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ABSTRACT. We investigate strong convergence of Halpern’s iteration for a countable fam-
ily of strongly relatively nonexpansive mappings in the framework of uniformly convex and
uniformly smooth Banach spaces. Our results extend those announced by many authors.

1. Introduction

Let C be a nonempty, closed and convex subset of a real Banach space E. Let
T : C — C be a nonlinear mapping. The fixed points set of T' is denoted by F(T),
that is, F(T) = {x € C : x = Txz}. A mapping T is said to be nonexpansive if
ITx — Tyl < ||z —y| for all z,y € C.

In recent years, several types of iterative schemes have been constructed and
proposed in order to get strong convergence results for nonexpansive mappings in
various setting. One classical and effective iteration process is defined as follows:
x1,u € C and

(1.1) Tpnt1 = opu+ (1—ap)Tr,, Yn>1,

where {a,} C (0,1). Such a method is introduced, in 1967, by Halpern [8] and later
is often called Halpern’s iteration. In fact, he proved, in a real Hilbert space, the
strong convergence of {z,} to a fixed point of a nonexpansive mapping 7', where
an=n"% ac(0,1).
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Now, because of a simple construction, Halpern’s iteration is widely used to
approximate a solution of fixed points for nonexpansive mappings and other classes
of nonlinear mappings by mathematicians in different styles.

In 1977, Lions [11] obtained a strong convergence provide the real sequence
{a,} satisfies the following conditions:

Cl: limy,_ o0 o, = 0; C2: 220:1 an, = 00; C3: limy, o0 % =0.

n+1

Reich [17] also extended the result of Halpern from Hilbert spaces to uniformly
smooth Banach spaces. However, both Halpern’s and Lions’ conditions imposed on
the real sequence {a,,} exclude the canonical choice oy, = 1/n for all n € N.

Subsequently, Wittmann [23] overcome the problem mentioned above by proving
the strong convergence of {x,} if {a,} satisfies the conditions C1, C2 and C4:

oo

Z |1 — a| < 0.

n=1

In 1997, Shioji-Takahshi [20] extended Wittmann’s result from Hilbert spaces
to real Banach spaces with uniformly Gateaux differentiable norms and in which
each nonempty closed convex and bounded subset has the fixed point property for
nonexpansive mappings.

In 2002, Xu [24] introduced another control condition C5: ‘1";17;“" — 0 instead

of the conditions C3 or C4 and proved the strong convergence of the sequence {x,, }.

In 2005, Cho et al. [7] pointed out that the control conditions C4 and C5 are
not comparable, in general. They gave some examples which satisfy the conditions
C1, C2, C3, C4 and C5, and also presented the control condition C6:

|an+1 - an| S O(Oén+1) + On,

where Zle 0, < 0o. This includes the conditions C3, C4 and C5 as special cases.
A countable version of Halpern’s iteration for nonexpansive mappings has been
studied in [3].

One question arises in literature naturally: Is it possible to get strong conver-
gence of (1.1) when the sequence {a,,} satisfies only the conditions C1 and C2?

Recently, Chidume-Chidume [6] and Suzuki [21] independently gave an affirma-
tive answer to the above question. To be more precise, they introduced the following
Halpern-type iteration: x1,u € C and

(1.2) Tnp1 = oapu+ (1 —an)Ax, + (1= NTx,), Yn>1,

and obtained strong convergence results for the sequence {z, } generated by (1.2)
when only the conditions C1 and C2 are imposed on the sequence {a,}.

Very recently, Saejung [19] focused in studying Halpern’s iteration for an impor-
tant subclass of nonexpansive mappings which is the so-called strongly nonexpansive
[4], i.e., a mapping T : C — C satisfying T is nonexpansive and

Ty = Yp — (Txy — Tyn) = 0



Halpern’s Iteration in Banach Spaces 377

whenever {z,} and {y,} are sequences in C' such that {x,, — y, } is bounded and
€0 = ynll = T2n = Tyal = 0.

