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Size/scale is a central idea in the science curriculum, providing explanations for various phenomena.
However, few studies have been conducted to explore student understanding of this concept and to suggest
instructional approaches in scientific contexts. In contrast, there have been more studies in mathematics,
regarding the use of number lines to relate the nature of numbers to operation and representation of
magnitude. In order to better understand variations in student conceptions of size/scale in scientific contexts
and explain learning difficulties including alternative conceptions, this study suggests an approach that
links mathematics with the analysis of student conceptions of size/scale, i.e. the analysis of mathematical

KEJ’WOV ds: structure and reasoning for a number line. In addition, data ranging from high school to college students

size and scale, facilitate the interpretation of conceptual complexity in terms of mathematical development of a number

number., ) ] line. In this sense, findings from this study better explain the following by mathematical reasoning: (1)

multiplicative reasoning, varied student conceptions, (2) key aspects of each conception, and (3) potential cognitive dimensions

operation interpreting the size/scale concepts. Results of this study help us to understand the troublesomeness of
learning size/scale and provide a direction for developing curriculum and instruction for better
understanding.
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Task Question: A group of students were asked to create a scale
that best represents the relative size differences of the following
objects: the length of football field (about 91 meters), the height
of an elephant (about 3 meters), a diameter of a human hair (about
0.0001 meters), the diameter of a virus (about 0.0000004 meters),
and the diameter of an atom (about 0.0000000001 meters). Here
are some examples of what they created. Which one of the following

do you think is the most appropriate scale?
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Table 1. Mathematical structure framing student conceptions
of size and scale

Mathematical

developmental stage Description
Pre-Additive pa  Jrouping :
bigger, smaller, the same
A Counting :
°  one-to-one, doubling, skipping
Additive Applying operations :

A,  part/part or part/whole
(addition & subtraction)

M,  Multiplication by repeated addition
Applying operations :
M;  part/part or part/whole
(multiplication & division — ratio)
M,i0  Multiplication by powers of 10
Multiplication by logarithmic functional
operation

Multiplicative
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Interviewer: B? Can you explain more?
SW: The elephant and the football field are both in meters, so theyre

1) & colAls ol ShEe] AREARS 9la) shye] At Higol
= 239 7|58 Mgl Erlska gck

o

pel

both relatively around the same thing. Whereas the hair, the
virus, and the atom are all - they're all less than a meter and
they're extremely small, so theyd more be grouped together
lower down, whereas like, this one here - there’s too big of
a gap between the football field and the elephant. And for
here, | feel like the virus and the atom would be - should be
closer together (pointing the gap between “football field and
elephant’ and ‘virus and atom). There are about 7 zeros here,

so overall theyre both extremely small and that probably---

IR W82 HH, nlE(m) SHE 2230 QAL shute] S
= AAE Za 249 F7|18 AR vasp|Ets E4E 28k
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% o P9k s, 24 oI5} 0] 547k e Uxje wfolef
L 945 Fot A7k AL goy & o Rl eRelok gk
o] 5344 AbER B T W7 (gouping) Tl Z Smitheh
Confrey7h 52 Aba1e] Ao Mg HAH WekE vpgoR
SR 42417 |(counting) i} o]:A9] TAle] WEH 9182 o 4 ek

0
rir
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N
o

U, QA Al @A(Additive Reasoning Stage, A)

SIAIA AbaLe] viEE = Aer) vy T2 AR E I 2 A
oMME 8H AR 5 F 7HA] f138(Ac & Aoy SIATA AlLE
o g g A9 7|Eor HSlth e B w3olA e
=A|7|(counting) & BFE O 2 oF GAIA ALLZ +1 (1, 2, 3, 4, 5, )
& +2 (2, 4, 6,8, 10, ) T2 +10 (10, 20, 30, 40, --) & +100 (100,
200, 300, 400, 500, )3} =2 Hrf F SR HXA HIHF7HF)
£ WE= s A Tl 1 ddskes 28-S wixshkes “Al
710l ¢Jgt BAl°-3-&(addition by counting, Ao EX= GAl/ @AY
O] SRS Fol AT AfolE Fotal o] gk 7o R AeE SISt
= “AleZ] AAro| 23t QAR (addition by arithmetic operation,
Aj)olck. mAlo] WS HA Ve Akl - 589 2715 WA
RS FFelAU(part/whole) 7+ &4 IF A5 H8l] viA|Sl=(part/part)
FE7E UANE 2 Atollal= o] & W 7RS] SA1A S SHAl=
skt Aol Zhofgt Yol SHolAl= A o] fle=T, ol
A g WEESE Q79 Zo] ofyzt EaollA AdestA vh= A
o] Fejeke o] Sl SZolth 519 sHlio] A, 32 AHrrlde
HolFoT el Bl AES AT o AL+l TS
1109 HES WE7] ARG SYSo] Q9o B £x7t A4
HO9Im) E 247 olake] T29]7F A4 (0.000000001m) =A]7] H ek
Lowglon A4S Teks WAl B ABeH A4S 2 4 it
ofef ZL®l(Figure 1 IS A0 o2 153 ELYO| S AE
Aelgh 348 # Bolzth WA Zgat 2719 Ajoje] 27)/ol
#91-3-88), 2 WA}l AeH 2jo] G FeHL o Fhe FolA
T =24 7] A Arlg Aoke o o833t msi&o R ALkt
+ A ZHRIH(“bad at mental math”) 3L YE ZAF, ALt A 9] A
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F( Football field )

o upn o the 2 7ko] 2o 2,999, 0.004,
2 Z¥7F Htabal 11 A A zjo] grE 7He] A A71E
ool Mg PABIBIL AS Fo R Mesigit o] 75 WA

