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ASYMPTOTIC BEHAVIOR OF STRONG SOLUTIONS TO 2D
g-NAVIER-STOKES EQUATIONS

Dao TRONG QUYET

ABSTRACT. Considered here is the first initial boundary value problem
for the two-dimensional g-Navier-Stokes equations in bounded domains.
We first study the long-time behavior of strong solutions to the problem
in term of the existence of a global attractor and global stability of a
unique stationary solution. Then we study the long-time finite dimen-
sional approximation of the strong solutions.

1. Introduction

Let Q be a bounded domain in R? with smooth boundary I'. In this paper
we consider the following two-dimensional (2D) g-Navier-Stokes equations:

@—uAu—l—(u-V)u—i—Vp = fin (0,00) x Q,

ot

(1.1) V- (gu) =0 in (0,00) x €,
u =0 on (0,00) x T,
u(z,0) = uo(z), x € Q,

where u = u(z,t) = (u1,u2) is the unknown velocity vector, p = p(x,t) is the
unknown pressure, v > 0 is the kinematic viscosity coefficient, ug is the initial
velocity.

The 2D g-Navier-Stokes equations arise in a natural way when we study
the standard 3D problem in the thin domain @y = Q x (0,g). We refer the
reader to [9] for a derivation of the 2D g-Navier-Stokes equations from the 3D
Navier-Stokes equations and a relationship between them. As mentioned in
[9], good properties of the 2D g-Navier-Stokes equations initiate the study of
the Navier-Stokes equations on the thin three-dimensional domain €2,. In the
last few years, the existence and long-time behavior of weak solutions to 2D
g-Navier-Stokes equations have been studied extensively in both autonomous
and non-autonomous cases (see e.g. [1, 4, 5, 6, 7, 8, 10, 14]). However, to the
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best of our knowledge, little seems to be known about strong solutions of the
2D g-Navier-Stokes equations.

In a recent work [2], the authors proved the existence and finite-time nu-
merical approximation of strong solutions to the 2D g-Navier-Stokes equations.
In this paper, we continue studying the long-time behavior and the long-time
finite dimensional approximation of the strong solutions. To do this, we assume
that the function g satisfies the following assumption:

(G) g € Wh°(Q) such that
0 < mo<g(x)<M, for all z = (21,32) € Q, and |Vg|o < moAi’?,

where A; > 0 is the first eigenvalue of the g-Stokes operator in 2 (i.e.,
the operator A is defined in Section 2 below).

It is noticed that after studying the existence of solutions, as mentioned
in [12, 13] for the Navier-Stokes equations, the long-time behavior and long-
time approximation of the strong solutions are important questions because the
problem of numerical computation of turbulent flows is directly connected with
the computation of the solutions for large time. This is the main motivation of
the present paper.

The plan of the paper is as follows. In Section 2, for convenience of the
reader, we recall some auxiliary results on function spaces and inequalities for
the nonlinear terms related to the g-Navier-Stokes equations. In Section 3,
when the external force f € H, is assumed to be time-independent, we show
that the long-time behavior of strong solutions is determined by the existence of
a compact global attractor in V; for the continuous semigroup S(t) : V;, — Vj,
generated by the strong solutions to the problem. To do this, we construct
a bounded absorbing set in the space D(A), the domain of the operator A,
and using the compactness of the embedding D(A) — V. We also prove the
existence, uniqueness and exponential stability of a stationary solution when
the external force is time-independent and “small” when compared with the
viscosity coefficient v. Long-time finite dimensional approximation of strong
solutions is studied in the last section. The results obtained here, in particular,
generalize the corresponding results for the 2D Navier-Stokes equations in [11,
12, 13].

2. Preliminary results
2.1. Function spaces and inequalities for the nonlinear terms

Let L2(Q, 9) = (L*(Q))? and H}(Q, g) = (H3(2))? be endowed, respectively,
with the inner products

(u,v)g = /u ~vgdzx, u,v € LQ(Q,g),
Q
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and
2
((U,’U))g = /ZVUJ : V’U_jgd,CE, u = (Ul,UQ),U = (UlaUQ) € H&(Q,g),
Q5=

and norms |ul? = (u,u)g, ||u||* = ((u,u)),. Thanks to assumption (G), the
norms |-| and ||-|| are equivalent to the usual ones in (L?(2))? and in (Hg (£2))2.

