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THE LEFSCHETZ CONDITION ON PROJECTIVIZATIONS
OF COMPLEX VECTOR BUNDLES

HIROKAZU NISHINOBU AND TOSHIHIRO YAMAGUCHI

ABSTRACT. We consider a condition under which the projectivization
P(E*) of a complex k-bundle E* — M over an even-dimensional mani-
fold M can have the hard Lefschetz property, affected by [10]. It depends
strongly on the rank k of the bundle E¥. Our approach is purely alge-
braic by using rational Sullivan minimal models [5]. We will give some
examples.

1. Introduction

A Poincaré duality space Y of the formal dimension
fd(Y) = max{i; H'(Y;Q) # 0} = 2m
is said to be cohomologically symplectic (c-symplectic) if u™ # 0 for some
u € H?(Y; Q) and, furthermore, is said to have the hard Lefschetz property (or
simply the Lefschetz property) with respect to the c-symplectic class w, if the
maps
Uu? : H"(Y;Q) — H™(Y;Q), 0<j<m

are monomorphisms (then called the Lefschetz maps) [17]. For example, a
compact Kéhler manifold has the hard Lefschetz property [17], [6, Theorem
4.35]. Recall the Thurston-Weinstein problem [17, p. 198]: “Describe symplectic
compact manifolds with no Kdhler structure’”. Conversely, what conditions
on a symplectic manifold imply the existence of a Kéhler structure or, more
generally, that the manifold satisfies the hard Lefschetz property?

Let M be an even-dimensional manifold and ¢ : E¥ — M be a complex
k-bundle over M. The projectivization of the bundle &

P(¢): CPF' L P(ER) > M
satisfies the rational cohomology algebra condition (x) :
H*(P(E*);Q) = H*(M; Q)[a]/ (" + cra®™ -+ epja? + -+ epmrz +cp)
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where ¢; are the ¢-th Chern classes of € and z is a degree 2 class generating the
cohomology of the complex projective space fiber (Leray-Hirsch theorem) [3],
[10], [17, p. 122]. The manifold P(E*) appears as the exceptional divisor in
blow-up construction for a certain embedding of M [11], [17, Chap. 4]. When
M is a non-toral symplectic nilmanifold of dimension 2n, there is a bundle E™
such that P(E™) is not Lefschetz [18], [10, Example 4.4]. In general, for a
2k-dimensional manifold M and a fibration CP*~! — E — M, the total space
E is Lefschetz if and only if M is Lefschetz [10, Remark 4.2]. We consider the
following:

Problem 1.1. Suppose that the projectivization P(E*) of a k-dimensional
vector bundle E¥ — M is c-symplectic with respect to & where j*() = x; i.e.,
™ # 0 when dim P(E*) = 2m. What rational homotopical conditions on M
are necessary for P(E*) to have the Lefschetz property with respect to & ?

Proposition 1.2. Let M be an even dimensional manifold.

(1) For a sufficiently large k, there is a k-dimensional vector bundle E* — M
such that P(E*) is c-symplectic with respect to .

(2) If P(E¥) is c-symplectic with respect to , then there is a vector bundle
E™ — M such that P(E™) is c-symplectic with respect to x for any m > k.

Definition 1.3. An even-dimensional manifold (or more general Poincaré du-
ality space) M is said to be projective (k)-Lefschetz if there exists a complex
k-bundle E* such that the projectivization P(E¥) is c-symplectic with respect
to Z and has the Lefschetz property with respect to . Then we often say sim-
ply that M is projective Lefschetz. In particular, we say that M is projective
non-Lefschetz if P(E*) cannot have the Lefschetz property for any k and E*.

In this paper, we recall D.Sullivan’s rational model in §2 and we give some
examples that indicate how the rational cohomology algebra of M determines
the projective (n)-Lefschetzness of M when M is the product of at most four
spheres in §3.

Acknowledgement. The authors would like to thank Shoji Yokura for his

valuable comments on an earlier version of the paper and the referee for many
helpful suggestions.