Azt B9 /18 vl Hwo 2

EL: So 91, 'm really bad at math, so it’s like 88. Yeah 91 minus
3. () 'm bad at mental math. 0.001, which is really, really small.
Ok, Like 2.9. (---) And then here is the virus. Ok this is just um
- | don't even know. A lot of zeros. (---) whatever and then,
this one you just .0000 something, so--- (---) Well | think the
only difference is that one has like the weird - like this one is
so similar to this one. Like the 0.00 is so similar to the 2.99. So
| guess that doesn’t really make sense. Like if | was going to

move this (oointing to hain, | would move this down a little lower.

W] ol 9l AXE, WHoR A 2718 ozt EL
& s7lelo} vielrlete) 2o 299~ vielrletat ulolei 7ko] Hjol
000~ ®r} Zo2 Ao U} gl HEagolx] meliet vole]

Atole] Fzro] &t Zotof kil Fof WAL
o} FAA Al @A (Multiplicative Reasoning Stage)

e SUlelA FAIA AL wEslel e FAA Aag
uiEoR G HEGBS the tA] Flk Hakd uigolq 2ol
“27Po} HE HAG olahs SIS AL FAIA A

of we ot AT 4714 fEOR Balstel s 4 qloltk

WA giAle) st FA1& AL (by Repeated Addition: M,)
Ao o3t A ARl (by Multiplication or Ratio: M)

109] 2=E o83t FAZ ARl (by Powers of 10: M)

271 7S o83t FAA AL (by Logarithmic functional operation: M)
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g Foll Z7|(primitive) == 212} Ai(intuitive) FEI= F5
ZEtka Arstci(Fischbein, Dri, Nello, & Marino, 1985). & &15Lo]|
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AV: So | feel like this scale (pointing A) wouldn't, this would be---
(---) the ratio between these (pointing to football field and
elephant) is not this drastic difference.

I: What do you mean “ratio”?

AV: Like if you're comparing the difference between here and the
difference between these two- it wouldn’t, they (pointing to
elephant and hair) would need to be more spaced out like this
one because:- because:--. 'm not exactly sure. (---) If you look
at the difference between the height of an elephant and a
football field, it's not as drastic as the height of an elephant
and a piece of hair.

I: Can you explain more?

AV: Like if you were to have an elephant on a football field, like
laying down:--- (---) That ratio wouldn’t be as if you stacked
up a bunch of pieces of hair to get to the height of the elephant.
() 1 think that was just the, like, ratio if you took a bunch
of elephants and stacked them up to the height of the football
field. Or if you took a bunch of hairs and stacked them at the
height of the elephant. (---) | can picture, like, an elephant on
a football field. It's easier to grasp.

e QJEHUN-S B, AVE FAZ] ARl viElo] gl 8o
“]/H]&|(ratio)” & ARGBPH GAIA ARILE AR AASE AS A3
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Student Understanding of Scale: From Additive to Multiplicative Reasoning in the Constriction of Scale Representation...

wslojolct ik
oA olEgt #Fgo] =EA
A AN O 43 o) Mk ched e
L 248 vgon 218 ulmsis B Aol 34 Sl Azt
3} Jatof] ofs A4 AlaLe] 27] ©HA| S ‘Ei‘él"ﬂ*ﬂ«l L A
o] &= HA(transitional stage)o|A] YERL Ao = HlTh

olu] &A1&

4 9lrk. At

le_&

b 45} WA ST B4 oy

RO TS Eg) AIA AMTE Bl 2azzo] ThAE ST} 24
A AfaLe] 7k ol ZAH U AV7} ARG “HlEP k= B A
sP RLYS] 29 459l B3} LPoale] S AR <o) 2~
times bigger)”o]|2t= H]H Q) g o2 A& 27|E v|askal ot
ol RL3H2] QUER % h-old ohs} e} olely Fo] 43
Iy Aw=9] g o]tiFigure 2).

L

RL: Yeah because in this -If | use division or given this is 2, 3---7
decimal places or this is 7 decimal places back and this is 4.
And then this would be 3, 4, 5, 6, 7-

I: Can you show or explain more about what you are doing now?

RL: Ok yeah. So there’s 91 and 3. So then, that means that the
football field and the elephant, the football field is, whatever
91 divided by 3 is times bigger. And then this would be like,
almost 1000 times bigger, (=) oh 1 here then, 2, 3, 4---yeah,
so itd be 1000 times, 3000 times bigger. (---) Um---so 30 1/3.