Let

V={uc (C)?:V-(gu) =0}

Denote by H, the closure of V in L?*(Q,g), and by V, the closure of V in
Hj(9Q,9). Tt follows that V, € Hy = H) C V/, where the injections are dense
and continuous. We will use || - || for the norm in VJ, and (-,-) for duality
pairing between V;; and V.

We now define the trilinear form b by

2
a .
b(u,v,w) = Z /Qula_zjw]gdxa

ij=1

whenever the integrals make sense. It is easy to check that if u, v, w € Vj, then

b(u,v,w) = —b(u, w,v).
Hence

b(u,v,v) =0, Yu,v € V.
Set A : V, — V, by (Au,v) = ((u,v))y, B : Vy x Vy = V] by (B(u,v),w) =
b(u,v,w), and put Bu = B(u,u). Denote D(A) = {u € V, : Au € Hy},
then D(A) = H%*(Q,9) NV, and Au = —P,Au,Vu € D(A), where P, is the
ortho-projector from L?(€2, g) onto H,.
Lemma 2.1 ([1)). If n =2, then

el 2 |2 [o] w2 w2, Yu,v,w € V,
02|u|1/2||u||1/2||v||1/2|AU|1/2|w|, Vu € Vy,v € D(A),w € Hy,

b(u,v,w)| <

o ) calul'?| Au|V? ||| |w]|, Yu € D(A),v € Vy,w € H,,
calul|oll[w]"/?|Aw['/?, Yu € Hy,v € Vg, w € D(A),

where ¢;,i = 1,...,4, are appropriate constants.

Lemma 2.2 ([2]). Let u € L*(0,T; D(A)) N L>(0,T;V,). Then the function
Bu defined by

(Bu(t),v)g = b(u(t), u(t),v), Yv € Hy, a.e. t €[0,T],
belongs to L*(0,T; Hy), therefore also belongs to L*(0,T; Hy).
Lemma 2.3 ([3]). Let uw € L*(0,T;V,). Then the function Cu defined by

(Cu(t), v)g = (*2 -

Vu,v)g = b(E,u,v), Y € Vg,
g g
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belongs to L*(0,T; Hy), and hence also belongs to L*(0, T Vy). Moreover,

cut)] < 2= ju)) for ae. e 0,7),
mo
and
Vgl
[|Cu(t)]]« < | |1/2 Nu@®)|| for a.e. t € (0,T).
mo)\l
Since
1
fE(V cgV)u = —Au — (%.V)u,
we have
Vg Vg
(_Aua U)g = ((u’ U))g + ((7V)u, U)g = (Au’ U)g + ((7 'V)U, 'U)ga Vu,v € Vg

2.2. Existence of strong solutions

We recall the result on the existence and uniqueness of a strong solution to
problem (1.1) in [2] which will be used later.

Definition 2.1. Given f € L?(0,T; H,) and ug € V,, a strong solution on the
(0,T) of problem (1.1) is a function u € L?*(0,T; D(A)) N L*(0,T;V,) with
u(0) = ug, and such that

d

(2.1) —(u(t),v)g +v((ut), v))g +v(Cul?), v)g +b(u(?), u(t), v) = (£(2),v)g

for all v € V, and for a.e. t € (0,T).

Theorem 2.1 ([2]). Suppose that f € L} (0,00; Hy) and ug € V, are given.
Then for any T > 0, there exists a unique strong solution u of problem (1.1)
on (0,T). Moreover, the map ug — u(t) is continuous on Vy for all t € [0,T],

that is, the strong solution depends continuously on the initial data.

3. Long-time behavior of strong solutions

In this section, we assume that f € H, is independent of time ¢. Then, by
Theorem 2.1, we can define a (nonlinear) continuous semigroup S(t) : V, — Vj,
by

S(t)ug = u(t), t >0, ug € Vg,

where u(t) is the unique strong solution of problem (1.1) with the initial datum
u(0) = ug. We will prove that this semigroup possesses a compact connected
global attractor A in V, (we refer the reader to [13] about the general theory
of global attractors), and when the external force f is “small” enough, the
attractor has a very simple form A = {u*}, where u* is the unique strong
stationary solution of problem (1.1).
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3.1. Existence of a global attractor in Vj

Proposition 3.1. If f € H,, then there exist a time to = to(|uo|), a pu, and
an Iy, such that

