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NON-EXISTENCE OF LIGHTLIKE SUBMANIFOLDS OF
INDEFINITE KAEHLER MANIFOLDS ADMITTING
NON-METRIC w-CONNECTIONS

DAE Ho JIN

ABSTRACT. In this paper, we study two types 1-lightlike submanifolds
M, so called lightlike hypersurface and half lightlike submanifold, of an
indefinite Kaehler manifold M admitting non-metric m-connection. We
prove that there exist no such two types 1-lightlike submanifolds of an
indefinite Kaehler manifold M admitting non-metric 7-connections.

1. Introduction

A linear connection V on a semi-Riemannian manifold (M, g) is called a
non-metric w-connection if, for any vector fields X, Y and Z on M, it satisfies

(1.1) (Vxg)(Y,2) = —n(Y)3(X, Z) - 7(2)g(X.Y),

where 7 is a 1-form, associated with a non-vanishing smooth vector field ¢ on

M by n(X) = g(X,¢). We say that C is the characteristic vector field of M.
Two special cases are important for both the mathematical study and the

applications to physics: (1) A non-metric m-connection V on M is called a
semi-symmetric non-metric connection if its torsion tensor T satisfies

T(X,Y)=7(Y)X — n(X)Y.
The notion of semi-symmetric non-metric connections on a Riemannian man-
ifold was introduced by Ageshe and Chafle [1] and later studied by many au-
thors. The lightlike version of Riemannian manifolds with semi-symmetric
non-metric connections have been studied by some authors [15, 16, 17, 18, 23].
(2) A non-metric m-connection V on M is called a quarter-symmetric non-
connection if its torsion tensor T satisfies

T(X,Y) = 7(Y)6X — n(X)aY,
where ¢ is a (1, 1)-type tensor field. In particular, if X = X, then the quarter-
symmetric connection reduces to the semi-symmetric connection [8]. Thus the
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notion of the quarter-symmetric non-metric connection generalizes the notion
of the semi-symmetric non-metric connection. Quarter-symmetric non-metric
connection was intorduced by S. Golad [9], and then, studied by many authors
[2, 3, 21, 22]. N. Pusié¢ [20], and J. Niki¢ and Pusié¢ [19] studied on quarter-
symmetric metric connections on Kaehler manifold.

The theory of lightlike submanifolds is an important topic of research in
differential geometry due to its application in mathematical physics, especially
in the general relativity. The study of such notion was initiated by Duggal and
Bejancu [4] and later studied by many authors [6, 7]. 1-lightlike submanifold is
a particular case of general r-lightlike submanifold [4] such that » = 1. Much
of its geometry will be immediately generalized in a formal way to arbitrary
r-lightlike submanifolds. Moreover the theory of 1-lightlike submanifold is a
simple one more than that of r-lightlike submanifold. For this reason, we study
only 1-lightlike submanifolds in this paper.

Although now we have lightlike version of a large variety of Riemannian sub-
manifolds, unfortunately, the geometry of lightlike submanifolds of indefinite
Kaehler manifolds admitting non-metric m-connections has not been introduced
as yet. In this paper, we study two types 1-lightlike submanifolds, named by
lightlike hypersurface and half lightlike submanifold, of an indefinite Kaehler
manifold M admitting non-metric 7-connections. We prove that there exist no
such two types 1-lightlike submanifolds of an indefinite Kaehler manifold M
admitting non-metric 7m-connections.

2. Non-existence theorem for lightlike hypersurfaces

Let M = (M,g,J) be an indedinite Kaeler manifold, where g is a semi-
Riemannian metric and J is an indefinite almost complex structure satisfying

(2.1) JP=—1, g(JX,JY)=g(X,Y), (VxJ)Y =0

for any vector field X and Y of M ([4, 7, 10, 11, 12]).