Itd be less than 1000

times bigger, but---and then this one’s 10. So this would also

Then from here itd be---so 7 minus 4.

be somewhere like 4000 times bigger. So then, (---) so then
that would mean that the atom, the virus, and the hair are
all around the same - and the hair from the elephant - are
all around the same distance apart ‘cause they're under 1000.

C{\ *302/5’(\7—1'5
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“\f\’(wj
Ao

Figure 2. RL’s scale for ordering objects

4) B Folrte] gEstE ol

And then the elephant and the football field is a much smaller

number. So then | would pick C.

Q]o] SlEl R HHES 2, RLO| AFES AlZslsto] vlwsh= 1}
g flo] vh= 21E didste] WieAlskal vl ke de e =
= ek ARke] IS A R SR oF Figure 2), S48
I 37 G =30(5) ol &7k wEkeke | <30000] 2
2 S iﬂlﬂ 7}4 72le Z71Ejek w2k ARl E 2
Z717hpjoF ebrtal ARshal glek 2] AN UERA ALRg ol A
B2 0FE “*’5‘11 %A% éﬂow AL AAE EdE 7] A
Aol Hetlle A Bl wAlEA), 5 24 =] A7)
eSS AR —‘—6]»7—11/]— ur_ro1 AL TAMA Al
HojZr) o]e} e A nigko & RLL: QE R F =S thA
I8 3(Figure 2), 0|8 AR Fo)z S=3jalAo] Bl ¢ C7}
Zdsto] AlElet Zlofekal gl

= 0].0 0
S ofl S &

c. 109 A$E o83t FAH A (Mpi)

FAA ARLE o] 83t HeE AMEShe thE o= ZAlelA DE
/?_Zéﬁh_i A4 17 At tishl SO} ekl & 4= qirk AA
FAl(EeAD sto] 13k gh Hlawsh & 54 Afo] o] AfthA
ﬂﬂi Hweg A5 E RLO A9t g SLS 249 A7)
S gidaly] o] Ho] 109] S powers of 10)2 o]43) 10%0)A]
104m7J]-Z] S 1Ao7 o207 A HEE TrEI(SLE o]AL 2
TIA% - log scale — 2}l BE) 109] X482 B2 A7 ojH¥ o}
A4 2™ AHE(ol o] Figure 3 7tar) flof E7|5kSIch

mlo

SL: | guess | would place the atom here and the virus around there.
And then the human hair, yeah. Human hair on that scale. Human

hair. | think that's a general thing what nanotechnology people

|t

s ot il Al

Figure 3. SL’s scale for ordering objects
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Figure 4. ZF’s scale for ordering objects

do. Like it's on the powers of tens, it's on the log scale.

I: What do you mean by “log scale”? What is the log scale?

SL: Yeah, if you do a regular scale it would be like zero to ten,
20, 30, and then it would just be too long. So the log scale
is actually like something that increases, basically, like | did here,
this will be one and this will be ten. This will be ten to the
two.

I: Then, why are we using the log scale then?

SL: It's just because the size difference is too much. That's why we
use a log scale.

AA|, S, 71, A A7) 52 ARt

A QAL SL-2 0, 10, 20, 300.& ZaYw)= SA1A] Hes dub
I=(regular scale)2}al sl 29 I7|E FA|TH
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Ar 2 A5t 98-S & 4= Qt) tlEo] gulydo=z _L].?ﬂ—x]._(E
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I: You mentioned a log scale. What do you mean?

ZF: Okay, log scale, you just---you get a number, right? Then, you
just get a log of this number. So, for a number, you get x,
y here, okay? (drawing the first x-y Cartesian coordinate graph)
and here, instead of directly joining x and y, you join like log(x)
versus X, so that's a log scale for x.



Student Understanding of Scale: From Additive to Multiplicative Reasoning in the Constriction of Scale Representation...

Table 2. Number of students constructing a scale in terms
of mathematical reasoning for a number line

Scale  PA A Ay, M, M: Mpw M
Group Total

. d%rifi've additive multiplicative
High School 1 0 2 1 2 1 0 7
MSCa 0 o 2 0 4 2 0 8
EDC 0 o 1 0 0 7 0 8
MSCb 0 o o0 0 0 3 1 4
Total 1 o 5 1 6 13 1 27

MS: mathematical structure

MSCa: materials science course for non-majors

EDC: engineering design course for engineering majors
MSCb: materials science course for majors in advanced levels

I: Then, is this log scale? (pointing to choice b on the item)
ZF: No, no. (---) Okay, | think maybe they just are just general linear--,
(--) this is linear scale, like directly joining the x and y. (---) And
this is log scale (pointing to his own scale created in the choice
none of above). () The location is different because of the
great shrink--the log scale is great shrink --I mean, the distance
between each two.
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Figure 5. Dimensions in the conceptions of size and scale by mathematical reasoning
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