(3.1) lu(®)| < pa,,

and
t+1

(3.2) / lu(s)|[ds < Iv,, Vt > to.
t

Proof. In (2.1) taking v = u(t) and arguing exactly as in the proof of Lemma
3.1 in [2], we have

53) Ll + 250~ )l <
dt — 2ueN
and then using the inequality ||u||? > A;|u|?, we obtain

L1+ 20n (00 — ful? < L
dt 1170 ~ 2ueN;

By Gronwall’s lemma, we get

_ - fI?
w(t)]? < |ug 2, 2vA1 (yo—e)t | ,
u(D)? < Juo) e

and so there is a time to = ¢o(|ug|) such that for all ¢ > g,

° 2|f|?
3.4 w(t)|? < /1 < = p2.
( ) | ( )l — 21/2)\%6(,)/0 —6) — V2>\%Y(2) P

The estimate (3.2) follows by integrating (3.3) from ¢ to t+1 and using (3.4). O

We now prove the existence of a bounded absorbing set in Vj for the semi-
group S(t).

Proposition 3.2. If f € H, then there exist a time t; = t1(to), a pv, and an
14 such that

(3.5) lu@®Il < pv,,

and
t+1

(3.6) / |Au(s)|?ds < Ia, Vt>t;.
t

Proof. From (2.1), replacing v by Au(t) and repeating arguments in the proof
of Lemma 3.2 in [2], we get

d 1Vgloo
@I + (1 = —=75)|Au(t)]”
(3 7) m())\l
' 2 V|Vg|oo
< SIP A+ 2eslu() Pllu@)]* + ——=F5 @)%,
v mo/\l
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and hence by Gronwall’s lemma,

2 2 C o 2 2, Y[Vl
@I < llu(s)|Pexp ([ (2csfu(r)P[[[u(n)]* + 172)dT)
s 2m0)\1
2 2 [ ' 2 2, VIVgl
2P e ([ Q)|+ 2L irar
S S 0 1
Using (3.1) and (3.2), we get
2
lu@®I* < Cullu(s)l|* + Co— £,

Now integrating between s =t — 1 and s = ¢, we have

t
2
lu(®)]* < Cl/ ) llu(s)II*ds + Co=|fI*.
t—

Using (3.2) once again, we obtain ||u(t)||* < py,. Integrating (3.7) from ¢ to

t + 1, we obtain (3.6). O

We can now show the existence of a bounded absorbing set in D(A) for the
semigroup S(t), which implies the existence of a global attractor in V.

Proposition 3.3. If f € H,, then there exist a time to = t2(t1) and a pa such
that
|Au(t)] < pa, Vit >ta.

Proof. Observe first that if u € D(A), then B(u,u) € Hy, with
|Bu, w)| < klul'?||ul|| Aul"/2.
On the other hand, since
du

(3.8) o + vAu + vCu+ B(u,u) = f,
we get

|ue| < v|Au| + v|Cul + klulV/?[[ul|| Aul'/? + | £].
Using Lemma 2.3 and Young’s inequality, we have

IVglso
moAi/Q
Using (3.1) and (3.5), we get for all ¢ > ¢,

Vg
] < ]+ v o, o, + 11
mo 1

[l + ko | Aw + Fa ful[ul|* + | f].

|ug] < v

Integrating from ¢ to t + 1, using (3.6), we have

t+1
/ lu¢|*ds < Cy for all t > t;.
t
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We now differentiate (3.8) with respect to ¢ and take the inner product with
u; to obtain

1d
§E|ut|2 + vlfue|? < vI(Cug, ug)| 4 [b(ur, u, uy)|
Vgl
sV 1O/O2||“t||2+k||u|||ut|||ut||
m())\l
\Y% k2
<v | g|10/02 l|ue] | + ev||ug]|* + 4—||u||2|u,5|2
moA] Ve

Hence )

d k
nl? + 2030 — Ol < 5 [ul Pl

It follows that for ¢ large enough,

d

k2p2
- 2 < Vg
dt el < 2ve

We integrate this inequality between s and ¢ + 1 with t < s <t +1 to get

|Ut|2-

Kpy, [t
s+ DP < o)+ 5o [ ),

and then again between ¢t and ¢ 4+ 1 so that

k?pi,

g).

k:2p‘2/g

(3.9) Ju(t+ D < (1+ — =

t+1
)/ lua(s) s < Co(1 +
t

ve
From (3.8), we have

v[Au| < fug| + v|Cul + |B(u, u)| + | f]|
V3o

moAi/Q

< Jug| +v lful | + kLl [[ul | Au] '/ + |f].