Let (M,g) be a lightlike hypersurface of M. It is well known that the
normal bundle TM~ of M is a subbundle of the tangent bundle 7'M, of rank
1. A complementary vector bundle S(T'M) of TM~ in TM is non-degenerate
distribution on M, which is called a screen distribution on M, such that

TM =TM* @y, S(TM),

where @®,,+;, denotes the orthogonal direct sum. We denote such a lightlike
hypersurface by M = (M, g, S(TM)). Denote by F(M) the algebra of smooth
functions on M, by I'(E) the F (M) module of smooth sections of any vector
bundle E over M and by (- .-); the i-th equation of (- . -). We use same notations
for any others. It is well-known [4] that, for any null section £ of TM= on a
coordinate neighborhood & C M, there exists a unique null section N of a
unique lightlike vector bundle tr(T'M) in S(T M)~ satisfying

g&,N)=1, g(N,N)=g(N,X)=0, VX eD(S(TM)).
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We call tr(TM) and N the transversal vector bundle and the null transversal
vector field of M with respect to the screen distribution S (T M), respectively.
Then the tangent bundle T'M of M is decomposed as follow:

TM =TM @ tr(TM) = {TM* & tr(TM)} ©opin S(TM).

In the sequel, let X, Y, Z and W be the vector fields on M, unless otherwise
specified. Let V be the quarter-symmetric non-metric connection of M and
P the projection morphism of TM on S(TM). Then the local Gauss and
Weingartan formulas of M and S(T'M) are given, respectively, by

(2.2) VxY = VxY + B(X,Y)N,
(2.3) VxN = —A X +7(X)N;

(2.4) VxPY = VXPY +C(X,PY),
(2.5) Vxé = —AiX — o(X)E,

where V and V* are the induced linear connections on TM and S(T' M), respec-
tively, B and C are the local second fundamental forms on TM and S(T M),
respectively, A, and Af are the shape operators on T'M and S(T'M), respec-
tively, and 7 and o are 1-forms on T'M.

The induced connection V on M is not metric and satisfies

(2.6) (Vxg)(Y; Z2) = B(X,Y)n(Z) + B(X, Z)n(Y')
- W(Y)Q(Xa Z) - F(Z)Q(Xa Y),
where 7 is a 1-form on T'M such that
n(X) = g(X,N).

From the fact that B(X,Y) = g(VxY,¢), we know that B is independent of
the choice of the screen distribution S(T'M), and satisfies

(2.7) B(X,&) =0.
From (2.2), (2.5) and (2.7), we obtain
(2.8) Vx€ = —A{X —o(X)E.

In the entire discussion of this article, we shall assume that the characteristic
vector field ¢ of M to be unit spacelike, without loss of generality. Now we set
a =m(N) and b = w(£). Then the above second fundamental forms B and C
are related to their shape operators by

(2.9) g(Ag X,Y) = B(X,Y) - bg(X,Y), (A X,N) =0,
(2.10) g(A X, PY)=C(X,PY) —ag(X,PY) —n(X)r(PY),
g(Ay X, N) = —an(X), o(X) = 7(X) — bn(X).

Let M be a lightlike hypersurface of an indefinite Kaehler manifold M admit-
ting a non-metric m-connection. For a lightlike hypersurface M of an indefinite
Kaehler manifold M, S(TM) splits as follows [4, 10, 11]:
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If ¢ and N are local sections of TM~+ and tr(T M), respectively, we have
9(J§,§) =g(JEN) =g(JN,§) =g(JN,N) =0, g(J§JN)=1

These equations show that J¢ and JN belong to S(T'M). Thus J(T M=) and
J(tr(TM)) are distributions on M, of rank 1 such that TM* N J(TM*) =
{0} and TM~* N J(tr(TM)) = {0}. Hence J(TM*L) @ J(tr(TM)) is a vector
subbundle of S(T'M), of rank 2. Then there exists a non-degenerate almost
complex distribution D, on M with respect to J, i.e., J(D,) = D,, such that