2. Sullivan model

Let M(Y) = (AV,d) be the Sullivan minimal model of a nilpotent space Y.
It is a freely generated Q-commutative differential graded algebra (abbr. DGA)
with a Q-graded vector space V = @, V? where dimV? < oo, V admits a
basis {v,} indexed by a well-ordered set {a} such that deg(v,) < deg(vg)
if < 8 and d(ve) € A(vg)p<a. The differential d is a decomposable; i.e.,
d(V?) C (ATV - ATV)™1 Here ATV is the ideal of AV generated by elements
of positive degree. Denote the degree of a homogeneous element f of a graded
algebra as | f|. Then xy = (—1)*IWly2 and d(zy) = d(z)y + (—1)!*lzd(y). Note
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that M(Y) determines the rational homotopy type of Y. In particular, it is
known that

H*(AV,d) = H*(Y;Q) and V*= Hom(m;(Y),Q).

See [5, §12~§15] for details. When 7, (V) ® Q < oo and dim H*(Y;Q) < 00, Y
is said to be elliptic. It is known that

fA(Y) = fd(AV,d) = Z il = > (sl = 1)

for Vo = Q(y;); and V" = Q(x;); when Y is elliptic [5, §32].

Proposition 2.1. Let M be an even dimensional manifold. Then there is a
graded algebra A = H*(M;Q)[z]/(z* +c1a® "t +- - +cpja? +- -+ cp_12+ck)
with |z| = 2 and ¢; € H*(M;Q) if and only if there is a compler k-bundle
£: EF — M such that ¢; are the Chern classes of € by suitable scalar multiplying
and A is the rational cohomology of P(E¥).

Proof. The set of equivalence classes of complex k-vector bundles over M is
identified as the homotopy set from M to the complex Grassmanian G(k, N)
of k-planes in CV for a sufficiently large N [2, IV]. Then the Chern classes of
a k-bundle are given as f*(c1(7)),..., f*(ck(7)) for the classifying map f and
the universal bundle v over G(k, N). Conversely, for given elements cy, ..., ¢,
a rational map M — M) — G(k, N) (o) induced by Il;c; : M — IL; K (Q, 2i) ~
BU (k) is factored through a map f : M — G(k,N) [12, Theorem 5.3]
because G(k, N) = U(N)/U(k) x U(N — k) is O-universal [1, Proposition 3.7].
Here BU (k) is the classifying space of the unitary group U(k) and Yoy is the
rationalization of a space Y [8]. Thus we obtain the appropriate k-bundle as
the pullback of v by f. O

Corollary 2.2. The projective Lefschetzness of an even-dimensional manifold
M depends only on the graded algebra H*(M;Q).

Let M(CP* 1) = (Q[z] ® A(y),d) with d(y) = z* and d(z) = 0. From
Corollary 2.2, the information of P(E*) that we need in this note is given as
the relative Sullivan model [5, §14] :

(H*(M;Q),0) = (H*(M;Q) ® Qlz] ® Ay), D) = (Qla] ® A(y), d)
with D(f) =0 for f € H*(M;Q), D(z) =0 and
(%) D(y) =af + iV o eyt + o e+,

where ¢; € H?(M; Q) are the Chern classes of £. Especially, we don’t need the
assumption that M is nilpotent. Remark that H*(P(E*); Q) = H*(H*(M;Q)
®Q[z] ® A(y), D) as a Q-graded algebra and then

HI(P(E");Q) = H(M;Q) ® H'*(M;Q)z & - & H M 2(M; Q)a" .
Notice that (xx) is equivalent to (x) of §1 and also equivalent to

[2F] = —[era" ™+ epmga? + o+ k1 4 g



572 H. NISHINOBU AND T. YAMAGUCHI

in H*(P(E*); Q), which is the only relation between the elements of H*(M; Q)

and 2. Then, for example, [z**1] = —[c1a® + - + cp_ja? Tt + -+ cpq12? +
cpx) = [kl 4. (crep—j — Ch—j1)? + -+ + (cr1cp—1 — ck)x + cicg). In
particular,

(%) [a] # 0 in H*(M;Q) if and only if [az’] # 0 in H*(P(E*); Q)

for any 0 < j < k.

Lemma 2.3. Let A = (H*(M;Q)®Q[z]®@A(y), D) with D(y) = z* +cyz* 1+
oot g1z + e and let B = (H*(M;Q) ® Qlz] ® A(y'), D) with D'(y') =
2™ kD(y) = 2™+ ™ ™R ™R for k< m. IF[f] #0
in H*(A), then [fx™ %] # 0 in H*(B).