Using Young’s inequality, we get

v IVg|oo k? 2
SlAu| < Jug| +v [l + o= |ull|ul|” + [ f]
2 mox\}/2 2v
|v9|<>o k? 2
< 1Y Jico X
— |Ut| + VmOAi/QpVg + 2VpngVg + |f|a

and so we have that |Au(t + 1)| is bounded, using (3.9). This completes the
proof. O

Because the compactness of the embedding D(A) — V; and the connect-
edness of V;, from Theorem 1.1 in [13, Chapter 1] we immediately get the
following result.

Theorem 3.4. The semigroup S(t) generated by problem (1.1) possesses a
compact connected global attractor A in the space V.
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3.2. Existence and exponential stability of stationary solutions

A strong stationary solution to problem (1.1) is an element u* € D(A) such
that

(3.10) v((u*,v))g +v(Cu™,v)g + bu™, u*,v) = (f,v)y, Yv eV,
Theorem 3.5. If f € Hg, then

(a) Problem (1.1) admits at least one strong stationary solution u*. More-
over, any such strong stationary solution satisfies the estimate

(3.11) v(1— mOA}/Q)HU Il < Fm-
(b) If the following condition holds
Vgl \12 _ alf]
(3.12) [u(1 —E )} > 5

where ¢y is the constant in Lemma 2.1, then the strong stationary solution of
(1.1) is unique.

Proof. (i) Existence. The estimate (3.11) can be obtained taking into account
that in particular any stationary solution w*, if it exists, should verify

v((u™,u”))g +v(Cu,u”)g = (f,u7)g,

and therefore

1 v|IVgloo
v|[u*|* < — 7 Il + ][
)\1/2 Mo 1/2
or V4l .
Gloo *
v(1 - el < =711
moA;’? A2
For the existence, let v1, v2, . . ., be the basis of V;; consisting of eigenfunctions
of the operator A. For each m > 1, let us denote V,,, = span{v1,...,v,,} and
we would like to define an approximate strong stationary solutions ™ of (1.1)
by
m
= Z'Ymivia
i=1
such that
(3.13) v((u™, )y +v(Cu™,v)y + bu™, u™ v) = (f,v)y, Yv eV,

To prove the existence of u", we define operators R, : V;, — Vi, by
((Rmu,v)) = v{Au,v)g + v(Cu,v)g + b(u, u,v) — (f,v)g Yu,v € V.
For all u € V,,,
(Bmu,u)) = v{Au, u)g + v(Cu,u)g — (f,u)g
VIVgloo

> ful]* — 1/2|f||| ul| — 1/2|| ull?
moA 1
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IVgloo
== - 1/2|f||| ull.
Thus, if we take
/]
ﬂ:
)\}/2 (1— [V9loo )

0)\1/2

we obtain ((Rpu,u)) > 0 for all uw € V,, such that ||u|| = 8. Consequently,
by a corollary of the Brouwer fixed point theorem, for each m > 1 there exists
U € Vi such that R, (um) = 0, with [Ju,,| < 8. Taking v = Au™ in (3.13)
we get

v[Au™? = (f, Au™)y — v(Cu™, Au™), — b(u™, u™, Au™)

m VVQOO m m m m m
< 711w + AV g g 4 g 2 Awm 2
V|v9|<>o 2 V|Vg|oo 2 ’ 3
_—|f|2+6|Aum|2 A 4 AVl o myz s,
2 oA ? o2 3

Hence using (3.11) we deduce that

|Vg|oo
0)\}/2

where € > 0 is chosen such that 7o — e > 0. Hence we deduce that the sequence
{u™} is bounded in D(A), and consequently, by the compact injection of D(A)
in V,, we can extract a subsequence {u”™} C {u™} that converges weakly in
D(A) and strongly in V, to an element u* € D(A). It is now standard to take
limits in (3.13) and to obtain that u* is a strong stationary solution of (1.1).