TM = TM* &g, {J(TM*) & J(tr(TM)) Soren Do}
Consider the 2-lightlike almost complex distribution D such that
D ={TM" @opin J(TM*)} ©orin Do, TM =D & J(tr(TM)).
Consider the local lightlike vector fields U and V such that
(2.11) U=-JN, V =-J¢E

Denote by S the projection morphism of TM on D with respect to the decom-
position (2.13)s. Then any vector field X on M is expressed as follow:

X =SX+uX)U,

where v and v are 1-forms locally defined on M by

(2.12) uX)=g(X,V), v(X)=g(X,0).
Using (2.11), the action JX of any X € I'(T'M) by J is expressed as
(2.13) JX = FX 4+ u(X)N,

where F is a tensor field of type (1,1) globally defined on M by F'= Jo S.

Theorem 2.1. There exist no lightlike hypersurfaces of an indefinite Kaehler
manifold admitting a non-metric w-connection.

Proof. Applying Vx to (2.11)3 and using (2.1)3, (2.8) and (2.13), we have
(2.14) VxV = F(A;X) - o(X)V,  B(X,V)=u(A;X).
On the other hand, taking Y =V to (2.9) and using (2.12), we have
B(X,V) = u(A; X) + bu(X).

From the last two equations, we obtain bu(X) = 0 for all X € T'(T'M). Thus
we get b = 0. This implies that the characteristic vector field ¢ is tangent to
M. It follow that B(X,Y) = g(4;X,Y) and 7 = 0. Applying Vx to (2.13)
and using (2.1)s, (2.2), (2.3), (2.11) and (2.13), we have

(VxF)Y =u(Y)A, X — B(X,Y)U,

(Vxu)Y = —u(Y)7(X) — B(X,FY).
On the other hand, applying Vx to u(Y) = ¢(Y,V) and using (2.6), (2.9),
(2.14) and the facts that b = 0, we have

(Vxu)(Y) = —u¥)7(X) - B(X,FY) —7(Y)u(X) — n(V)g(X,Y).
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From the last two equations, we obtain
7(V)g(X,Y) +7(Y)u(X) = 0.
Taking the skew-symmetric part of the last equation, we have
(2.15) (X )u(Y) = 7(Y)u(X).
Replacing Y by U to (2.15) and using (2.12), we get
(X)) = m(U)u(X).
Taking X =V to this, we get 7(V) = 0. As ( is tangent to M, we have

u(¢) =g, V) ==(V) =0.
Taking Y = ¢ to (2.15), we get u(X) = u({)7(X) = 0. It is a contradiction to
u(U) = 1. Thus there exist no lightlike hypersurfaces of an indefinite Kaehler
manifold admitting a non-metric 7w-connection. (I

Corollary 2.2. There exist no lightlike hypersurfaces of an indefinite Kaehler
manifold admitting either a semi-symmetric non-metric connection or a quart-
er-symmetric non-metric connection.

3. Non-existence theorem for half lightlike submanifolds

A submanifold (M, g) of a semi-Riemannian manifold M of codimension 2 is
called a half lightlike submanifold if the radical distribution Rad(TM)=TMnN
TM+ of M is a vector subbundle of the tangent bundle TM and the normal
bundle TM+ of rank 1. Then there exists complementary non-degenerate
distributions S(T'M) and S(T' M=) of Rad(T M) in T M and T M=, respectively,
which are called the screen and co-screen distributions on M, such that

TM = Rad(TM) @orin, S(TM), TM* = Rad(TM) @oren, S(TM™*).