Proof. Notice that an element of H*(A) is identified as one of H*(B) since
H*(A) is a submodule of H*(B) over H*(M;Q). Suppose that [f] = [a;z*~1 +
st ag—1x + ag] # 0 in H*(A) for [a.] € H*(M;Q). Then there is an index
i with [a;] # 0 in H*(M;Q). Thus, in H*(B), [fa™ ] = [ag2™ ' + -+ +
ap—1 2™+ apz™ ) = [ag]a™ T 4 Jag—]a™ TR 4 [ag]a™ T #£ 0 from
(k). O

Proof of Proposition 1.2. From Proposition 2.1, it is sufficient to construct a
certain DGA (H*(M;Q) ® Q[z] ® A(y), D). Let dim M = 2n.

(1) Let © be the fundamental class of M. Then we can define (H*(M;Q) ®
Q[z] ® A(y), D) by D(y) = QaF=" + 2% for k > n. Notice dim P(E*¥) =
dim M+dim CP*~! = 2p+2k—2. Then we have [z"TF~1] = —[(Qz*~")2" 1] =
—[Qa*71] # 0 from (x * *).

(2) Suppose that the DGA (H*(M;Q) ® Q[z] ® A(y), D) makes P(E¥) c-
symplectic; i.e., [z"Tk~1] £ 0. Then, for m > k, the DGA (H*(M;Q) ® Q[z] ®
A(y"), D) with |y'| = 2m — 1 and D'(y') := 2™ *D(y) makes a 2n + 2m —
2-dimensional manifold P(E™) c-symplectic. Indeed, [z"t™71] = [gnth-1.
2™~ %] 2 0 in cohomology from Lemma 2.3. O

In (2) in Proposition 1.2, the bundle E™ is geometrically realized as the
Whitney sum EF @ 0™~ % where ™% is the trivial m — k-bundle over M, in
the manner of Proposition 2.1. Thus, if P(E¥) is c-symplectic with respect to
z, then P(E* @ ™) is c-symplectic with respect to = for any m > 0.

3. Examples
In this section, let M be a 2-connected even-dimensional manifold and
dim P(E*) = 2m.

Theorem 3.1. The 2n-dimensional sphere S*™ is projective (k)-Lefschetz for
any k > n.

Proof. Let H*(S?";Q) = Q[v]/(v?) with |v| = 2n. Consider P(E¥) such that

dim P(E*) = 2m and D(y) = vaeb~" + 2% for k > n. Then m = n +k — 1
from 2m = dim CP*~! + dim $?" = 2n + 2k — 2. Since [2™] = —[vzF™" .



THE LEFSCHETZ CONDITION ON PROJECTIVIZATIONS 573

"] =

x varF=1] £ 0 from (x * *), P(E¥) is c-symplectic with respect to x.

Furthermore, UzF~"=1=2¢(pg?) = pzF~"=17% £ 0 in
ka—n—l—% . Hm—(k—n—l—Qi) (P(Ek); @) N Hm+(k—n—1—2i) (P(Ek); @)
for i > 0 Thus S?" is projective (k)-Lefschetz. O

Proposition 3.2. When M has the rational homotopy type of the product
of odd spheres such that H*(M;Q) = A(vy,ve,...,v,) with all |v;| odd and
1 < || < |va] < -+ < |va| (n even), then there exists a bundle E* such
that P(E¥) is c-symplectic if and only if |vi| + |vn] < 2k, |va] + Jvn_1| <
2k, ..., |'Un/2| + |'Un/2+1| < 2k.

Proof. (sketch) The minimal DGA (Q[z] ® A(vi,va,...,vn,y), D) with |y| =
2k — 1 is c-symplectic if D(vy) = -+ = D(v,) = 0 and
D(y) = v10n™ + 0a0y 12 + -+ + Uy 2V g1 24?2

for a; = (2k — |vi| — |vn—i+1])/2 > 0. Then we have the “if” part from Proposi-
tion 2.1 and [14, Theorem 1.2]. The “only if” part is obvious from [14, Theorem
1.2]. O

Theorem 3.3. Let M = S% x S® with a < b.

(i) When a = b, it is projective (k)-Lefschetz for k > b.

(i) When a and b are even, it is projective (%)-Lefschetz.

