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ABSTRACT. In this paper, we shall utilize Nevanlinna value distribution theory to study
the uniqueness problems on entire functions and differential polynomials sharing one value.
Our theorems improve or generalize some results of Zhang and Lin, Chen, Zhang, Lin and
Chen.

1. Introduction and Main Results

Let C denote the complex plane and f(z) be a non-constant meromorphic func-
tion on C. We assume the reader is familiar with the standard notion used in the
Nevanlinna value distribution theory such as the characteristic function T'(r, f), the
proximate function m(r, f), the counting function N(r, f) and S(r, f) denotes any
quantity that satisfies the condition S(r, f) = o(T'(r, f)) as r — oo outside of a
possible exceptional set of finite linear measure.

Let f(z) and g(z) be two non-constant meromorphic functions. Let a be a
finite complex number. We say that f(z), g(z) share the value a CM (counting
multiplicities) if f(z), g(z) have the same a-points with the same multiplicities and
we say that f(z), g(z) share the value a IM (ignoring multiplicities) if we do not
consider the multiplicities. We denote by E,,y(a; f) the set of all a— points of f
with multiplicities not greater than m, where an a— point is counted according to
its multiplicity. If for a € C, Ey(a; f) = Ex)(a;g), it means that f, g share the
value a CM. We denote by Ny (r, 1) (or Ny)(r, 3=,)) the counting function for
zeros of f — a with multiplicity < k (ignoring multiplicities), and by N(r, f—ia)
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(or N(k(r, ﬁ) ) the counting function for zeros of f — a with multiplicity > k
(ignoring multiplicities). Moreover we set Ny (r, ﬁ) = N(r, ﬁ) + No(r, ﬁ) +
N(s(ﬂ ﬁ) +o 4+ N(k(rv ﬁ)

For the sake of simplicity we also use the notion m* := x,m,

O,p=0
where x, = L j£0

Recently, corresponding to a famous question of Hayman [5], Fang and Hua [4],
Yang and Hua [11] obtained the following result.

Theorem A: Let f and g be two non-constant entire functions, n > 6 be a positive
integer. If f™(2)f'(z) and g™ (2)g'(z) share 1 CM, then either f(z) = c1e%*, g(z) =
coe” %%, where ¢y, co and ¢ are three constants satisfying (0102)n+162 = —1, or
f(z) =tg(2) for a constant t such that t"*! = 1.

Note that f™(z)f'(z) = %H(f""’l(z))’. Fang [3] considered k-th derivative

instead of 1-th derivative and proved the following theorems.

Theorem B: Let f and g be two non-constant entire functions, and let n, k be two
positive integers with n > 2k + 4. If (f*(2))*) and (9"(2))®) share 1 CM, then
either f(z) = c1e*, g(z) = coe™ %, where ¢1, ¢y and ¢ are three constants satisfying
(—=1)*(c1e0)™(ne)?k =1, or f(2) = tg(z) for a constant t such that t" = 1.

Theorem C: Let f and g be two non-constant entire functions, and let n, k be two
positive integers with n > 2k + 8. If (f"(2)(f(2) — 1))® and (g"(2)(g(z) — 1))*)
share 1 CM, then f(z) = g(z).

Chen, Zhang, Lin and Chen [2] improved Theorems B and C and proved the
following theorems.

Theorem D: Let f and g be two non-constant entire functions, and let n, k and m
be three positive integers. If Ey, (1, (fm))) = Ey (1, (g™)®) and

(i) ¢fm =1 andn > 4k+6, then either f(z) = c1e%*, g(z) = cae™ %, where c1, co
and ¢ are three constants satisfying (—1)*(cic2)™(ne)?* =1, or f(z) = tg(z)
for a constant t such that t"™ = 1; or

(ii)) ifm=2 andn > 5’“7'*'9, then either f(z) = c1e®, g(z) = cae™ %, where ¢1, co
and ¢ are three constants satisfying (—1)%(cic2)™(ne)?* =1, or f(z) = tg(z)
for a constant t such that t"™ = 1; or

(i) ifm =3 andn > 2k+4, then either f(z) = c1e%?, g(z) = cae™ %%, where 1, 2
and ¢ are three constants satisfying (—1)*(cic2)™(ne)?* =1, or f(z) = tg(z)
for a constant t such that t™ = 1.