We denote such a half lightlike submanifold by M = (M, g, S(TM), S(TM™1)).
Choose L € T(S(TM%)) as a unit spacelike vector field, without loss of gener-
ality. Consider the orthogonal complementary distribution S(T'M)* to S(TM)
in TM. Certainly, Rad(TM) and S(T M) are vector subbundles of S(T'M)> .
As the co-screen distribution S(T'M*) is non-degenerate, we have

S(TM)* = S(TM™) @oren S(TMT)*,
where S(T M=)t is the orthogonal complementary to S(TM*) in S(TM)*+.
For any null section & of Rad(T M), there exists a uniquely defined lightlike
vector bundle ltr(TM) and a null vector field N of ltr(T'M) satisfying
9§, N) =1, g(N,N) = g(N,X) = g(N, L) = 0, VX € I(S(TM)).

We call N, ltr(TM) and tr(TM) = S(T M=) @open ltr(T M) the lightlike trans-
versal vector field, lightlike transversal vector bundle and transversal vector
bundle of M with respect to S(T M), respectively [5]. Thus T'M is decomposed
as

TM =TM & tr(TM) = {Rad(TM) & tr(TM)} @open S(TM)
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= {Rad(TM) @ ltr(TM)} ®orin S(TM) Boper, S(TM™).
The local Gauss and Weingartan formulas of M and S(T'M) are given by

(3.1) VxY = VxY + B(X,Y)N + D(X,Y)L,
(3.2) VxN = —A, X +7(X)N + p(X)L,
(3.3) VxL = —A, X + ¢(X)N,

(3.4) VxPY = V%PY +C(X,PY),

(3.5) Vxé = —AX - o(X)E,

where V and V* are linear connections on T'M and S(T'M), respectively, B
and D are called the local second fundamental forms of M, C' is called the local
second fundamental form on S(T'M). A, Af and A, are linear operators on
TM and 7, p, ¢ and o are 1-forms on TM. Using (1.1) and (3.1), we have

(3.6) (Vxg)(Y, Z) = B(X,Y)n(Z) + B(X, Z)n(Y)
—7(Y)9(X, Z2) = n(Z)g(X,Y).

From the facts B(X,Y) = g(VxY, &) and D(X,Y) = g(VxY, L), we know that
B and D are independent of the choice of S(TM) and satisfy

3.7) B(X,§) =0,  D(X,£) = —¢(X).
From (3.1), (3.5) and (3.7), we obtain
(3.8) Vxé = —A{X —o(X)6 — ¢(X)L.

Now we set b = m(€), a = 7(IN) and e = w(L). Then the above three local
second fundamental forms are related to their shape operators by

(3.9) g(ALX,Y) = B(X,Y) —bg(X,Y),  g(AiX,N)=0,
(3.10) 9(A, X,Y) = D(X,Y) —eg(X,Y) + ¢(X)n(Y),
g(A, X,N) = p(X) — en(X),
(3.11) g(A X, PY) =C(X,PY) —ag(X, PY) — n(X)n(PY),
(A X, N) = —an(X), o(X) = 7(X) — bn(X).

Let M be a lightlike hypersurface of an indefinite Kaehler manifold M admit-
ting a non-metric m-connection. For a lightlike hypersurface M of an indefinite
Kaehler manifold M, S(T M) splits as follows [4, 12, 13, 14]:

If ¢, N and L are local sections of Rad(TM),ltr(TM) and S(T M=), respec-
tively, then we have

9(J€,&) = g(J& N) = g(JE L) = g(JN,§) = g(JN,N)
= g(JN,L)=g(JL,§) =g(JL,N) =g(JL,L) =0,
g(J¢, JN)=g(JL,JL) = 1.
From these equations, we show that J¢, JN and JL belong to S(TM). Thus

J(Rad(TM)), J(itr(TM)) and J(S(TML)) are distributions on M, of rank
1. Thus J(Rad(TM)) @ J(itr(TM)) ®oren J(S(TM™)) is a vector subbundle
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of S(TM), of rank 3. Then there exists a non-degenerate almost complex
distribution H, on M with respect to J, i.e., J(H,) = H,, such that

S(TM) = J(Rad(TM)) & J(Itr(TM)) Soren J(S(TML) S opi, Ho.
Consider the 2-lightlike almost complex distribution H such that
H = {Rad(T'M) & yry J(Rad(T'M))} @qpun Ho,
TM = H & J(Itr(TM)) @opren J(S(TM™)).
Consider the null and spacelike vector fields {U, V'} and W such that
(3.12) U=-JN, V=-J¢ W =—-JL.