(ii) Uniqueness. Suppose that u* and v* are two strong stationary solu-
tions of (1.1). Then

v(Au* — Av*,v), + b(u*, u*,v) — b(v*,v*,v) + v(Cu* — Cv*,v); =0
for all v € V,. Taking v = u* — v*, we have
v(Au® — Av* u* —v") g = b(ut — v, v ut — oY) — v(Cut — Cv*ut —o),.

Hence

(314) V(l - - 6)|"4u7’n|2 < C(|f|a v, )\15 |Vg|00)7

* * —-1/2 o™ * V|v9|00
vl =o' < e Ay Pt — ot 2ot || + 1/2|| o*|?,
mo 1
or
|Vg|00 * —1/2 * * *
(3.15) v(l - )\1/2)||U — "1 < endy Pt — |-
moAy

From (3.11) and (3.15) we have

|Vg|00 * — * *
(3.16) (1 - 1/2)} [l = v*|* < e ATl — o),
mO

and the uniqueness follows from (3.12) and (3.16). O
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Theorem 3.6. If f € Hy and condition (3.12) is satisfied, then for any solution
u(-) of problem (1.1) we have

|u(t) —u*| -0 ast— oo.
Proof. Denote w(t) = u(t) — u*, one has

d
5 (W), v)g +v((w(t), v))g +v(Cu(t),v)g

+ b(u(t), u(t),v) — b(u*,u*,v) =0, Yo € V.
Replacing v by w(t) and noting that
b(u(t)a u(t)’ w(t)) - b(U*’ u’, w(t)) = b(w(t)’ u’, w(t)),
we get
%(w(t),w(t))g +v((w(t), w(t)))g + v(Cw(t), w(t))y + b(w(t), u”, w(t)) = 0.

Introducing an exponential term e* with a positive value A to be fixed later
on, by Lemmas 2.1 and 2.3, we have

d i 2
4 )
A = 20 (®)]2 = 2(Cu(t), w(t)), — 2b(wlt). ', w(?)
2v|Vg|so *
< [Mw®) 2 - 202 + 22V (o) 2 4 264 @) oo ]
O/\1/
A 21/|Vg|OO 2¢q
At 2
<e [Al PVEREAL Il
A 21/ Vg|so 2¢1|f
< )\t[/\ | 12 + 1||v|g‘OO }Hw(t)HQ,
1 m())\ All/(l — mo)\l/Z)

where we have used the estimate (3.11) for the stationary solution u*.
If condition (3.12) holds, then we can choose A > 0 such that

A 20|Vl 2¢1f|
=Wt 2 — v <0
1 mMoA] vl —)\1/2)

mo 1

Hence, we deduce that |w(t)|? < e~ |w(0)|?, and this completes the proof. [

4. Long-time finite dimensional approximation

Let f1 and f2 be two continuous bounded functions from [0, c0) into Hy,
let ug and vy be given in V;, and let v and v denote the corresponding strong
solutions to the following problems

du
W) E_|_1/Au-|—VCU-i-BU = f1(1),

u(0) = ug,
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and

dv
(4-2) $+VAU+VCU+BU :fQ(t)a

v(0) = .

Let us consider a finite-dimensional subspace E of V. We denote by P(E)
the orthogonal projector in Hy onto E, and Q(E) = I — P(E). We now show
that there exists p(E), 0 < p(E) < 1, such that

[((&,))gl < p(E)ISI[[Y]l, Vo € B,V € Vg, P(E)Y =0.

Indeed, if this is not true, there exist two sequences ¢; € E, 1; € Vg, j > 1,
P(E)y; = 0 such that

1
@5 llllw5ll = 1((5,45))gl = (1 = 5)||¢j||||1/fj||-
Setting ¢ = &;/l|¢5ll, 15 = ¥;/11¥;ll, we have
1

1> |((¢},9)))gl = (1 — 3)-
We can extract a subsequence, still denoted by j, such that qﬁ; converges
strongly in £ to ¢ € E, [|¢]| = 1 (since E is finite dimension), and ¢; converges
weakly in Vj to ¢ € V, ||[¥]] <1, P(E)Y = 0. Hence, passing to the limit, we
have
(6. 0)sl = 1, 6l =1, 91l < 1.
so that ||¢|| =1, ¥ = k¢ # 0, in contradiction with P(E)y = 0.
We now associate with F the two numbers A(E), u(E),

ME) = if{||0|*, ¢ € Vy, P(E)¢ =0, |¢] =1},
WE) =sup{|[¢ll*, v € E, || =1},
so that
|61 < ME)TV21¢l], Vo € Vy, P(E)g =0, and ||9]] < p(E)'/?[y], Yy € E.
We now prove the following result.