Theorem E: Let f and g be two non-constant entire functions, and let n, k and m
be three positive integers. If En (1, (f"(f —1))®) = E,y(1,(¢"(9 — 1))*)) and
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(i) if m=1 and n >4k + 11, then f(z) = g(z); or
(i) if m =2 and n > 2HE then f(z) = g(2); or

(iii) if m =3 andn > 2k + 7, then f(z) = g(z).

Moreover, Zhang and Lin [13] considered some general differential polynomials
such as (f™(2)(f™(2) —1))* and (f*(2)(f(z) —1)™)*). They proved the following
theorems.

Theorem F: Let f and g be two non-constant entire functions, and let n, m and
k be three positive integers with n > 2k +m* +4, and A, u be constants such that
AL+ [l # 0. IF (F7(2)(uf™ () + A and (g7(2)(ug™ (2) + A)®) share 1 CM,
then

(i) when A\ p #0, f = tg, for a constant ¢ such that t" =1 and t™ = 1;

(i) when X p = 0, either f(z) = tg(z), where t is a constant satisfying t"*™ =
1, or f(z) = c1e%, g(z) = cae” %, where ¢1, ca and ¢ are three constants
satisfying (—1)*A2(cie2)™ ™ [(n + m*)c]** = 1 or (=1)*p?(cre2)™ ™™ [(n +
m*)c)?F = 1.

Theorem G: Let f and g be two non-constant entire functions, and let n,m,k be
three positive integers with n > 2k+m~+4. If (f*(2)(f(2)=1)™)*) and (¢"(2)(g(z)—
D™)*®) share 1 CM, then either f(z) = g(z), or f and g satisfy the algebraic
equation R(f,g) =0, where R(wi,ws2) = wi(wy — 1)™ — wl(we — 1)™.

Using the idea of weighted sharing, Liu [6] improved and generalized Theorem
F by proving the following result.

Theorem H: Let f and g be two non-constant meromorphic functions, and let n,
m and k be three positive integers, and A, p be two constants such that |\|+ |p| # 0.
1 B(L, [F () f™ () + NP = Bi(L, [g"(2)(ug™ (=) + N|®), and one of the
following conditions holds,

(1) I >2and n > 3m* + 3k + 8;
(2) I =1and n > 4m™ + 5k + 10;
(3) I=0and n>6m*+ 9 + 14.

Then (i) when A p # 0, if m > 2 and 6(oc0, f) > Him, then f=g; Ifm=1
and §(oo, f) > ni“, then f = g;
(ii) when A p = 0, if f # oo and g # oo, then either f(z) = tg(z), where t
is a constant satisfying t"t™ = 1, or f(z) = c1e%, g(z) = c2e~, where c1,
co and ¢ are three constants satisfying (—1)*A%(cic2)™™ [(n + m*)?* = 1 or
(—1)E 2 (crea)™ ™ [+ )P = 1.

For more related results, see [1,7-9].
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Take notice of the conditions “if f # oo and g # o0” in (ii) of Theorem H,
actually f and g are entire functions under the conditions. In this paper, we improve
Theorem F and G in another way. Now we state our main results of the paper.

Theorem 1.1. Let f and g be two mon-constant entire functions, let n, m and k
be three positive integers with n > 2k +m* + 4, and A\, p be constants such that
AL+ il # 0. If Egy (15 (f"(2)(uf ™ (2) + N)P) = Eg)(1; (9" (2) (ug™ (2) + A))*)),
then the conclusions of the Theorem F hold.

Theorem 1.2. Let f and g be two non-constant entire functions, let n, m and
k be three positive integers with n > W, and X\, pu be constants such that

AL+l # 0. If oy (L5 (f7(2) (0f™(2) + A))P) = By (15 (9" (2) (g™ (2) + N) ™),
then the conclusions of the Theorem F hold.

Theorem 1.3. Let f and g be two mon-constant entire functions, let n, m and k
be three positive integers with n > 4k + 3m* + 6, and X\, p be constants such that

AL+ [l # 0. If By (L (f*(2) (0f™(2) + A))P) = By (15 (9" (2) (g™ (2) + N)®),
then the conclusions of the Theorem F hold.

