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Exposed Symmetric Bilinear Forms of £,(?d,(1,w)?)

SuNG GUEN KM

Department of Mathematics, Kyungpook National University, Daegu 702-701, Ko-
rea

e-mail : sgk317@knu.ac.kr

ABSTRACT. We classify the exposed symmetric bilinear forms of the unit ball of
Ls(3da(1,w)?).

1. Introduction

We write Bg for the closed unit ball of a real Banach space E and the dual
space of F is denoted by E*. x € Bg is called an extreme point of Bg if y,z € Bg
with x = %(y + z) implies x = y = 2. « € Bp is called an exposed point of Bg if
there is a f € E* so that f(z) =1 = ||f|| and f(y) < 1 for every y € Bg \ {z}.
It is easy to see that every exposed point of Bg is an extreme point. We denote
by expBg and extBpg the sets of exposed and extreme of Bpg, respectively. For
n > 2, we denote by L("FE) the Banach space of all continuous n-linear forms
on E endowed with the norm ||T'|| = sup|,, |=1,1<k<n [T (@1, 25)]. Ls("E) de-
notes the subspace of all continuous symmetric n-linear forms on E. A mapping
P : E — R is a continuous n-homogeneous polynomial if there exists T € Ls("F)
such that P(z) = T(x,--- ,z) for every € E. We denote by P("E) the Banach
space of all continuous n-homogeneous polynomials from E into R endowed with
the norm || P|| = sup),=; |P(z)|. For more details about the theory of multilinear
mappings and polynomials on a Banach space, we refer to [7]. We will denote by
T((z1,91), (2,Y2)) = azx129 +by1ys +c(T1y2 +22y1 ) and P(z,y) = ax?® +by? +cxy
a symmetric bilinear form and a 2-homogeneous polynomial on a real Banach space
of dimension 2 respectively. For 1 < p < oo, we let lf, = R? with the l,-norm. Note
that in ([6], Theorem 1, remark after Theorem 1, and Theorem 2) the following
results are proved:

(i) expBp(2iz) = et By \{£(2® — y? £ 20y) };
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(ii) expBp(2iz ) = exth;(zlgo)\{:t(%zz — Iyt L ay)}.

The author [11] characterized €£pB(p(2lZZJ) as follows:
(i) If 1 < p < 2, then expBg:(zl%) = el‘tB:p(q%);
(i) If 2 < p < o0, then expB?(zlg) = e:rthp(zlg)\{:I:xz, +y2)}.

We refer to ([1-6, 8-21] and references therein) for some recent work about
extremal properties of multilinear mappings and homogeneous polynomials on some
classical Banach spaces.

We denote the 2-dimensional real predual of the Lorentz sequence space with a
positive weight 0 < w < 1 by

T+ |y
oo = max{lal, 1y, EELy

d*(lyw)Q = {(:Ly) eR*: ”(‘Tvy) 14+w

Very recently, the author [14] characterize the extreme points of the unit ball of
L4(%d,.(1,w)?). Using their results, in this note, we show that expBr (2d,(1,w)?) =
extBg (24, (1,w)2) for every 0 < w < 1.

2. Main Results

Theorem 2.1. Let T((z1,y1), (%2,92)) = axi1za + byr1ys + c(x1y2 + x2y1) €
L4(%2d,(1,w)?). Then the following are equivalent:

(a) az1wa + by1ys + c(w1y2 + T2y1) € expBe (24, (1,w)2);

(b) —aw1z2 — by1ya — +c(T1y2 + T2y1) € expBe, (24, (1,w)2);

(¢) ax1za + by1ya — c(x1y2 + T2y1) € expBe, (24, (1,w)?);

(d) brizo + ay1y2 + c(x1y2 + 22y1) € expBr (24, (1,w)?)-
Proof. Let S((x1,y1), (x2,92)) := T((u1,v1), (uz,v2)) for some ((u1,v1), (uz,v2)) =

((x1,91), (=22, =y2)) or ((z1,—w1), (32, —y2)) or ((y1,21),(y2,72)). Then S €
L4(%d.(1,w)?) and T is exposed if and only if S is exposed. O

Theorem 2.2. [14, Theorem 2.3] Let T'((z1,y1), (z2,¥y2)) = az1z2 + by1ys +
c(z1y2 + 22y1) € Ls(?ds(1,w)?). Then
(a) Let w < v/2 — 1. Then T is extreme if and only if

T € {imll‘27j:y].y27i (mle +y1y2)7

1+ w?
m[xlfz + 12 £ (T1y2 + 2201,
1

m[l’lxz — 192 £ (X1y2 + x211)],
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1
-
1+ w?
1
14+ w?

[T122 — Y1y2 £ w(T1y2 + T2y1)],
(w120 — wy1y2 £ (T1Y2 + T2y1)],

1
[l —w—w? = +
AT 020 —w) (1 —w—w)z122 — wyry2 £ (21y2 + T21)],

1 2
im[wxm — (1= w—w )yry2 £ (x192 + 2251)]}-

(b) Let w = v/2 — 1. Then T is extreme if and only if

2 2 1
T € {fmziz2, £y, £ (w122 + y192), 15[301%2 +y1y2 = (2192 + 2201)],

V2
ij[xwg +yye & (V2+ 1) (2192 + 2231)],

V2

£ X2 (VI 1)@y — o) & 21y + wagn)]).