He proved that the sequence generated by Halpern’s iteration converges strongly to
a fixed point of T if the sequence {a,,} C (0, 1) just satisfies the conditions C1 and
C2. This shows that a class of strongly nonexpansive mappings works for Halpern’s
iteration with the conditions C1 and C2.

The purpose of this work is to investigate strong convergence for a strongly rel-
atively nonexpansive mapping in a uniformly convex and uniformly smooth Banach
space. We obtain a strong convergence theorem when {«,} satisfies only C1 and
C2.

2. Preliminaries and Lemmas

In this section, we begin by recalling some preliminaries and lemmas which will
be used in the proof.

Let E be a real Banach space and let U = {z € E : ||z|| = 1} be the unit sphere
of E. A Banach space F is said to be strictly convez if for any xz,y € U,

x #y implies H#H < 1.
It is also said to be uniformly convex if for each £ € (0, 2], there exists § > 0 such
that for any z,y € U,

|z —y| > e implies HxT—’—yH <1-46.
It is known that a uniformly convex Banach space is reflexive and strictly convex.
Define a function ¢ : [0, 2] — [0,1] called the modulus of convezity of E as follows:

. r+y
o) =inf {1 - |22+ wye By ol =l =1, Jlz =yl 2 £}

Then FE is uniformly convex if and only if 6(¢) > 0 for all € € (0, 2]. A Banach space
E is said to be smooth if the limit

o) L eyl ]
’ t—0 t

exists for all x,y € U. It is also said to be uniformly smooth if the limit (2.1) is
attained uniformly for =,y € U. The normalized duality mapping J : E — 2F" is
defined by

J(@)={2" € B": {w,a") = ||z|* = |l="|*}

for all z € E. It is also known that if E is uniformly smooth, then J is uniformly
norm-to-norm continuous on each bounded subset of E; see [22] for more details.
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Let E be a smooth Banach space. The function ¢ : E x E — R is defined by

$(a,y) = llzl* — 2(z, Jy) + [|y||*
for all z,y € E.

Remark 2.1. We know the following: for each x,y,z € F,

(@) (el = llyl)?* < ¢z, y) < (=] + lyl)*;
(il) ¢(z,y) = ¢z, 2) + d(2,y) + 2(x — 2, Jz = Jy);
(iii) ¢(z,y) = ||# — y||* in a real Hilbert space.

Let C be a closed and convex subset of E and let T' be a mapping from C' into
itself. A point p in C'is said to be an asymptotic fized point of T [5, 18] if C' contains
a sequence {z,} which converges weakly to p such that lim, . ||z, — T2,|| = 0.
The set of asymptotic fixed point of 7' will be denoted by F (T). A mapping T is
said to be relatively nonexpansive [13, 14] if F(T) = F(T) and ¢(p, Tz) < ¢(p, z) for
allp € F(T) and z € C. A mapping T is said to be strongly relatively nonexpansive
[2] if T is relatively nonexpansive and

lim ng(Txn,acn) =0

n— oo

whenever {z,} is a bounded sequence in C' such that

for p € F(T). A sequence of mappings {T,,}22, is said to be strongly relatively
nonexpansive if T,, is relatively nonexpansive for all n > 1 and

lim ¢ (T2, x,) =0

n—oQ

whenever {z,} is a bounded sequence in C such that

lim (¢(p, Tn) — P(p, Tnxn)) =0

n—roo

for p € N2 F(T),).

n=1

Lemma 2.2.([14]) Let E be a smooth and strictly convex Banach space and let C'
be a nonempty, closed and convex subset of E. Let T be a mapping from C into
itself such that F(T) is nonempty and ¢(u, Tz) < ¢(u, z) for all (u,z) € F(T) x C.
Then F(T') is closed and convex.

Lemma 2.3.([9]) Let E be a uniformly convex and smooth Banach space and
let {z,} and {y,} be sequences of E such that {z,} or {y,} is bounded and
limy, 00 @(Zp, yn) = 0. Then lim, o0 |25 — yn|| = 0.