Theorem 1.4. Let f and g be two non-constant entire functions, and let n,m,k
be three positive integers with n > 2k +m + 4. If Es)(1; (f(2)(f(z) — 1)™)®)) =
E3(1; (g™ (2)(g(z) — 1)™)®), then the conclusions of the Theorem G hold.

Theorem 1.5. Let f and g be two non-constant entire functions, and let n,m,k
be three positive integers with n > 5k+2m+9+;mn{m’k+1}. If Eoy(1; (f™(2)(f(2) —
™)) = Ey)(1;(g"(2)(g(2) — 1)™)R)), then the conclusions of the Theorem G
hold.

Theorem 1.6. Let f and g be two non-constant entire functions, and let n,m, k be
three positive integers with n > 4k4+m+-6+2min{m, k+1}. If Eyy(1; (f"(2)(f(2) —
D™ ) = By (1;(g"(2)(g9(2) — 1)™)R)), then the conclusions of the Theorem G
hold.

Remark 1.1. Theorem 1.1 improves Theorem F, Theorem 1.4 improves Theorem

G.

Remark 1.2. Let u =0 and A = 1 in Theorems 1.1, 1.2 and 1.3, the three theorems
also generalize Theorem D.

Remark 1.3. Let m = 1 in Theorem 1.4, 1.5 and 1.6, the three theorems also

improve and generalize Theorem E. In fact, by Theorem G, if f # g, then f™(f —

n —w) (heu2)e (h—u™—1
1) =g¢"(g—1). Let h = 5, we have g = hZJrl:ll = (”(hjj)’;hﬂ;)_(_’(‘hﬂn) ), where

u = exp(2mwi/n) and v = exp(2wi/(n+1)). Since g is entire and h is a non-constant
meromorphic function, vj(l < j < n) are Picard exceptional values of h. This is
impossible. Therefore f = g.
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2. Some Lemmas

Lemma 2.1 ([3]). Let f(z) be a non-constant meromorphic function and let
ag, a1, - -+ an(# 0) be finite complex numbers. Then

T(’I", a/nfn + an—lfn_l + -+ CLO) = nT(Ta f) + S(T‘, f)
Lemma 2.2 ([10]). Let f(z) be a non-constant meromorphic function, and let k
be a positive integer. Suppose that f*) = 0, then
1 1 —
N(T’W) SN(ﬁ?)*‘kN(T,f)*'S(T,f)-
Lemma 2.3 ([12]). Let f(2) be a non-constant meromorphic function, s, k be two
positive integers. Then

Na(r, —20) < T(r, f9) = T(r, f) + Nug(r. %) + 50 ),

7

N(r, ﬁ) < KN(r, f) + Nusi(r, §> 50, ).

Lemma 2.4. Let f(z) and g(z) be two non-constant entire functions, let n,m,
and k be three positive integers with n > k 4 2 and A, pu be constants such that
[A] + || # 0. Set

F=(")uf")+0W, G = (") g™ (=) + )",
Fr = f"(2)(uf"(2)+A), G =g"(2)(ug™ (2) +A).

F// 2F/ G// 2Gl

7or-1 e a-t

If E3)(1; F) = Esy(1;G) and H # 0, then

(2.1) H=]

1 1 1
m(Taf)er(T’a) < N(Taf)JrN(Tya)*2(”*]9*2)]\[(7”})
(2.2) 72(717]{72)N(T,$)+S(T,f)+S(T’,g).

Proof. Since E3)(1; F') = Es3)(1;G), a simple computation shows that H(zo) = 0 if
zp is a simple zero of F' — 1 and G — 1.

As H # 0, by the lemma of logarithmic derivatives, we get m(r, H) = S(r, f) +
S(r,g), so

1 1

71 - Mg

N(r, ) < T(r, H) +0(1)
N(r,H)+ S(r, f)+ S(r, 9).

Nl) (’f’,

IN

(2.3)

IN
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Since E3)(1; F) = E3)(1;G), the zeros of F' with multiplicities 1, 2 and 3 are not
poles of H. We denote by No(%) the counting function of those zeros of F’ but not
of F(F — 1), (counting multiplicities). No(r, &) can be defined in the same way.
From (2.1) and (2.3) and the fact that f(z) and g(z) are two non-constant entire
functions, we deduce that
1 1 — 1 — 1
F_1 T, G) + NO(

(24) AN ) + Nalr g) + 500 + S(.9).

