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EXISTENCE AND REGULARITY FOR SEMILINEAR
NEUTRAL DIFFERENTIAL EQUATIONS IN HILBERT
SPACES

JIN-MUN JEONG

ABSTRACT. In this paper, we construct some results on the existence and
regularity for solutions of neutral functional differential equations with
unbounded principal operators in Hilbert spaces. In order to establish
the existence and regularity for solutions of the neutral system by using
fractional power of operators and the local Lipschtiz continuity of non-
linear term without using many of the strong restrictions considering in
the previous literature.

1. Introduction

Let H and V be real Hilbert spaces such that V is a dense subspace in
H. In this paper, we are concerned with the global existence of solution and
the approximate controllability for the following abstract neutral functional
differential system in a Hilbert space H:

4(x(t) + (Bz)(t)] = Az(t) + f(t,z(t)) + k(t), te (0,7, 1)

i t
z(0) = zo, (Bz)(0) = yo,

where A is an operator associated with a sesquilinear form on V' x V satisfying
Garding’s inequality, f is a nonlinear mapping of [0, 7] x V into H satisfying the
local Lipschitz continuity, B : L?(0,T;V) — L?(0,T; H) is a bounded linear
mapping.

Recently, the existence of solutions for mild solutions for neutral differential
equations with state-dependence delay has been studied in the literature in [1]
and references therein. As for partial neutral integro-differential equations, we
refer to [2]. However there are few papers treating the regularity for neutral
systems with local Lipschipz continuity, we can just find a recent article Wang
[3] in case semilinear systems.
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In this paper, we construct some results on the regularity of solutions for
neutral functional differential equations with unbounded principal operators in
Hilbert spaces. In order to establish the existence and regularity of solutions of
the neutral system by using fractional power of operators and the local Lipschtiz
continuity of nonlinear term without using many of the strong restrictions
considering in the previous literature.

2. preliminaries

If H is identified with its dual space we may write V. C H C V* densely and
the corresponding injections are continuous. The norm on V', H and V* will
be denoted by || -], |-| and || - ||, respectively. For brevity, we may regard that

lull« < ful < ul|, VueV. (2.1)

Let a(-,-) be a bounded sesquilinear form defined in V' x V' and satisfying
Garding’s inequality

Re a(u,u) > 6||u|[?, &> 0. (2.2)

Let A be the operator associated with this sesquilinear form: (Au,v) = a(u,v)

for any u, v € V. Then A is a bounded linear operator from V to V* by the

Lax-Milgram Theorem. The realization of A in H which is the restriction of A

to D(A) = {u €V : Au € H} is also denoted by A. From (2.2) we may think
that there exists a constant Cy > 0 such that

ull < Collull 3¢y lul'/*. (2:3)

Thus we have the following sequence:

D(A)cV CHCV*CD(A), (2.4)
where each space is dense in the next one and continuous injection.
Lemma 2.1. With the notations (2.3), (2.4), we have

V.V )ij22=H, (D(A),H)ij22="V,

where (V, V*)1/2,2 denotes the real interpolation space between V and V* (Sec.
1.3 of [4]).

It is also well known that A generates an analytic semigroup S(¢) in both
H and V*. By virtue of (2.2), we have that 0 € p(A) the closed half plane
{A: ReX > 0} is contained in the resolvent set of A. In this case, A=* is a
bounded operator. So we can assume that there is a constant My > 0 such
that

ATy < Mo, |[AT[zv+ vy < Mo. (2.5)

For each o > 0 we can define the fractional power A*(a > 0) of A and collect
some simple properties of the fractional power of A.
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Lemma 2.2. (a) A® is a closed operator with its domain dense.
(b) If 0 < a < B3, then D(A%) D D(AP).

(c) For any T > 0, there exists a positive constant C, such that the following
inequalities hold for all t > 0( [5, Lemma 3.6.2]):

Ca
t3a/2 "

a Ca «a
[[A“S®)||ccary < Ja [[A“S)|| v,y < (2.6)

By a simple calculation, we obtain the following.
Lemma 2.3. For every k € L?(0,T;H), let z(t) = f(f S(t — s)k(s)ds for
0 <t <T. Then there exists a constant Cy such that such that
||| 20,7y < CQ\/T||I€||L2(O,T;H)~ (2.7)

3. Neutral differential equations

In this section, we will show that the initial value problem (1.1) has a solution
by solving the integral equation:

x(t) =S(t)[xo + yo] — (Bx)(t) —|—/0 AS(t — s)Bz(s)ds

+ / S(t — $){f(s,2(5)) + k(s)}ds.
0

Now we give the basic assumptions on the system (1.1)
Assumption (B). Let B: L*(0,7;V) — L%*(0,T; H) be a bounded linear
mapping such that there exists constants 8 > 2/3 and L > 0 such that
|A? Ba||20,7:1) < Llla||L20r3vy, Vo € L2(0,T5 V).
Assumption (F). f is a nonlinear mapping of [0,7] x V into H satisfying
following:
(i) There exists a function Ly : Ry — R such that for ||z||] < 7 and
lyll <7,
() — Ft ) < L@)llz —ll, € 0,7,
(ii) The inequality
|f(t @) < La(r)(l]=f| + 1)
holds For every ¢t € [0,7] and z € V.
From now on, we establish the following results on the solvability of the equa-

tion (1.1).

