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Abstract

A generalized trigonometric fuzzy set is a generalization of a trigonometric fuzzy number. Zadeh([7]) defines the
probability of the fuzzy event using the probability. We define the normal and exponential fuzzy probability on R
using the normal and exponential distribution, respectively, and we calculate the normal and exponential fuzzy
probability for generalized trigonometric fuzzy sets.
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1. Introduction F(A):/ Wy (w)dP(w), w,(-):02 —0,1].
()

We define the generalized trigonometric fuzzy set
and calculate four operations of two generalized

trigonometric fuzzy sets([3]). Four operations are N .
based on the Zadeh's extension principle([6]). Zadeh probability for quadratic fuzzy number([4]). Then we

defines the probability of fuzzy event as follows. had the explicit formula for the normal fuzzy proba-
Let (2, F,P) be a probability space, where £ bility for trigonometric fuzzy number([5]).

denotes the sample space, ¥ the o-algebra on £, In this paper, we calculate the normal and expo-—

and P a probability measure. A fuzzy set 4 on £ is nential fuzzy probability for generalized trigonometric

called a fuzzy event. Let u,(-) be the membership fuzzy sets.

We defined the normal fuzzy probability using the
normal distribution and calculated the normal fuzzy

function of the fuzzy event A. Then the probability

of the fuzzy event A is defined by Zadeh([7]) as . .
2. Preliminaries

Let (2,F,P) be a probability space, and X be a

Ak 20144 68 9¢ random variable defined on it. Let g be a real-valued
HAHTE)L AR 20143 68 202 Borel-measurable function on R. Then ¢(X) is also
A LA 20144 68 23 a random variable. We note that a random variable
 Corresponding author : Yong Sik Yun X defined on (£, ,P) induces a measure Py on a
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relation

[ aar= [ gwar
holds.

Definition 2.1. Let the random variable X have the
normal distribution given by the probability density
function

_ (l‘*nl)z

1 02
e 20 ,

rzER

fla) =

2o
where ¢ >0 and mER. The induced measure Py is
called the normal distribution.

Definition 2.2. Let the random variable X have the
exponential distribution given by the probability
density function

fa) =re
where >0 and A>0. The induced measure Py is
called the exponential distribution.

A fuzzy set A on 2 is called a fuzzy event. Let
wy(+) be the membership function of the fuzzy

event A. Then the probability of the fuzzy event A4
is defined by Zadeh([7]) as

P)= [ n@drw). wi(-):2 -l

Definition 2.3. The normal and exponential fuzzy
probability P (A) of a fuzzy set 4 on R is defined
by

Pay= [ (e)aPy

where Py is the normal and exponential distribution,
respectively.

Definition 2.4. A trigonometric fuzzy set is a fuzzy
number A having membership function

() = 0, <0, 0; <u,
Wal®) = \sin(z—0,), 6, <z <0,
where 6;—60, =m.

The above trigonometric fuzzy set is denoted by
A=<0,,0,0,>, where 92:91+%. For a trigono-

metric fuzzy number A=<§6,,0, 0,>, we define

sin"'(+) as an inverse of sin(-):[0,8,—6,]— [0,1].

The operations of two fuzzy numbers (4, u,) and
(B,uz) are based on the Zadeh's
principle([5]). We consider the

operations. For all z€4 and yEB

extension

following  four

1. Addition A(+)B :

Wacnp(2) =sup, _, ,min{u, (@), uz(y) }
2. Subtraction A(—)B :

Wayp(2) =sup,—,— min{u,(z), uz(y) }
3. Multiplication A( - )B

My )B(Z) =sup,—, . ',/min{u/l(ac)7 LLB(y)}
4. Division A(/)B :

Wap(2) = sup, - min{i, (=), up(y) }

We studied the four operations described in intro-
duction for two trigonometric fuzzy numbers.

Definition 2.5. ([5]) For two trigonometric fuzzy
numbers A=<c¢}, ¢y, cy> and B=<d,, d,, dy >, We
have
1. A(+)B=< ¢ tdy, ¢y +dy cg+ds >
2. A(-)B=< ¢, —dy cy—dyy c5—dy >
3. A( - )B=<c, +dj, ¢y - dy g dy >
¢ G G

Proof. Note that

0, r <cp, %-ﬁ-cl <z,
HA(-T) = -
sink(z—¢), ¢ <a< Tt
and
T
0, r<d;, —+d, <,
m
LLB(J?) =

sinm(z—d,), d <z<-—+d,.
m

We calculate exactly four operations using o« -cuts.
Let Aaz[ag">7 aé")] and Baz[bg">7 bg")] be the a-cuts

of A and B, respectively. Since « =sin k(a(la) —cl)
and aé‘” = %+201 —aﬁ'”, we have

Aa _ [a(la)7 a(za)}

1

1. s 1.
=[=sin 1a+cl.z+cl——sm al,

k k
where ¢, < sin 'a < ¢,. Similarly,
Ba _ [b(la)7 b;a)]

1 . s 1 . _
=[—sin 'a+d, —+d,——sin ‘al.
m m m

1. Addition : By the above facts,
A (B, =[a® +5), o) +p)]

«

1 1, . _
= [(Z—’— E)sm la-i-cl +d,.