_ 1
Nl)(rv ) < N(Z(rvf)—’_N(Q(

By the second fundamental theorem, we have

| _ 1 1
(2.5) T(r,F) < N(r, f) + N(r, ﬁ) - No(ﬁ) +S(r, F).
(26)  T(nG) < N(r =)+ N(r, ) — No( ) + S, G)
r, = rvG T7G_1 0 el T, .
Note that
_ 1 1— 1 — 1
N(nF_1)_§N1)(TaF_1)+N(4(TaF_1)
1 1 1
. < = < Z
(2.7) < QN(T’F—l)*ZT(T’F)—FO(l)’
and
1 1— _ 1
ng—7) Vo) *Nalng—7)
1 1 1
. < = < Z
(28) < SN0 =) £ 5T(rG) +0()

From (2.3) ~ (2.8) we have
—, 1 — 1
T(T, F)+T(T7 G) < Z(N(nf) +N(2(T7f)

(2.9) + Ndnéﬁ+ﬂﬁﬁ+SEM-

Note that T(r, F) = T(r, +) + S(r, f) and T(r,G) = T(r, &) + S(r,g). It follows
from (2.9) that

T(r, )+ T ) < 2N( ) = ING(r 3) = 2Nl )] + NG, )
(2.10) [N, ) — 2N s, ) + S0, 1) + (0 ).
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We see that if zg is a zero of f with multiplicity I, [ > 1, then z; is a zero F
with multiplicity at least 3 since nl — k > (k + 2)l — k > 2, so we get

1 — 1 1
(2.11) N(3(T,F) _2N(3(T’f) > (n—k—2)N(T,?)
and
1 _ 1 1
(2.12) N(g(né) —2N(3(r,5) > (n—k—?)N(r,;).
Note that m(r,+) = T(r, ) — N(r,+) and m(r, &) = T(r, &) — N(r, &). From
(2.10), (2.11), (2.12) we have (2.2). This completes the proof of Lemma 2.4.

Lemma 2.5. Let f(z) and g(z) be two non-constant entire functions, let n,m,
and k be three positive integers with n > k 4 2 and A, p be constants such that
|A| +|u| # 0. Let H be defined as (2.1). If Ey)(1; F) = E5)(1;G) and H # 0, then

mlr, 1)+ m(r, ) < N ) + N ) = 200 — k= 2N (r, )
(213)  —2(n—k—2)N(r, é) + %N(r, %) + %N(r, é) S0 )+ S(r.g).

Proof. Similar to the proof of Lemma 2.4, we have

1 1 — 1 1 1
Nyl =m7) < Noln5) + Nal, )+ No(z) + No(g)
_ 1 — 1
(2.14) Nl ) + Mol ) + S0, ) + 5(r, ).
Note that
_ 1 1— 1 1 1
(7F_1)7§N1)(7F_1)+§N(3(TaF_1)
1 1 1
. < = < —
(2.15) < SN( ) < 570, F) + 0(1),
and
_ 1 1— 1 1— 1
N(rvG_l)_§N1)(T7G_1)+§N(3(TaG 1)
1 1 1
. < = < —
(2.16) < GN(nm—7) = 5T(nG)+0Q1)
From (2.5), (2.6) and (2.14) ~ (2.16), we have
1 — 1 — 1. — 1
T(TvF)+T(TaG) < Q(N(TaF)_FN(Q(er)_FN(r)a)+N(2(T75))
_ 1 — 1
(2.17) AN ) + Mol ) + 50 f) + 5(r,9)



356 Xiao-Bin Zhang and Da-Wei Meng

As
— 1 1 F 1 F’ 1— 1
N(r,——) < =N(r,—) < =N(r, — < —N(r, —
ol ) < SN 1) < EN(r o) 4 50, ) < SN () 4+ (0, 1),
similarly we have
— —, 1
N < =-N(r,— .
(S(TaG_l)—2 (T7G)+S(rag)

Using the similar proof of Lemma 2.4 we get (2.13). This completes the proof of
Lemma 2.5.