(c) Let w > /2 — 1. Then T is extreme if and only if

T € {£fxzo, 110, 5 (7172 + Y192),

1
14w

(122 + y1y2 £ (w12 + 2291)],

(1+w)?
1
m[flxz —y1y2 £ (T1y2 + 2201)],
1 1—w
+— — +
T w2 (w122 = yry2 £ 7 +w(x1y2 + x211)],
1 1—w
m[m(ﬂflxz —y1y2) £ (T1y2 + T2y1)],
1 1
i2 T ow (2 +w)r179 — EylyQ + (z1y2 + z2v1)],
1 1
m[;xlﬂh — 2+ w)y1y2 = (T1y2 + T21)]}-

Theorem 2.3. Let E be a real Banach space such that extBpg is finite. Suppose
that © € extBp satisfies that there exists an f € E* with f(z) = 1 = ||f| and
|f(y)] <1 for every y € extBg\{z}. Then = € expBg.

Proof. Let extBg = {x1,...,%m}. By the Krein-Milman theorem, Bg is the
closed convex hull of extBg. Let z € Bg such that f(z) = 1. We will show
that z = x. Let 2 = z;, for some 1 < 75 < m. By the Krein-Milman theorem,
z=1lim;_ o )\gj)xl +-- -+>\£,Jl)xm for some Y, . .. |/\§€])| < 1 for every j € N. Since

(/\gj))7 . (/\7(%)) are sequences in [—1, 1], there exist subsequences ( ﬁj)), el (ﬁr(,f;))



344 Sung Guen Kim

of (A(lj)),...,()\%)), respectively such that lim;_, . 5,(3) = B € [-1,1] for each
k=1,...,m. Thus z = f1z1 + - - + Bm&m and Y ;oo |8k < 1.

Claim: B =0 forevery 1 <k #ig<m o

Otherwise. Let g, # 0 for some 1 < kg # ig < m and 6 := max{|f(zx)|: 1 <
k #i9 <m} < 1. Then

L= f()=Buf@+ > Buflax)

1<k#ig<m

< Biol [F (@) + 1Bro | | (o) + > 1B [f (k)]

1<k##io,k#ko<m

< Biol [f ()] + |Bro 6 + > Bkl f (x)]

1<k#io,k#ko<m

< Biol [F(@)] + 1Bk | + > || 1f (x)]

1§k;ﬁi0,k7$k0§m
< UBil + Bl + Do 1Bk
1<k#io,k#ko<m
< 1
which is impossible. Therefore, 1 = f(z) = G, f(z) = Biy, 80 2 = frz1 + -+ +
BnTm = T. O

Theorem 2.4. Let f € L,(%d.(1,w)?)* and a = f(z122),8 = f(y1y2),y =
f(@1y2 + 2201).
(a) Let w < v/2 — 1. Then

1
(14 w)?

1
(Joe = B+ ), gz o = Bl + whv),

1
Ifll = max{|al],|B], mm + B,
1

1+ 2w — w?

1 1
m(wla =B+ D), mﬂ(l —w—w’)a —wf| +|]),
1

m(\wa (1 —w—w?)Bl+ )}

(la + 8] + D),

(b) Let w = v/2 — 1. Then

171 = maxtial, 8l 222 0 + 81, 2+ 81+ b 22 (0 = 81+ (VE + Dl
V2

Y22+ Dla— Bl + )}
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(c) Let v/2 —1 < w. Then

1
1 = mae{jal. 81, gl Al e o+ 81+ ).
1 1 1-—-
mua—m+|v|>,m<\a—ﬂ|+1+—3|v|>,
1 1-— 1 1
1+w2<1+ o= B+ ). g (2 + wa = =Bl + ),
1

o (| — @+ wl + D},

Proof. Tt follows from Theorem 2.2 since

[fIl = sup{[f(T)] : T € extBe 2a. 1,w)>)}- -

Using Theorems 2.1-4, we classify the exposed symmetric bilinear forms of the
unit ball of £(2d.(1,w)?).

Theorem 2.5. expBLS(zd*(Lw)z) = extBLS(’zd*(l’w)’z).

Proof. Case 1: w < V2-1

Claim: xqx2 is exposed.

Let « = 1,8 = 0 = «. By Theorem 2.4(a), f(z1z2) =1 = ||f|| and |f(T)| < 1
for every T' € extBg (24, (1,w)2) With T' # z122. By Theorem 2.3, it is exposed.
Similarly, —zixz9, +y1y2 are exposed.

Claim: ﬁ(l‘ll’g + y192) is exposed.