Let E be a reflexive, strictly convex and smooth Banach space and let C be
a nonempty, closed and convex subset of E. The generalized projection mapping,
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introduced by Alber [1], is a mapping Il : E — C, that assigns to an arbitrary
point z € E the minimum point of the functional ¢(y,z), that is, IIcx = T, where
Z is the solution to the minimization problem

¢(z,z) = min{¢(y,z) : y € C}.
In fact, we have the following result.

Lemma 2.4.([1]) Let C be a nonempty, closed and convex subset of a reflexive,
strictly convex, and smooth Banach space E and let z € E. Then, there exists a
unique element zy € C such that ¢(zg,z) = min{¢(z,z) : z € C}.

Lemma 2.5.([1],[9]) Let C be a nonempty, closed and convex subset of a reflexive,
strictly convex and smooth Banach space F, x € E, and z € C. Then z = [lgx if
and only if

<Jac— Jz,y—z> <0, VyedC.

Lemma 2.6.([1],[9]) Let C be a nonempty, closed and convex subset of a reflexive,
strictly convex and smooth Banach space E and let x € E. Then

oy, ox) + ¢(llcz,z) < ¢(y,z) Yy e C.

Lemma 2.7.([2]) Let E be a uniformly convex and uniformly smooth Banach space
and C' a nonempty, closed and convex subset of E. Then IIs is uniformly norm-to-
norm continuous on every bounded set.

We make use of the following mapping V studied in Alber [1]:

V(z,2*) = [lol* - 2(z,2") + 2*|?

for all z € E and z* € E*, that is, V(z,2%) = ¢(x, J " (z")).

Lemma 2.8.([10]) Let E be a reflexive, strictly convex and smooth Banach space.
Then
V(z,a*) +2(J 7" —2,y") S V(z,a" +y")

for all x € E and z*,y* € E*.
The following lemmas give us some nice properties of real sequences.

Lemma 2.9.([25]) Assume that {a,} is a sequence of nonnegative real numbers
such that
ant1 < (1 —ap)an + by, Yn>1,

where {a,,} is a sequence in (0, 1) and {b,} is a sequence such that
(a) Donty on = +00;
(b) limsup,,_, o Zn <0or > 7, |by| < +o0.

Then lim,, o a,, = 0.

Lemma 2.10.([12]) Let {7, } be a sequence of real numbers such that there exists
a subsequence {7y, } of {7,} such that 7, < yn;4+1 for all j € N. Then there exists
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a nondecreasing sequence {my} of N such that limy_,, my = oo and the following
properties are satisfied by all (sufficiently large) numbers k& € N:

Yo, < Ymg+1 and Ve < Y41

In fact, my, is the largest number n in the set {1,2,...,k} such that the condition
Yn < Yn+1 holds.

Recall that a sequence of mappings {T},}°2 of C' with N0, F(T},) # 0 is said
to satisfy the AKTT-condition [3],[15] if, for any bounded subset B of C,

(o9}

(2.2) > sup{[|J T 12 — JT2]|} < 0.
B

n=1%€

Lemma 2.11.([15]) Let E be a reflexive and strictly convex Banach space whose
norm is Fréchet differentiable, let C be a nonempty subset of E, and let {T,,} be a
sequence of mappings from C into E satisfying the AKTT-condition with respect
to B C C. Then there exists a mapping T : B — E such that

(2.3) Tz = 1i_>m Thwr Vxe B

and lim,, o0 sup e p{||JT2z — JT,z||} = 0.
In the sequel, we say that ({T),},T) satisfies the AKTT-condition if {T},}52
satisfies the AKTT-condition and T is defined by (2.3) with NS>, F(T,,) = F(T).

n=1

3. Strong Convergence Theorem for a Countable Family of Strongly
Relatively Nonexpansive Mappings

In this section, we prove a strong convergence theorem for strongly relatively
nonexpansive mappings in uniformly convex and uniformly smooth Banach spaces.
To this end, we need the following proposition.

