+cvnl<s>]ds|n1,2,...}>
<2 /O a({Th(t — 9)[f(s,vn-1(s)) + Cup_1(s)]ln =1,2,...})ds
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<2M | a({[f(s,vn-1(8)) + Cvp_1(s)]ln =1,2,...})ds

0
<2M(L+ C’)/O a(Qo(s))ds
(311) =2M(L+C) /t o(s)ds.
0

It thus follows from (3.11) and Lemma 2.6 (Gronwall inequality) that ¢(t) =0
for every t € J. Hence,

() = a(Qo) = maxa((l(?)) =0,
indicating that {v,(¢t)} (n = 1,2,...) is precompact in X for every t € J.
Therefore, {v,(t)} has a convergent subsequence in X. Based on (3.9), it can
be shown that {v,(¢)} itself is convergent in X, i.e., there exists u(t) € X such
that v, (t) — u(t) as n — oo for every t € J. It then follows from (3.3), (3.4)
and (3.8) that
(3.12)

t
vp(t) = Sk (t)xo + K ()1 +/ Ty(t—9)[f(s,vn-1(5)) + Cvp_1(s)]ds, te J.
0
If n — oo, using the Lebesgue-dominated convergence theorem, we obtain
t
(3.13) w(t) = Sk(t)xo+ KL ()1 +/ Tx(t—s)[f(s,u(s)) + Cu(s)]ds, te€J
0

Hence, we have u € C(J,X) and v = T'u. In a similar way, we can prove that
there exists uw € C(J, X) such that @ = T'u. Using (3.6), if u € D is a fixed
point of I', we have

v =T'vg <Tu=u<Twy=w.

Then, an easy induction implies that v, < u < w,. By (3.9), taking the limit
as n — oo yields

vo <u<u<u< w,
which implies that uwandu are the minimal and maximal fixed points of I' on
[vo, wp), respectively. It thus follows from (3.5) that they are also the minimal

and maximal mild solutions of Cauchy problem (1.2) on [vg,wq], respectively.
[l

Corollary 3.1. Suppose that X is an ordered Banach space, whose positive
cone K is reqular. Then conditions (Hy) ~ (Hs) guarantee that Cauchy prob-
lem (1.2) has minimal and mazimal mild solutions between vy and wg. Such
minimal and maximal mild solutions can be obtained by a monotone iterative
procedure starting from vy and wy, respectively.

Proof. Since K is regular, any ordered-monotonic and ordered-bounded se-
quence in X is convergent. Suppose that {x,} is a monotonic sequence in
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[vo(t), wo(t)] for ¢t € I. It follows from (Hy) that { f(¢, z,)+Cx,} is an ordered-
monotonic and ordered-bounded sequence in X, indicating that a({f (¢, z,) +
Czp}) = a({x,}) = 0. Thus, using the properties of the measure of noncom-
pactness, we obtain

(3.14) a({f(t,zn})) < al{f(t,zn) + Czn}) = 0.
Hence, condition (Hy) is satisfied. Then, using Theorem 3.1, one can prove
that the conclusion of Corollary 3.1 holds. O

Remark 3.1. Since the normal cone K is regular in an ordered and weakly
sequentially complete Banach space, we get the following corollary.

Corollary 3.2. If X is an ordered and weakly sequentially complete Banach
space, whose positive cone K 1is normal with normal constant N, then con-
ditions (Hy) ~ (Hs) guarantee that Cauchy problem (1.2) has minimal and
mazximal mild solutions between vy and wg. Such minimal and mazximal mild
solutions can be obtained by a monotone iterative procedure starting from wvg
and wq, respectively.

Remark 3.2. Based on the fact that the normal cone P is regular in an ordered
and reflective Banach space, we obtain the following corollary.

Corollary 3.3. If X is an ordered and reflective Banach space, whose posi-
tive cone K is normal with normal constant N, then conditions (Hy) ~ (Hs)
guarantee that Cauchy problem (1.2) has minimal and mazimal mild solutions
between vg and wg. Such minimal and maximal mild solutions can be obtained
by a monotone iterative procedure starting from vy and wq, respectively.

4. An example

In this section, we consider an example to illustrate the applications of the
main results of this article. Suppose that £ C RY is a bounded domain with a
sufficiently smooth boundary 9Q2. We study the initial boundary value problem
of parabolic type, given by
(4.1)

Dfu(t,x) = —Au(t,z) + Cu(t,xz) + f(t,u(t,x)), teJ=[0,T], xeQ,
ulo0=0,
u(0,z) = ¢(x),
L |imo = (w),
where A is a Laplace operator, 1 < o < 2, and f : JxR — R is continuous. Let
X=L*JxQR)and P={ue C(J, X) :u(t,x) >0, a.e. (t,z)€ JxQ}.

Obviously, X is an ordered Banach space and P is a normal cone in C(J, X).

We define the operator A by

(4.2) D(A) = H*(Q) U H}(Q), Au = —Au+ Cu.

As indicated in [30], the operator A— C = —A : D(A) C X — X is a sectorial
operator of type (M, 0, a, ) and generates compact and positive a-resolvent
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families {T(t)}¢>0, S5(t);> and {K%(t)}i>0. Since it was proved in [12] that
A — C = —A is an m-accretive operator on L?()) with dense domain, then
system (4.1) can be reformulated as problem (1.2). Thus condition (Hs) is
satisfied. Besides, we suppose that the following conditions hold:

(A1) f(t,0) >0 for t € [0,T], p(x) > 0,9 (x) > 0 for z € Q.
(A2) There exists w(t,z) € C*(J,X) N (H?*(2) U H}()) such that

(4.3)

Dgw(t,x) > —Aw(t,xz) + Cu(t,z) + f(t,w(t,x)), teJ=1[0,T], zecq,
w|39:05

w(0,7) > (),

=0 2 (@),

where w(t, x) ((t,z) € J x Q), DSw(t, z) and Aw(t,z) are continuous.

Theorem 4.1. Conditions (Hy), (Hy) and (A1)-(As) guarantee that system

(1.2

) has minimal and mazimal mild solutions between 0 and w.

Proof. Tt follows from (A;) and (Az2) that 0 and w are the lower and upper
solutions of problem (1.2), respectively. Using Theorem 3.1, system (4.1) has

minimal and maximal mild solutions between 0 and w. ([
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