2

Let v = 52 = 3,4 = 0. By Theorem 2.4(a), f(155z (2122 +y192)) = 1 = || ]|
and |f(T)| < 1 for every T' € extBg (24, (1,w)?) With T' # H_ﬁ(xlxg + y192). By
Theorem 2.3, it is exposed. Similarly, —ﬁ(xlxz + y1y2) is exposed.

Claim: m($1$2 + Y1y2 + T1Y2 + T2y1) is exposed.

Let a = HQ‘”Q,B = # —¢€,7 = 2w + € for a sufficiently small ¢ > 0. By

Theorem 2.4(a), f((1+1w)2 (T122 + Y1yo + xlyg +ay1)) =1=|f|| and |f(T)| < 1

for every T' € extBg (24, (1,w)2) With T' # (1+w > (X122 + Y1y2 + T1Y2 + T2y1). By

Theorem 2.3, 1t is exposed. Similarly, — (1+w)2 (x1224+y1y2+21Yy2+ 2231 ) is exposed.
Claim: 1+ s (Z122 — y1y2 + w(T1Y2 + x2y1)) is exposed.

Let a = £ = —f3,7 = w. By Theorem 2.4(a), f(ﬁ(xlxg — y1y2 + w(x1ys +
way1))) = 1 = ||f|| and [f(T)| < 1 for every T' € extBg 24.(1,w)2) With T #
ﬁ(zlxz —y1y2 + w(z1y2 + 22y1)). By Theorem 2.3, it is exposed. By Theorem
2.2, iﬁ(wxlzg —wy1y2 £ (T1y2 + x2y1)) are exposed.

Claim: m(xlm —y1y2 + (21y2 + 22y1)) is exposed.

Let 2w < v < 1 —w? and a = %,5 = —a. By Theorem 2.4(a),
f(me—pz (T122 — 192 + (2192 + 221))) = 1 = |[f]| and [f(T)| < 1 for every
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T € extBg (24, (1,w)?) With T' # m(xlmg —y1y2+ (z1y2 +x2y1)). By Theorem
2.3, it is exposed.

Claim: m((l —w —w?)x1wy — wy1y2 + (T1Y2 + T2y1)) is exposed.

Let a =w+e¢,8=0,7=1+e(—1+w+ w?) for a sufficiently small ¢ > 0. By
Theorem 2.4(a), f(m((l—w—uﬂ)xlxg—wy1y2+(z1y2+x2y1))) =1=|fll
and [f(T)| < 1 for every T' € extBg (24, (1,w)2) With T' # Wl(l_w)((l —w —
w?) w122 — wy1y2 + (192 +22y1)). By Theorem 2.3, it is exposed. By Theorem 2.1,
ﬂ:m(wxlxg — (1 —w—w?)y1y2 & (1y2 + 2y1)) are exposed.

Case 2: w=+v2-1

By the similar argument as Case 1, 12, +y1y2, :|:2+4‘/§(x1x2+y1y2), :t%[xlxg—&—

y1Y2 £ (z1y2 +22y1)] are exposed. It is enough to show that %[1‘11}2 — 1o+ (V2 +
1)(z1y2 + z2y1)] is exposed. Let a = 0 = 3,7 = 2(2 — v/2). By Theorem 2.4(b),
FCR[@122 — g1y + (V2 + D@1y + 22y1)]) = 1 = ||f]| and [f(T)] < 1 for ev-
ery T' € extBg (24, (1,w)2) With T # %[371.132 — Yy1yo + (\/§ + 1)(z1y2 + x2y1)]. By
Theorem 2.3, it is exposed.
Case 3: V2—1<w
1

By the similar argument as Case 1, +x1x9, Ty1ya, iﬁ(xlzg +y1y2), :I:m

[T122 + y1y2 £ (T1y2 + 22u1)], imbﬁw — 11y2 £ (1y2 + 22y1)] are exposed.

Claim: Tluﬂ[a:lxg —y1y2 + ﬁ(mlyg + z2y1)] is exposed.

Let a = 12—“’2 = —8,7 = 0. By Theorem 2.4(c), f(rlwz[xlxg — y1y2 +
%(xlyg +x211)]) = 1 = ||f|l and |f(T)| < 1 for every T" € extBg (2q,(1,w)?)
with T # Hﬁ[mlxg — 1y + %jﬁ(xlyg + x2y1)]. By Theorem 2.3, it is exposed.
By Theorem 2.1,

+ 17 [TTe (@172 — y1y) £ (T1y2 + zay1)] are exposed.

Claim: Q_i_%w[@ +w)x1T0 — %ylyg + (z1y2 + x2y1)] is exposed.

Let a =1—¢,3 = —w? v = €(2+w) for a sufficiently small € > 0. By Theorem
2.4(c), fs55[(2+w)zrzs — Lyry2 + (192 +2291)]) = 1 = || f|| and [f(T)| < 1 for
every T' € extBg (2q, (1,w)2) With T # ﬁ[(? + w)r1x — %ylyg + (21y2 + z2y1)].
By Theorem 2.3, it is exposed. By Theorem 2.1, iﬁ[%zlxz — (24 w1y =
(z1y2 + x2y1 )] are exposed. O
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