Proposition 3.1.([16]) Let C be a nonempty, closed and convex subset of a smooth,
strictly convex and reflexive Banach space E and T be a relatively nonexpansive
mapping from C into E. If {z,} is a bounded sequence such that lim, ., ||z, —
Tyl =0 and & = Ip7)(z), then

lim sup <Jx - Jz,z, — :fc) <0.
n—oo
Theorem 3.2. Let C' be a nonempty, closed and convex subset of a uniformly convex
and uniformly smooth Banach space E. Let {T,}5°, : C — C be a sequence of
strongly relatively nonexpansive mappings such that F = NS, F(T,,) # 0. Suppose
that u € C and define the sequence {x,} as follows: x1 € C and

R IIoJt (oszu +(1- ozn)JTnacn)7 Vn > 1,

where {an,} C (0,1) satisfying limy, oo o, = 0 and Y o0 oy, = co. If {T,},T)
satisfies the AKTT-condition, then {x,} converges strongly to IIr(u), where IIp is
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the generalized projection of E onto F'.

Proof. We first see that I is closed and convex by Lemma 2.2. Let u € C and put
p = Hp(u) and 2, = J~} (anJu +(1- an)JTnxn) for all n € N. So, by Lemma
2.6, we have

¢(pa mn-&-l) < ¢(pa ZYL)
< an¢(pa u) + (1 - an)¢(p7 Tnxn)
< and(p,u) + (1 — an)d(p, xn).

By induction, we can show that {¢(p,x,)} is bounded and thus {z,} is also
bounded.
We next show that if there exists a subsequence {z, } of {z,} such that

leII;o (¢(pv xnk+1) - qS(p, x”k)) = 0’

then
lim (¢(p7 Tnkxnk) - ¢(p, ‘Tnk)) =0.
k— o0
Since ap, — 0,
Um || Jzn, — JTh,@n, || = lm ay, ||Ju — JTy, 2y, || = 0.
k— o0 k—oo

Since J is uniformly norm-to-norm continuous on bounded subsets of E, so is J 1.
It follows that

lim ||zp, — Thy®n, || = 0.

k—o0

Since F is uniformly smooth and uniformly convex, by Lemma 2.7 , Il is uniformly
norm-to-norm continuous on bounded sets. So we obtain

(3.1) kli_fr;o |Tne+1 — Tnp @, || = kli_fgo ez, — HeTaan, | =0
and hence
(3.2) lim ||Jzp, 1 — JTy, 20, || = 0.

k—o0

Furthermore, limy_, o0 ¢(Zn,+1, Tn,%n,) = 0. Indeed, by definition of ¢, we observe
that

(b(xnk-‘rl?Tnkxnk) = ||mnk+1||2 - 2<mnk+1a JTnkxnk> + HTnk‘T"nk ||2
= <xnk+1a ank+1 - JTnkSan> + <Tnkxnk — Tpy+1, JTnkxnk>

It follows from (3.1) and (3.2) that limg_ oo ¢(@n, +1, Tn,Tn,) = 0. On the other
hand, by Remark 2.1 (ii), we have

(3-3) o(p, Ty Tny ) — AP, Tny,)
= (¢(p, Tpyt1) — (D, l‘nk)) + (¢<pa Ty Tny) — B(p, xnk+l))
= (¢(Pv Tpy+1) — B(p, xnk)) + (@41, Tnyy Tny,)
+ 2<p — Tnpt1s J Tnpt1 — JTnkxnk>.
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It follows that
lim (¢(p, Tnytny) — 60, n,,)) = 0.

k—o0

We next consider the following two cases.