1 1 _
(E+E)(7ﬁsin 'a) +e +d,).
. 1 1
Thus fiy5(z) =0 on the interval [c, +d,, (E+E)ﬂ
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+¢ +d1]£ = [Cl +dy, ¢ +d3]C and “AH)B(J:) =1 at

1,1 1
x= 2(k+ Jm+e +dy =c,+d,. Hence pu iy z(x) =0
. 1 1
if x<cl+d11(%+g)7r+cl+dléx and  p ) plz) =
km . 1 1
mW(x—cl—d]) if C1+d1§$<(g+a)ﬂ'+cl

+d,. Thus A(+)B=<c, +d, ¢, +dy c;+dy >

2. Subtraction : Since
A=l 1))

o

=[(— +*)sm 'a4c, — dl—l,
m
s 1 1., _
E‘f‘cl—dl—(g“‘g)su’] 10[],

™

we have pyz(x)=0 on the interval [cl—dl—a7

™

z-i—cl—cll]C:[cl—d?ﬂc:;—cll]C and ,LLA(,)B(QU)=1 at
1 1.\7
:(E*E)5+01*d1202*d2 Hence [,LA(,)B(IL’):O

if x<cl—d1—%7%+q—d1§x and ,LLA(,)B(z):

km
Yt m
—d, . Thus A(=)B=<c¢, —dy ¢, —dy c;—d; >.

T . T T
(x+g—cl+d1) if C1_d1_gg r<—+¢

k

3. Multiplication : Since
A(y( ° )Bu: [a(1f¥> ° b(lu)7 a’(Za) ° b(ZQ)]
d c 1
=[cldl+(?1+El)sin71a+%(sinﬂa)2,
d o 72 o | dy
o)™ T Tt~
Gy . 1 1 s =1 )2
+—)sin ta+-—(sin 'a)?],
m km
2 d c
we have . 5(z)=0 on [ed,, k” +(?1+El)7r+
2
Cc __ c — J— ﬂ-
c,d, ] —[cld],c3d3] and  piy )B(x)—l at py-
d ¢
(7+ m) 2+cld =cyd,. Hence py.plz)=0 if
2 d c
T
x < cd, m+(f+ﬁl)ﬁ+c1d1 <z and py.zz)=
1 d c 4
Slng(—(clk+md1)+km\/(f-l—ﬁl)Q—E(cldl—w) )
. 7 d ¢
if Cldl <zr< m"'(?"' E)W‘Fcldl—dl . Thus

A( - )B=<c,d;, cydy, cydy >.

4. Division : Since
(o) (@)

a; s
A,()B, =, 7]
AR
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1 . _
[ —sin ]CH_CHZ]

1 _ 1 _
——sin 1a+1+d1 —sin la+d,
m m m

1. _
Esm 1oH—c1

we  have  pypp()=0 on  the interval
om m+ck c C
) =175 5 =1
T+dm’ kd, I= d,’ dy I and  pyp(z) =1 at
m(r+2ck) ¢ .
= m— d_2 . Hence ,UA(/)B(LE) =0 if
cm m+ck _ d (@)
< < =
TS T rmd)  kd, " an Ba)s'®
m
) km((Eerl)z_cl) " cm m+ck
<zr< —day .
st kz+m Y ortmd, TS ke, O
G & 4
A())B=< L, 2 =
Thus A(/) AR

Example 2.6. ([5]) For two trigonometric fuzzy
T bmw 4w T 7w 3

numbers A= <§ % 3 —> and B=<-—- 79 4 —>

we can calculate exactly the above four operations

using a-cuts.

0 x<l7r 257T <z
_ TR
U“A(Jr)B(m)f ) 7 7
in=—(z—-— — <
51n3(x B ), GTET< T
5 13
- r —=r<
0, T < 127@ 127r_az7
Haon() 5 5 13
— _ _— < <_
51113(;16-!— 127r), 127r T 127r
2
0, x<f,772 <z,
B 12
Mg ( )B(I)— 2 2 ,
_ —<ax<r.
sin ( 127r+ 144+2x ), T
0 x<£,££ T,
(z) = 9" 3
Ha()B\T 9rx — A7 é< $<£
M6 +12 9= 3

We define the generalized trigonometric fuzzy set.
A generalized trigonometric fuzzy set is symmetric
and may not have value 1.