Theorem 4.1. Assume that v and v are two strong solutions of (4.1) and
(4.2), respectively. Let E be a finite-dimensional subspace of V; such that
C1PA\2
(4.3 NE) > (2242
where ¢y is the constant in Lemma 2.1, pa is the constant in Proposition 3.3,
v =1- |vg‘1°/°2 > 0. Then, if
Mo

0

|P(E)(u(t) —v(t))] = 0 ast — oo,

and
(I = P(E))(fi(t) = f2(t))] = 0 ast — oo,
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we have
|u(t) —ov(t)] =0 ast — oo.

Proof. For brevity, we will write P, @, p, A, p instead of P(FE), and so forth.
We consider the two solutions u,v of (4.1) and (4.2), and set

w=u—v, p=Pw, ¢qg=Quw, e= f1 — fo.
We apply the operator @ to the difference between (4.1) and (4.2) to obtain

% + vQAw 4+ vQCw + QB(v,w) + QB(w,u) = Qe.

We then take the scalar product in H, with g,

L1g2 + vllgll? = (Qesq)y — ((p. @)y — (Ca. )y
- V(Cpaq)g - (B(’Uap)aQ)g - (B(pau)’Q)g - (B(qau)aq)g‘

Using Lemmas 2.1 and 2.3, we have

2dt

IVgloo
2dt|‘1|2 v]lgl* < Al/ngeIIIqII+Vpu1/2|p|||q||+v 1/2|| q|l?

Vgl
i =[plllql| + c1(|Au| + [Av])|plllg|| + c1|Aullq]||q]]-

By Proposition 3.3, there exists a number 7" > 0 such that
|Au(t)| < pa, |[Av(t)] < pa for allt > T.
Hence if t > T, using Cauchy’s inequality we have

1 Vgl
Iql2 ||Q||2§W|Q€|||Q||+V/)M1/2|P|||Q||+V {ZII ql]?

2dt

Vgl
+v mOo|p|||Q||+201PA|p|||q||+ClpA/\( )7H2|q]?

IN

ve 2, L 2 e 2, VPR, o
Cllall + 1@l + 5 lal + ZE o

L1Vl ve v|Vyl2 ve
f/ogll I1” + ||q||2 %Ipl“rzllqllg

4C1pA
+ — 2 p + crpa(BE) "2 [q] 2.

Then, we obtain

1d B
5 dtIqIQ (0 — €) — c1paNE)~?)|[q?
(Vp po, v[Vgl3

4C1pA
2 2
1/)\ €|Qe| € + m%e + ve )Pl
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Choosing € > 0 such that v(yg — €) — c1paA(E)~/2 > 0, we deduce that

d
—lal +vidlg? < Qe + lpl*,

2 v 2
where v1 = 2(v(v0 —€) —c1paA(E)1/?), & = UA21€ and ¢ = 2(55+ ‘Z—glj’ !
de1pa) Whence for t >ty > T,

ve

t
(44)  g() < lglto)[Pe A1) +/ [ ]e(m)]? + chlp(r)[le X" dr.
to

Given § > 0, there exists M (which we can assume > T') such that for ¢t > M,

[P(u(t) —v(t)]> <6, [(I = P)(f1(t) = f2()* < 4.
Therefore, for t > to + M, (4.4) implies

t
lg(t)[* < c(u, v)e ™ AT 4 §(ch + cg)/t y e~ A=) gr

t—M
+ [cie(fr, f2) + che(u, v)] / e—l’lk(t—T)dT,
to

where

c(u,v) = sup [u(t) —v(t)], c(f1, f2) = sup [f1(t) — fa(t)]-

t>to t>to
As t — oo, then

1 —U1AM 671/1)\1\/[
limsup |¢(t)[* < 6(cy + ¢3) + [ere(fr, f2) + cye(u, v)| ———
t—o0 VA 1A
Letting § — 0 and then M — oo, we get the desired result. O

Remark 4.1. Theorem 4.1 shows that if condition (4.3) is satisfied, then the
behavior for ¢ — +o0 of u(t) is completely determined by that of P(E)u(t).
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