(iil) When a and b are odd with a < b, it is projective non-Lefschetz.
Proof. Note that H*(M;Q) = Q[uv1, v2]/(v},v3) = Q(1,v1,v2,v1v2) as a Q-
graded vector space with |1| = 0, |v1]| = a, |v2| = b and |v1ve| = a+b. Consider
P(E¥) such that dim P(E*) = 2m and

D(y) = TRTOY e AP
for k > (a+0b)/2. Then m = %2 +k —1 from 2m = a + b+ 2k — 2 and
Uz™=%(vy) = vy 2™~ = yyp*F Hh-1-a iy
Uz™ =" : H*(P(E*); Q) — H*"~*(P(E*); Q)
for 0 < a < m. In cohomology, this element has the form viz2* =0 if and only

if @ < b. Thus, when a < b, Uz™ %(v1) = 0; i.e., Uz™™* is not the Lefschetz
map. On the other hand, when a = b, we have from ()

U .’L'm_Qi(,iEi) — xm—i’

U xm—a—Qi(lei) _ ,lem—a—i,

U .Tmibi?i(’l)gl'i) _ UQ.’L'mibii,
m—a—b—1i

U xm7a7b72z(vlvgxz) = V1U9T ,

whose linear combination can not be zero in cohomology. Thus M is projective
(k)-Lefschetz for k > b when a = b.
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Let a < b be even.Consider P(E*) such that dim P(E*) = 2m and
D(y)zleb%a vy + 33, (k=2)

Then m = ¢ + b — 1 and we have from (xx*x)

2
U szﬂ(xi) — :Cmfi,
V1 Va5 (1 < 259)

,lemfafi (

U xm—a—%(lei) _ ,lem—a—i — {

U $m7b72i(,v2$i) _ ’Ug.’L'mibii,

m—a—b—1i

U sz"*bfm(vlvg:cz) = V1V ,

whose linear combination can not be zero in cohomology; i.e., Uz’ are the
Lefschetz maps. Thus M is projective (%)—Lefschetz. O

Remark 3.4. Even if M is projective (k)-Lefschetz, it is not projective (m)-
Lefschetz for m > k, in general. For example, when M = 5% x S8 M is
projective (3)-Lefschetz from Theorem 3.3 but not projective (4)-Lefschetz.
Indeed, in the proof of Theorem 3.3, Uz? : H™~2(P(E*)) — H™2(P(E%)) is
not a monomorphism since Uz?([v1z +v2 4+ 23]) = [v123 + vo2? 4+ 2°] = 0, when
Dy = v12? + vox + 2 (m = 8).

Theorem 3.5. Let M = S x S® x S¢ with a < b < ¢. We have the following:

(i) When a, b and c are even, M is projective (§)-Lefschetz.

(ii) When a and ¢ are odd, b is even, M is projective non-Lefschetz.

(iii) When a is even, b and ¢ are odd, M is projective Lefschetz if and only
if b=c. Then M is projective (b)-Lefschetz.

(iv) When a and b are odd, c is even, M is projective Lefschetz if and only
if a ="b. Then M is projective (max{a, §})-Lefschetz.

Proof. Then dim M = a+b+ c and H*(M;Q) = A(vy,ve,v3)/ (v}, v3,v3) with
|v1] = a, |va| = b, |vs| = c.

(i) When k = £, dimP(E*) = a4+ b+ 2c — 2 and m = “EE2=2 Then
ly| = c—1and d(y) = 5. Let D(y) = viz 2 + 02T +v3+2%. Then P(EF)
is e-symplectic by z since [2™] = *[6’01’[}2’03:6%] # 0. Moreover, we have from
(%)

U xm72i($i) — xmfi’

—atc—2 . _
2U1v9U3T 2 to<i< “TH’)

—a—9i ; —atc—2 . —atbtc—2 . . _ .
Uaz™ 2 (py2") = vivovsz ™ 2 t—vvgrT 2 o “;rb <i< “2+°)
—a+2c—2 . 7a+b+c727. .
—vvex 2 ' — vivze 2 ¢ (*‘L;“: <i< %b”c),
—bte—2 a—bte—2 . . o
V1VU3L T 2 v — vou3T 2 to<i< b;”:)
_b—9 ; —b42c—2 . a—bte—2 . ,_ . _
Uz™ "2 (vga')={ —vjvoz™ 2 L —wgugz” T ¢ (TR < < a=key
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b2 . a—2 . _
—vivzz 2 —wguzzT (0 < i < =2

Uz™ 2 (pgat) = e
() {vgz  (atge << att)

—azbde—2_; ; —a—b+tc
m—(a-+b)—2i i ) —vivevsxT 2 (0 <i < =957
Uz (’Ul’UQSC ) - zazbde=2_; /_a—btc ~ —a—b+2c
V1V2X 2 (T <1< f),

U 2™ @) =2 (y p30°) = vz B (a <b),
whose linear combination can not be zero in cohomology. Thus M is projective
(§)-Lefschetz.