Theorem 3.1. Let Assumptions (B) and (F) be satisfied. Assume that o € H,
k € L?(0,T;V*) for T > 0. Then, there exists a solution x of the equation (1.1)
such that

r € Wi(T) = L*0,T;V)nWh2(0,T; V*) c C([0,T); H).
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Moreover, there is a constant Cs independent of xog and the forcing term k such
that

[zllwy (1) < C3(1 + [wo| + |[k[|L20,73v+))- (3.1)
One of the main useful tools is the following Sadvoskii’s fixed point theorem.

Lemma 3.2. Suppose that X is a closed conver subset of a Banach space X .
Assume that K1 and Ko are mappings from X into X such that the following
conditions are satisfied:

(i) (Ko + K)(5) C %,

(ii) K1 is a completely continuous mapping,

(ii) Ks is a contraction mapping.

Then the operator K1 + Ko has a fized point in X.

Proof of Theorem.
Let ro = 2(C1|zo + yo| + roMoL), where C; is constant satisfying

|zl lwery < Ci(llzoll + [|EllL2(0,7;m))- (3.2)
Let v = max{1/2, (38 — 2)'/2}, choose 0 < T} < T such that
T7 [{CaLy (ro)(ro + 1) + Callkl| 220,150} + (38 — 2)_1/27”0LC1—,6] (3.3)

< Cilwo + yo| + oMo L,
where C5 is constant in (2.7) and
M =T7{CsLi(ro) + (38 — 2)/2C gL} < 1. (3.4)
Define a mapping J : L2(0,Ty; V) — L%(0,Ty; V) as
(Jz)(t) =S(t)(zo + yo) — (Bz)(t)

+ /0 AS(t — s)(Bx)(s)ds + /0 St — s){f(s,z(s)) + k(s)}ds.

It will be shown that the operator J has a fixed point in the space L2(0,Ty; V).
By assumptions (B) and (F), we know that J is continuous from C([0,T1]; H)
into itself. Let

D= {o e L2(0,Ti;V) : [Jall 201 < 7o (0) = o},

which is a bounded closed subset of L?(0,T}; V). By (2.5) and Assumption (B)
we have

1Bz 20.12:v) < AP ) [[A” Bl | 2(0,1y50) < oMo (3.5)
By virtue of (2.7), for 0 < t < Ty, it holds
¢
H/ S(t—s){f(s,2(5)) + k(s)}ds|| L2 0,115v) (3.6)
0

< C12 V T1||f(793) + k||L2(07T1§H)
< Cov/Ti{La(ro)(ro + 1) + [|E]| L2(0,7,5v) }-
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Since (2.6) and Assumption (F) the following inequality holds:

IAS(t — $)Ba(s)|| = [[ AP S(t — 5) AP Ba(s)|| < —CL=F

=t — 5)30-B)/2 roL,

there holds
t
H/ AS(t = 5)Ba(s)ds|| 20,1,y < (38 =2) 7/ LCy g TV 2 (3.7)
0

Therefore, from (3.2), (3.4)-(3.7) it follows that
[[J2]|L2(0,10;v) < Cilwo + yo| + roMoL
+T7 [{Ca L1 (ro) (1o + 1) + Co|[k|| 220,70 } + (38 — 2) 7/ ?rqLCy_g] < 7o,

and hence J maps X into X. Define mapping J = K; + K on L%(0,Ty;V) by
the formula

(Kyz)(t) = — (Bz)(t)

(K>w)(t) =S()(z0 + y0) + / AS(t — 5)(Bx)(s)ds

+/ S(t— s){f(s,z(s)) + k(s)}ds.
0

We can now employ Lemma 3.1 with ¥. Assume that a sequence {x,} of
L?(0,Ty; V) converges weakly to an element x., € L2(0,71;V), ie., w —
lim,, 00 T, = Too. Then we will show that

li_>m [|K1zn — K120 = 0, (3.8)
which is equivalent to the completely continuity of K; since L?(0,7%;V) is
reflexive. For a fixed t € [0, T1], let z} (z) = (K1)(t) for every x € L?(0,Ty; V).