Lemma 2.6. Let f(z) and g(z) be two non-constant entire functions, let n,m,
and k be three positive integers with n > k + 2 and A, p be constants such that
Al + |p| # 0. Let H be defined as (1). If £y (1; F) = Eyy(1;G) and H # 0, then

m(r, f) + m(r, é) < N(r, %) + N(r, é) —2(n—k—=2)N(r, %)
(2.18) —2(n—k —2)N(r, é) + 2N(r, %) +2N(r, é) + S(r, f) + S(r, g).

Proof. Similar to the proof of Lemma 2.4, we have

1 — 1 — 1 1 1
Ny(r, =) < N(z(ﬁf)+N(2(7’75)+N0(F)+N0(@)
— 1 — 1
(2.19) +Ne(r 7—7) + Nelr =) + 50, f) + 5(r,9).
Note that
— 1 1— 1
N g1 — Ml g—y)
1 1 1
. < = —) < =
(2:20) < GN(r =) = 5T(r F) +0(1),
and
— 1 1— 1
N(T’G—l)_iNl)(r’m)
1 1 1
. < - —) < = .
(2.21) < N0 E=7) < 5T 6) +0(1)

From (2.5), (2.6) and (2.19) ~ (2.21), we have

T(r,F)+T(r,G) < 2(N(r, %) + No(r, %) + N(r, é) + Na(r, é)
(2.22) + N(g(r, 7o 1) —|—N(2(7‘, e 1_ 1)) +S(r, f)+ S(r,9).
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Since

) < N ) < N ) S0 1) < N k) 4 S0,

N
(2 (Ta r

Similarly we have

_ 1 — 1
N — )< N(r,=)+8 .

(2(T7G*1>_ <T7G)+ (T,g)
By the similar proof of Lemma 2.4 we get (2.18). This completes the proof of
Lemma 2.6.

Remark 2.1. Suppose that the condition “F = (f"(2)(uf™(z) + \)*), G =
(g"(2)(pg™ (2) + MW" s replaced by “F = (f"(2)(f(z) — )™¥, G =
(g™(2)(g(2) —1)™)*)” in Lemmas 2.4-2.6, then the conclusions remain valid.

Lemma 2.7. Let f(z) and g(z) be two non-constant entire functions, let n, m and
k be three positive integers with n > 2k +m™* 4+ 4, and A, p be constants such that
AL+ [p] # 0. Let F = (f(2)(uf™(2) + )P, G = (9"(2)(ng™ (2) + 2)™), H be
defined as (2.1). If H =0, then the conclusions of Theorem F hold.

Proof. As H = 0, Proceeding as in the proof of Theorem 1 in [6], the conclusions
of Theorem F hold, which also completes the proof of Lemma 2.7.

Lemma 2.8. Let f and g be two non-constant entire functions, and let n,m,k
be three positive integers with n > 2k +m + 4. Let F' = (f"(2)(f(z) — 1)™,
G = (¢"(2)(g(z) — 1)™)®) H be defined as (1). If H = 0, then the conclusions of
the Theorem G hold.

Proof. As H = 0, Proceeding as in the proof of Theorem 2 in [6], the conclusions
of Theorem G hold, which also completes the proof of Lemma 2.8.

3. Proofs of the Theorems

Proof of Theorem 1.1.
Suppose that F, G, F*,G* and H are defined as in Lemma 2.4. First by Lemma
2.1 we have

(3.1) T, F*)=(n+m")T(r f)+ S, f).

(3:2) T(r,G") = (n+m")T(r,g) + S(r,9).
Since (F*)*) = F, we have

1 1
) < mfr,

(3.3) m(r, 7o) = o

)+5(r, f).