(ii) For |y| = 2k—1and m = %, there are two types of c-symplectic
models as follows:

1 D = Ulvgzck*aTﬂ + vox k=g + 2

Yy
Then Uz™™%(v1) = —ver T =y uea2F = 0 from a < c.
(2) D(y) = vivauza®™ T gk,

—a+btct2k—2
2

Then Uz™ % (v1) = vz = v122% = 0. Thus the Lefschetz maps do
not exist in both cases (1) and (2).
(iii) Let b < c. For |y| = 2k — 1 and m = “HESE2E=2 “there are two types

of c-symplectic models as follows:

(1) D(y) = v12"7 % + vovgah™ S
Then Uz™°(vy) = —vivew =R ez 2k = 0 from b < c.
(2) D(y) = V1v9v3T T e + 2P
- —atbtet2k—2
Then Uz™ *(v1) = vz 2 = v122*¥ = 0. Thus the Lefschetz maps do

not exist in both cases (1) and (2).

Let b = c. Then M = S x S®* x S, dimM = a + 2b and H*(M;Q) =
Q[v1]/(v?) @ A(v, v3) with |vy| = a, |va| = |v3| = b. When k = b, dim P(E¥) =
a+4b—2and m = =2 Then [y| = 2b— 1 and d(y) = 2b. Let D(y) =
v12°7 % + vous + 2. Then P(EF) is c-symplectic with respect to x. Moreover,
we have from (k)

U™ Ql(xl)

—a+2b— _
U xm—a—Qz —U10203T 2 S (0 <i< a+2b)
,a+4b 2_,; (—a+2b <i< —a+4b>,
m7b72z _ /Ul’UQ‘T - (0 S < %)
Uz 'U2SC = a+2b 2_; q +2b
(5 Si< A 4 );
m7b72z _ _U1U3‘T B (0 S < %)
Uz 'UBSC = a+2b 2_; a4 2b
o (_ <i <4 )7
—at2b—2
U g™ (atb)— 2 (pyvoa?) = vivew 2 ,
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_ Y . —at+2b—2 _
U™ (a+b) 21(,01,031,1) = VU3 5 z,

ob_2i ; a=2_,
U™ 272 (pyuga?) = vouzx 2 7,

whose linear combination can not be zero in cohomology. Thus M is projective
(b)-Lefschetz. The proof of (iv) is similar to that of (iii). O

Theorem 3.6. Let M = S® x S® x 5S¢ x 8% witha <b<c<d. Whena, b, c
and d are odd, M is projective Lefschetz if and only if a = b and ¢ = d. Then
M is projective (c)-Lefschetz.

Proof. Let a < b. For |y| = 2k —1 and m = 9Fbtetdt2h=2 "there are four types
of c-symplectic models as follows:

a+b ctd
(1) D(y) = vivoz®™ "2 + g™ 2 42k
—a+b+2k—2
Then Uz™~*(v1) = —010304% 2 = —vjuzvaz=F = 0.
atc b+d
(2) D(y) = vivsaz®™ "2 gzt 2 42k
—atct2k—2
Then Uz™ % (v1) = —v10204% 2 = —vyvouax2F = 0.
_atd _bte
(3) D(y) = Vi T T 4 vgugah T T 2R
—at+d+2k—2
Then Uz™%(v1) = —v10203% 2 = —vuaugz2h = 0.
_ atbtetd
(4) D(y) = vivavsvax 5 4ok
Then Uz™ %(vy) = v122% = 0. Thus, when a < b, M is projective non-
Lefschetz.

Let ¢ < d. For |y| =2k —1 and m = W, there are four types of
c-symplectic models as follows:

(1) D(y) = Ulvzxki%b + U3U4$k7# + 2"

Then Uz™ ¢(v3) = —Ulvgvgxw = —vyvausx=F = 0.

(2) D(y) = vi1vsz"™ % 4 vgvga T 4 a2k

Then Uz™(vy) = V1V9Us T — pyweuzr 2k = 0.

(3) D(y) = v1v4xk_%d + vgvgxk_% + "

Then Uz™~%(vq) = a3z T — oy vguza Sk = 0.