Case 1. ¢(p,2nt1) < &(p, xy,) for all sufficiently large n. Hence the sequence
{é¢(p, )} is bounded and nonincreasing. So we have lim, o, ¢(p, z,) exists. This
shows that lim,,_, (d)(p, ZTnt1) — O(p, xn)) = 0 and hence

RILH;O (¢(p7 Tnxn) - ¢(p7 xn)) =0.
Since T is strongly relatively nonexpansive,

lim ¢(Tpxn,zn) =0.

n—oo
By Lemma 2.3, we have
lim ||z, — Tha,| = 0.
n—oo
Moreover, we also have
|20 = Tzpll < |on — Tozall + [ Tozn — Ty
< an = Thzn||+ sup || Thz —Tz|.

z€{xn}
Since ({1, },T) satisfies the AKTT-condition, by Lemma 2.11 , it follows that
lim ||z, —Tz,| =0.
n— 00
Proposition 3.1 yields that

lim sup <Ju —Jp,x, fp> <0.

n—oo

It also follows that
lim sup <Ju —Jp, Tz, fp> <0.

n—oo

Finally, we show that z,, — p. Using Lemma 2.8, we see that

¢(p7 anrl) < <Z5(p7 Zn)
V(p, apJu+ (1 — an)JTna:n)

< V(p, anJu—+ (1 — ap)JThan — an(Ju — Jp)) + <an(Ju — Jp), zn — p>
= V(p,Oéan+(].*Oén)JTniEn) +an<Jupr,znfp>

< o V(p,Jp) + (1 — an)V(p, JTowy) + an(Ju — Jp, 2, — p)

= (1- an)¢>(p, Tnacn) + an<Ju —Jp, zn —p>

< (1= on)o(pan) + an(Ju— Jp, 2, — p)

(1= an)d(p, xn) + a,L<<Ju —Jp,zn — Txy) + (Ju— Jp, Ty, —p>).
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Set a,, = ¢(p, x,) and b, = an<<Jupr, Zn 7Tl’n>+<JU* Jp, Txy, fp>). We see

that limsup,,_, Z—Tf < 0. By Lemma 2.9, since Y | a,, = 0o, we conclude that

lim,, o &(p, x) = 0. Hence x,, — p as n — oo.

Case 2. there exists a subsequence {¢(p,z,;)} of {¢(p,v,)} such that
&P, n;) < O(p,2n,;+1) for all j € N. By Lemma 2.10, there exists a strictly
increasing sequence {my} of positive integers such that the following properties are
satisfies by all numbers k € N:

¢(pa .ka) < ¢(p7 zmk-‘rl) and d)(p: Ik) < ¢(p’zmk+1)'

So we have
0 < kli_}rg@ ( (P, Tmp+1) — O(Ds xmk))
< limsup ((15 P, Tnt1) — (0, xn))
< thU.p (¢ b, Z’I’L - p7 xﬂ))
< timsup (W pow) + (1= an)é(p, Tuzn) = 6(p, 1))
= hm_)sup ( —¢(p, Tn xn)) + ((b(p, Totn) — o(p, x")))
< limsupa, ((b(p, u) — ¢(p, Tnxn)) =0.

This shows that

(3.4) lim (qb(p, Tmg+1) — O(Ds xmk)) =0.

k— o0

Following the proof line in Case 1, we can show that

lim sup <Ju —Jp, Txpm, — p> <0

k—o0

and

(D, Tmyt1) < (L=, ) (P, Tiny )y, ((Ju—Jp, 2y, =TT, ) +H(Ju—Jp, T, —p)).
This implies

Oémk¢(Pa zmk) < ¢(p7 $mk) - ¢(pa xmk+1)
+ am, (<Ju —Jp, Zm,, — Txmk> + <Ju —Jp, Txm, —p>).

< am, (<Ju —Jp, 2m, — Txmk> + <Ju —Jp, Txp, fp>).
Hence limy,_, o (b(p, xmk) = 0. Using this and (3.4) together, we conclude that

limsup ¢(p, ax) < i ¢(p,m, 41) = 0.

k—o0
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This completes the proof. O

Remark 3.3. In 2011, Nilsrakoo-Saejung [16] investigated a Halpern-Mann it-
erations for relatively nonexpansive mappings in uniformly convex and uniformly
smooth Banach spaces. So it is interesting whether a Halpern’s iteration works for
a class of relatively nonexpansive mappings.
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