Note that
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(3.4) m(r

Let

(3.5) —o(n — k- 2)N(r, g) + S0 ) + S,

Xiao-Bin Zhang and Da-Wei Meng

1 1 1
—)=T(r,—) — N(r, —).
’F*) (T‘7 F*) (Ir’ F*)

H be defined as (2.1). Suppose that H # 0, by Lemma 2.4, we have

1

1
)+ N )~ 2n— k=N,

m(r, ) +mlr, &) < N % 7
9

Lemma 2.2 implies that

(3.6) N(r,~

Iy esmp, N L)< N~

<N o

7

It follows From (3.1) ~ (3.6) that

We

(n+m*)(T(r, f) +T(r,9))

N(nFL)—Q(n—k 2)N(r,

IN

%)—FN(T,
—l—N(n%)—i—N(r,G) )

1
=) N
+5(r, f) +5(r, g)

2[nN(r, ch)—i-nN(r 1)—i—N(

S(r, f)+5(r,9)

1 1 1
er —) - (n—k—2)N(r,?)—(n—k—2)N(T,§))

IN

2(N(r,

1 1
W)-&-N(ﬁm)
—(n—k—2)N(r,%) — (n—k—2)N(r,$)] +S(r, f)+ S(r,9)

1 1
2[N(r, W) + N(r, g™ A
+8(r, f) + 5(r. g)
< 2(m" +k+2)(T(r, ) +T(r,g)) + S(r, [) + 5(r, 9).

obtain that n < 2k +m™* + 4, which contradicts n > 2k + m* + 4. Therefore,

IN

IN

)+ (k+ 2)(N(r, §> + N, gm

H = 0. By Lemma 2.7, the conclusions of Theorem F hold. This completes the
proof of Theorem 1.1. O

Proof of Theorem 1.2.

Let F,G, F*,G* and H be defined as in Lemma 2.4. Suppose that H # 0. By

Lemma 2.5 we have

1 1 1 1 1
m(T,F)—i—m(r,é) < N(T,F)—FN(T,E)—2(n—k—2)N(r,?)—2(n—k
(3.7) —2)N(r, é) + %N(r, %) + %N(r, é) +S(r, f) + S(r,g).
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By Lemma 2.3 with s = 1, together with (3.1) ~(3.4) and (3.6), we get
(n+m*)(T(r, f) +T(r, 9))

< N(r7m) —2n— k- 2N, %) NG, )~ 20— k- 2N, %)
+N(r, f) + N(r, %) + %N(r, %) + %N(r, é) +S(r, f)+ S(r,9)

< AN W%) + N(r, ﬁ) + (k+2)(N(r, %) + N(r, é)))
3 ) + N ) + N )
LN, é) +5(r, f) + S(r,9)

< RU+2)+ L L ) 4 T ) + S(r £) + S 9)-

2 2

We obtain that n < W, which contradicts with n > SA3m"£9 - Hence
H = 0. By Lemma 2.7, the conclusions of Theorem F hold. This completes the
proof of Theorem 1.2. m]

Proof of Theorem 1.3.
Let F,G, F*,G* and H be defined as in Lemma 2.4. Suppose that H £ 0. By
Lemma 2.6, Lemma 2.3 with s = 1, together with (3.1) ~(3.4) and (3.6), we get

(n+m*)(T(r, f) +T(r,9))

N(r,i)—Q(n—k—Z)N(r

1 1 1
T )+ N(r,—)—2(n—k—2)N(r,-)

7? 7G* q
1 1 — 1 — 1
T,f) +N(T75)+2N(7"f)+2N(7’a5) +8(r, f) + S(r, 9)

1 1 1
f)—i-N(r,a)—(n—k—Z)N(T,?)—(n—k

DN, 1)) + 2Nesa(r, ) + 2N (1, ) + S(r, 1) + (0, 9)
1

1
+nN(r,=) + N(r,——) + N(r, ———
)N () 4 N ) N

)—(n—k—2)N(r, é)) +2(k+ 1)N(r, %) +2(k+ 1)N(r, ;)

1 1
77 +N 77
" uf"”r)\) r pg™ + A

1 1 1
T,W)+2N(T,W T,?)+N(T,§)))
+2(k 4+ 1)N(r, ?) +2(k+1)N(r, é) +S(r, f) + S(r,g)

4k +4m* +6)(T(r, /) +T(r,g9)) + S(r, f) + S(r, g)-

IN

+N(

IN

2(N(r,

IA
}P\
3
=
=

)—(n—k

+2(N( )+ 5(r, f) +5(r.9)

IN

2(2N( )+ (k +2)(N(

IN
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We obtain that n < 4k + 3m* + 6, which contradicts n > 4k + 3m* 4+ 6. Hence
H = 0. By Lemma 2.7, the conclusions of Theorem F hold. This completes the
proof of Theorem 1.3. O

Proof of Theorem 1.4.
Let

F= (")) -1)M®, G =g"(=)g() - 1)™®.
Fr=f2)(fE) -1 G =g"(2)g(z) -1
Let H be defined as in Lemma 2.5. By Lemma 2.1, we have

(3-8) T(r,F*) = (n+m)T(r, f) + S(r, f)-

(3.9) T(r,G*)=(n+m)T(r,g) + S(r,g).