Definition 2.7. A generalized trigonometric fuzzy set
is a fuzzy set A that has a membership function

0, x<c,c+LS x,
m
I»LA(-T) =

ksinm(z—c¢), x<c+i,
m

where 0 <k <1 and m, ¢ are positive constants.



The above generalized trigonometric fuzzy set is
7r+20) —
2m

inverse of

denoted by A=<k, m,c>. Note that pu(

We  define sin"!(-) as an

sin( ) :[0, S 1-0.1].

3. Normal and exponential fuzzy
probability for generalized trigonometric
fuzzy sets

We derived the explicit formula for the normal
fuzzy probability for a trigonometric fuzzy number
and give examples.

Theorem 3.1. ([5]) Let A=<6,, 0, 0;> be a trigo-

nometric fuzzy number and X~ N(m, o?). Then the
normal fuzzy probability is
-~ (fl}*"l,)z 7£
1~D(A)* " Tr—— 2 dx = 16 27
= sin =——
0, Varo 4
m2—2imo*—o* —m+i02+03
X Erf
(exp( 20_2 )( r ( \/50_
—m+io®+6,
rf( N )
m?+2imo” — o' m+io® —6;
+ ——— JErf(—————
expl 2 )(Erf( NP )
m—+io®—6,
— Erf(———=—))),
V2o )
where Erf /
rf(z) ; \/— exp(—
Example 3.2. ([5]) In the case of the trigonometric

fuzzy number A=<0, ,7r> the normal fuzzy

probability with respect to X~ N(3, 2%) is 0.3003.
_(@-3)

HA)Z/ SNt ——— 8 dx
0 2

9
1 g, gt —3—di+
Sle ® Erf( : x)

= € e
4 | 24/2
7
-5 —3+4ditax
8 s
e r ( 2\/5 )]0
=0.3003

Example 3.3. ([5]) Let X~ MN(3,2%)
fuzzy numbers in Example 2.6.

and consider the

1. Multiplication

1
P flen —+2x e 8 dx
144 )2\/271'
—06807

2. Division
= f
In this section, we derive the explicit formula for

the normal fuzzy probability for generalized
trigonometric fuzzy sets and give some examples.

97rx a7 1 . 5
6r+12 2o

dr =0.4245

Theorem 3.4. Let X~ Na,o?) and A=<k, m,c>
be generalized trigonometric fuzzy set. Then the
normal fuzzy probability of a generalized trigono—
metric fuzzy set A is

—(a—c)?

HA) = hm sin(20 (exp(— )

221 20°
(—a+c+l)2
—exp(—Tm))
+(a—c)v/2r ( Ert( \/50)— Erf( o ).

1 .
Example 3.5. Let A=<— 3 o7 > be generalized
trigonometric fuzzy set. Then the normal fuzzy

probability of A with respect to X~ N(6,1%) is

3 _6
PA4)= 3\/§f sm (z—m)exp(— (= 5 i ———)dx
=0.5827+1.2760 < 10" 74

Theorem 3.6. Let X~ E(\) and A=<k, m,c> be

generalized trigonometric  fuzzy set. Then the
exponential fuzzy probability of a generalized
trigonometric fuzzy set A4 is
~ km “Aer )
P(A):—,(e m’ 4. /\L).
A+ km?
Progf. Since
0, rz<c,ct L <,
m

LLA(CU) =

ksinm(z—c), 1’<c+1,
m

where 0<k<1 and m, ¢ are positive constants, we
have
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P(A) :/ iy (x) dPy

= k:)\f '”smm —c)e Mdx

ct+—
_ C)L m

™
ct—
+ km/ " cosm (z—c)e Mdax
C

=—kle Msinm (z

r:+7;ll N
:k:m/ cosm (z—c) e”dzx.
c

Since

(’+%
/ " cosm (z—c¢) e Mdx

c
T

1 _ ct—
:[7X€ A‘TCOSm(ffc)]C m
) / "sinm(z—¢) e Mdz
1, =X (e+) B
:X(e +e M)
(J+L
—% "sinm (z —c) e Mdz,
we have
- k ety km? ~
P(A):Tm(e " te Aﬂ)—%p(A).
Thus
~ km A(H—m) e
A= A+ km® (e e

2 1
3727
trigonometric fuzzy set. Then the exponential fuzzy
probability of A4 with respect to X~ E(2) is

Example 3.7. Let A=<-—, —,0> be generalized

4 21 oz

A4)=— sin—exp(—2x)dz

3., 5%
=0.1569
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