(4) D(y) = v vavsugahT TR 4 g

Then Uz™ %(vy) = v122% = 0. Thus, when ¢ < d, M is projective non-
Lefschetz.

Let a=band ¢ =d. Then M = §% x §% x §¢ x §¢, dim M = 2a + 2c¢ and
H*(M;Q) = A(v1,v2,v3,v4) with |v1]| = |v2| = a, |v3] = |va| = c. When k = ¢,
dim P(E*) = 2a+4c—2and m = a+2c— 1. Then |y| = 2k — 1 and d(y) = x°.
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Let D(y) = v1v22°~® 4 v3v4 + 2¢. Then P(E¥) is c-symplectic with respect to
x. Moreover, we have from ()

U xm72i(zi) — Z,mfi7
Uaz™ 2 (p12") = —vjvguga
U™ 92 (pya?) = —vgugvga Y,

—v102v32¢ 171 (0 < i < a)
vgrateTi=l (g <i < “T""),

U xm—c—Qi(U3xi) _ {

—v1vva¢ 7 (0 < i < a)
vgro e (o <i < “T""),

U xm—c—Qi(U4xi) _ {

—v1vv304 4TI (0 < i < —a+¢)

—2a—21 7
Uz™ (v1ve2') = )
,Ulv2zfa+267171 (7GJ+C S i< 7a;r2c),

—

U :Cmf(aJrc)fQi(,Ul,USzi) _ 1)1’035667171.,
U .’L'm_(a+c)_2i(’l)1?)4$i) — ’U1’U4.’L'C_1_i,
U xmf(a+c)72i(v2v3$i) — ’U2’U3.’L‘Cilii,
U xm—(a+c)—2i(v2v4zi) _ ,U2,04:Cc—1—i7

m—2c—21 % a—1—1i
Uz (v3vaz’) = Vv ,

U xm7(2“+5)72i(mvgvg) = pyvgugz e (a < ¢),
U xm7(2a+c)72i(vlvgv4) = vivougz” “TTIT (g < ¢),

whose linear combination can not be zero in cohomology. Thus M is projective
(¢)-Lefschetz. O

A nilpotent space is said to be formal if there is a quasi-isomorphism from
its Sullivan minimal model to its rational cohomology algebra thought of as a
DGA with zero differential [15]([5]). For example, compact Kéhler manifolds
are formal [4]. Finally we give a non-formal example.

Theorem 3.7. Let M be a simply connected 16-dimensional manifold such
that M(M) = (A(v1,v2,v3,v4),d) with |vi| = |va] = 3, |vs| = |vg| =5, d(vy) =
d(ve) =0, d(v3) = v1ve and d(vy) = 0. Then M is projective non-Lefschetz.

Proof. There are only two cases for which P(E*) is c-symplectic.
First, let D(y) = vivaa® + vovsz® + 2174 with |y| = 7+ 2i. Then
dim P(E¥) = 22 +2i and m = 11 + .

Then P(E*) is c-symplectic from [#11] = —[vjvovzv42iT3] # 0. But P(E¥)
does not have the Lefschetz property since [v1287%] = [v1 (—v1v42° — vovza®)x?]
= —[v1vav32" ] = [v1v2v3(VIvaT + Vov3T?)] = 0.
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Secondly, let D(y) = vivavgvaz® + T8 with |y| = 15 + 2i. Then
dim P(E*) = 30 + 2i and m = 15 + i.

Then P(E¥) is c-symplectic from [2°7%] = —[vjvavzv42iT7] # 0. But P(E¥)
does not have the Lefschetz property since [v12!2%%] = [v1(—vivovzvsa?)2?t] =
0. O

Note that the manifold M of Theorem 3.7 is the product of S° with the
pullback of the sphere bundle of the tangent bundle of S by the canonical
degree 1 map S x S3 — S6. It is not formal since H*(M;Q) contains an
indecomposable element [vivs] (or [vavs]), which corresponds to a non-trivial
Massey product (v, ve,v1) (or (v2,v1,v2)) [4]. Recall that Y = (53 x §8)4(93 x
S$8) x $5 is formal and has the same rational cohomology as M. From Corollary
2.2, we see that Y is projective non-Lefschetz.

Remark 3.8. We know that S x S3 x S5 x S® is projective (5)-Lefschetz from
Theorem 3.6. It has the same rational homotopy groups as the manifold M of
Theorem 3.7. Thus projective Lefschetzness is not determined by the rational
homotopy groups.
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