Suppose that H # 0. Proceeding as in the proof of Theorem 1.1, we can get a
contradiction. Hence H = 0. By Lemma 2.8, the conclusions of Theorem G hold.
This completes the proof of Theorem 1.4. O

Proof of Theorem 1.5.
Let
F= (")) -1)M®, G =g"(=)g(z) - )™™.
Fr=f=)(fE) -1 G =g"(2)g(z) -1

Let H be defined as in Lemma 2.4. Suppose that H # 0. By Lemma 2.3 with s = 1,
we get

(310) N(r, ) < Newa(r, 550) + 50, £) = Niga )+ 50 §).

1
" F* fr@)(f(z) = 1)m
Since n > k, if m >k + 1, (3.10) implies

N(r,%) < (k+1)N(r

)4 (k+ 1)N(r, )+ S(r, f)

1
f-1
)+ (k+DT(r, f) +5(r, ).

e N

(3.11) < (k+1)N(r,

If m < k+1, (3.10) implies

1
(f=1m
) +mT(r, f)+ S(r, f).

N(r,—) < (k+1)N(r,~)+ N(r, )+ S(r, f)

(3.12) < (k+1)N(r,

| = ==

Combining (3.11) and (3.12) yields

(3.13)  N(r =) < (k+ )N, %) + min{m, k + 1T(r, f) + S(r, f).

F
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Similarly we have
— 1 — 1
(314 Nl g) < (k+ DN o)+ min{m. k + 1}7(r.g) + 5(r.9).

From (3.8), (3.9), (3.13) and (3.14), similar to the proof of Theorem 1.2, we get
(n+m)(T(r, f) +T(r.9))

< Nl )~ 2n— k=N + Nl o) = 2n = k= DNG ) + Nl )
+N(r, 5) + %N(r, %) + %N(r, é) +S(r, )+ S(r,9)
< SHAmr 9t mntn B (1, £) 4 7(0,0)) + S0 0) + S0, 9),

5k+2m+9+min{m,k+1}
2

From this inequality above we obtain that n < , which contra-

dicts n > 5k+2m+9+mm{m k+1}  Hence H = 0. By Lemma 2.8, the conclusions of
Theorem G hold. ThlS completes the proof of Theorem 1.5. O
Proof of Theorem 1.6.

Let F = (f"(2)(f(z)-1)™)™, G =g"(2)(9(z)-1)™)"), F* = f(2)(f ()~
nmo Gr=yg"(2)(g(z) - )™

Let H be defined as in Lemma 2.4. Suppose that H # 0. Proceeding as in the
proof of Theorem 1.2, we get

(n+m)(T(r, f) +T(r,9))

1 1 1 1
< N(r,ﬁ)—2(n—k—2)N(r,?)+N(r,§)—2(n—k—2)N(r,§)+N(r,f)
+N(r, é) + 2N (r, %) + 2N (r, é) + S(r, f)+ S(r,9)
1 1 1 1
< 2AN(r ) + N &) - (”—k—Q)N(T,?)—(”—k—2)N(7‘»§)}
2N ) + 2N, )+ S 1) + (1)
1 1 1 1
< 2[nN(,?)+nN( g)-l—mN(r,ﬁ)+mN(r7gj)—(n—k—2)N(r7?)
—(n—k—2)N(r, ;)] +2(k+ 1)[N(r, %) + N(r, é)]
+2 min{m, k+1}( (r, f)+T(r,9)) +S(r, f) +S(r,9)
1 1
< 2(mN(r, 7o )+mN( 1)+(k+2)(N(T,7)+N(T,§))
+2(k + 1)[N(r, f)—i-N( ;)]+2m1n{m E+1HT(r,f)+T(r,g))
+S(r, f)+ S(r,g)
< 4dk+2m+6+2min{m,k + 1}(T(r, f) +T(r,9)) + S(r, f) + S(r,g).
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From this inequality above we obtain that n < 4k +m+ 6 4+ 2min{m, k + 1}, which
contradicts n > 4k +m + 6 + 2min{m, k + 1}. Hence H = 0. By Lemma 2.8, the
conclusions of Theorem G hold. This completes the proof of Theorem 1.6. O