Denote by S the projection morphism of TM on H. Any vector field X on M
is expressed as follows:

X =8X +u(X)U + w(X)W,

where u, v and w are 1-forms locally defined on M by

(3.13) u(X)=g(X, V), v(X)=g(X,U), w(X)=g(X,W).
Using (3.12), the action JX of X by J is expressed as follow:
(3.14) JX = FX +u(X)N +w(X)L,

where F is a tensor field of type (1,1) globally defined on M by F'= Jo S.

Theorem 3.1. There exist no half lightlike submanifolds of an indefinite
Kaehler manifold admitting a non-metric w-connection.

Proof. In this proof we take X € I'(TM). Applying Vx to (3.12)2 and using
(2.1)s, (3.1), (3.8), (3.12) and (3.14), we have

(3.15) VxV = F(ALX) — o(X)V — ¢(X)W,

(3.16) B(X,V)=u(A¢X), D(X,V)=w(A;X).

On the other hand, taking Y =V to (3.9) and using (3.13), we have
B(X,V) = u(A; X) + bu(X).

From this and (3.16);, we obtain bu(X) = 0. Thus we get b = 0. It follow that
B(X,Y) = g(4;X,Y) and 7 = 0. Applying Vx to (3.12); and using (2.1)3,
(3.1), (3.3), (3.12) and (3.14), we have

(3.17) VxW =F(A,X)+ ¢(X)U,
(3.18) BX,W)=u(A,X), DX,W)=w(A,X).
On the other hand, taking Y = W to (3.10), we have

DX, W) =w(A,X)+ ew(X).

From this and (3.18)3, we obtain ew(X) = 0. Thus we get e = 0. Asb=e =0,
the characteristic vector field ¢ is tangent to M.
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Applying Vx to (3.14) and using (3.1) ~ (3.3), (3.12) and (3.14), we have
(VxF)Y = u(Y)A, X +w(Y)A, X — B(X,Y)U — D(X,Y)W,
(Vxw)Y = —u(Y)7(X) —w(Y)$(X) — B(X, FY),
(Vxw)(Y) = —u(Y)p(X) — D(X, FY).
On the other hand, applying Vx to u(Y) = ¢g(Y,V) and w(Y) = g(Y, W) by
turns and using (3.6), (3.15), (3.17) and (3.18);, we have

(Vxu)(Y) = —u(Y)7(X) —w(Y)p(X) — B(X, FY)
= m(Y)u(X) —n(V)g(X,Y),
p(X) = D(X,FY)

(Vxw)(Y) = —u(Y) (
—7(Y)w(X) —7(W)g(X,Y).
From the last four equations, for all X, Y € T'(T M) we obtain
a(V)g(X,Y)+7(YV)u(X) =0, 7(W)g(X,Y)+n(Y)w(X)=0.
Taking the skew-symmetric part of the last two equations, we have
T(X)u) =r(Y)u(X), 7(X)wl)=7rY)wX).
Replacing Y by U to the first and Y by W to the second, we have
m(X) =m(0)u(X), 7(X)=m7W)w(X).

Taking X = U to the second equation, we get w(U) = 0. Thus, from the
first of the last equations, we obtain m(X) = 0 for all X € I'(TM). It is
a contradiction as w({) = 1 and ( is tangent to M. Thus there exist no half
lightlike submanifolds of an indefinite Kaehler manifold admitting a non-metric
m-connection. (]

Corollary 3.2. There exist no half lightlike submanifolds of an indefinite
Kaehler manifold admitting either a semi-symmetric non-metric connection or
a quarter-symmetric non-metric connection.
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