Then zj € L?(0,T1;V*) and we have lim, oo 2} (z,) = 7} (2s) since w —
lim,, o0 T, = Too. Hence,

n—r oo
By (2.5) and Assumption (B) we have
1(EK12) ()] < 1A £0m,v) || A° Bz 120,13 10) < 00
Therefore, by Lebesgue’s dominated convergence theorem it holds
nhﬁngo [K12n]|2200,10:v) = K 1%Zool| 220,151y

Since L?(0,Ty;V) is a Hilbert space, it holds (3.8).

Next, we prove that K5 is a contraction mapping on Y. Indeed, for every
x1 and x9 € X, by similar to (3.7) and (3.8), we have
|[[Kox1—Kaxa||2(0,1,5v) < TJ{CQIQ(T0)+(3ﬂ*2)71/201—5L}||$1*$2||L2(0,T1;V)~

So by virtue of the condition (3.4) the contraction mapping principle gives that
the solution of (1.1) exists uniquely in [0,73]. So by virtue of the condition
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(3.4), K is contractive. Thus, Lemma 3.1 gives that the equation of (1.1) has
a solution in Wi (T1).

From now on we establish a variation of constant formula (3.1) of solution
of (1.1). Let z be a solution of (1.1) and zy € H. Then we have that from
(3.5)-(3.8) it follows that

]| 20,1y < Chlwo + Yol + roMoL + T7 [{CoLa (ro) (||l L2 0,7;v+) + 1)
+ Col|k|| 20,150y} + (38 — 2)71/201—[3[/‘|x||L2(0,T1;V)]

Taking into account (3.4), there exists a constant Cs such that

2|22 (0,753v) < (1 — M)~ [Chlzo + yo| + roMoL
+ T7{CaL1(r0) + Cal|k|l 20,11 5v ) }] < C3(1 4 |zo| + |[kl|L2(0,7,;v+))

which obtain the inequality (3.1). Since the conditions (3.3) and (3.4) are
independent of initial value, we know

lz(T1)] < llzllcqo,r:m) < Millzllw, (1)-

Here, we used the relation W1 (T') — C([0,T1; H]), which is an easy consequence
of the definition of real interpolation spaces by the trace method. So, by
repeating the above process, the solution can be extended to the interval [0, T7.
O

From the following result, we obtain that the solution mapping is continuous,
which is useful for physical applications of the given equation. The proof is
immediately obtained from Theorem 3.1.

Theorem 3.3. Let Assumptions (B) and (F) be satisfied and (xo,yo,k) €
H x H x L*(0,T;V*). Then the solution x of the equation (1.1) belongs to
x € Wi(T) = L2(0,T; V)N WL2(0,T;V*) and the mapping

H x H x L*(0,T;V*) > (x0,y0, k) — 2 € Wy (T)
15 continuous.

For k € L?(0,T;V*) let 2 be the solution of equation (1.1) with k instead
of Bu. Here, we remark that if V' is compactly embedded in H by assumption,
the embedding Wy (T) C L?(0,T; H) is compact in view of Theorem 2 of Aubin
[6]. So we can prove the following result from Theorem 3.1.

Corollary 3.4. Let us assume that the embedding V. C H is compact. For
k € L?(0,T;V*) let x be the solution of equation (1.1). Then the mapping
k s a3, is compact from L*(0,T;V*) to L?(0,T; H). Moreover, if we define
the operator F by F(k) = f(-,zk), then F is also a compact mapping from
L?(0,T;V*) to L?(0,T; H).



EXISTENCE AND REGULARITY 637

References

[1] E. Herndndez, M. Mckibben, and H. Henrfquez, Fuzistence results for partial neutral
Sfunctional differential equations with state-dependent delay, Math. Comput. Modell. 49
(2009), 1260-1267.

[2] J.P.C and dos Santos, Ezistence results for a partial neutral integro-differential equation
with state-dependent delay, Elec. J. Qualitative Theory Differ. Equ. 29 (2010), 1-12.

[3] L. Wang, Approzimate controllability for integrodifferential equations and multiple de-
lays, J. Optim. Theory Appl. 143 (2009), 185-206.

[4] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, North-
Holland, 1978.

[6] H. Tanabe, Equations of Evolution, Pitman-London, 1979.

[6] J.P. Aubin, Un théoréme de compacité, C. R. Acad. Sci. 256 (1963), 5042-5044.

DEPARTMENT OF APPLIED MATHEMATICS, PUKYONG NATIONAL UNIVERSITY,
BusaN 608-737, KOREA
E-mail address: jmjeong@pknu.ac.kr