Annex remarks

In this section, we would like to point out a gap that appears in the proof of Theorem
4 of [1]. In [1, P. 1203], on the first line below formula (6.8), the authors said:
“Let z1 be a zero of f —1 of order py, then z; is zero of [f"(f — 1)](k) of order p; — k.
Therefore from (6.7), we obtain

p1—k=nq +q +k,

since z; is a pole of g of order ¢;”.
A question arises:

Question: If p; < k, then z; is not a zero of [f™(f —1)]**), and thus not a pole of
g. How to deal with this case?

A similar gap can also be found in the proof of Case 1.2 of Theorem H. Actually,
whether the case (i) of Theorem H holds for meromorphic functions is still an open
problem. The first author [15, Theorems 1.2-1.3] gave a partial answer to it.

Acknowledgements. The authors would like to thank the referee for valuable
suggestions. This research was supported by the National Natural Science Founda-
tion of China (Grant No. 11171184) and the Fundamental Research Funds for the
Central Universities (Grant No. 3122013k008).

References

[1] S. S. Bhoosnurmath, R. S. Dyavanal, Uniqueness and value-sharing of meromorphic
functions, Computers and Mathematics with Applications, 53(2007), 1191-1205.

[2] J. F. Chen, X. Y. Zhang, W. C. Lin and S. J. Chen, Uniqueness of entire functions
that share one value, Computers and Mathematics with Applications, 56(2008), 3000—
3014.

[3] M. L. Fang, Uniqueness and value-sharing of entire functions, Computers and Math-
ematics with Applications, 44(2002), 828-831

[4] M. L. Fang and X. H. Hua, Entire functions that share one value, Journal of Nanjing
University Mathematical Biquarterly, 13(1996), 44—48.

[5] W. K. Hayman, Picard values of meromorphic functions and their derivatives, Annals
of Mathematics, 70(1959), 9-42.

[6] L. P. Liu, Uniqueness of meromorphic functions and differential polynomials, Com-
puters and Mathematics with Applications, 56(2008), 3236-3245.



[7]

[10]
11]
12]
13)

[14]

[15]

Uniqueness of Entire Functions Sharing one Value 363

X. G. Qi and J. Dou Some Further Results on Entire Functions That Share Fized-
Points, Kyungpook Math. J., 42(2009), 771-777.

J. P. Wang, Uniqueness of linear differential polynomials that share the value 1 CM,
Kyungpook Math. J., 42(2002), 443-455.

S. M. Wang and Z. S. Gao, Meromorphic Functions Sharing a Small Func-
tion, Abstract and Applied Analysis, vol. 2007, Article ID 60718, 6 pages, 2007.
doi:10.1155/2007/60718.

C. C. Yang and H. X. Yi, Uniqueness Theory of Meromorphic Functions, Kluwer
Academic Publishers, Dordrecht, The Netherlands, 2003.

C. C. Yang and X. H. Hua, Uniqueness and value-sharing of meromorphic functions,
Annales Academice Scientiarum Fennicoe Mathematica, 22(1997), 395-406.

J. L. Zhang and L. Z. Yang, Some results related to a conjecture of R. Briick, Journal
of Inequalities in Pure and Applied Mathematics, 8(1)(2007), Art. 18.

X.Y. Zhang and W. C. Lin, Uniqueness and value-sharing of entire functions, Journal
of Mathematical Analysis and Applications, 343(2008), 938-950.

X. Y. Zhang and W. C. Lin, Corrigendum to “Uniqueness and value-sharing en-
tire functions” [J. Math. Anal. Appl. 343 (2008), 988-950], J. Math. Anal. Appl.,
352(2009), 971.

X. B. Zhang and J. F. Xu, Uniqueness of meromorphic functions sharing a small func-
tion and its applications, Computers and Mathematics with Applications 61(2011)
722-730.



