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Abstract—In this paper, the average probability of the symbol error rate (SER) and 
throughput are studied in the presence of joint spectrum sensing and data transmission 
in a cognitive relay network, which is in the environment of an optimal power allocation 
strategy. In this investigation, the main component in calculating the secondary 
throughput is the inclusion of the spatial false alarms, in addition to the conventional 
false alarms. It has been shown that there exists an optimal secondary power 
amplification factor at which the probability of SER has a minimum value, whereas the 
throughput has a maximum value. We performed a Monte-Carlo simulation to validate 
the analytical results. 
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1. INTRODUCTION 

With the explosive growth of wireless communication systems, such as wireless local area 
networks (WLANs), mobile cellular networks, ad-hoc and sensor networks, etc., the demand for 
the radio spectrum has rapidly increased and thus, the wireless spectrum has become a scarce 
commodity. The traditional schemes of fixed spectrum allocation have been shown to be 
inadequate in addressing such quickly evolving wireless technologies. Recent measurement 
studies [1] have demonstrated that many frequency bands licensed to operators are employed in 
scattered fashion over vast geographical areas and are idle most of the time (commonly known 
as spectrum holes). Cognitive radio (CR) systems have been proposed as a promising solution to 
inefficient spectrum management and scarcity of the radio spectrum. It is defined as an 
intelligent wireless communication system [2] that is aware of the surrounding environment and 
utilizes the methodology of understanding-by-building to learn from the environment. The 
spectrum detection technique (also referred to as spectrum sensing) enables CR networks to 
adapt to the environment by detecting spectrum holes. The most efficient way to detect the 
spectrum holes is to detect the presence of primary users (PUs) [3,4]. However, in reality, it is 
difficult for a CR to obtain a direct measurement of the channel between a primary receiver and 
a transmitter. Therefore, the most recent work focuses on the primary transmitter detection 
method, which is based on the local observations of secondary users (SUs). 

Starting from the idea of enabling devices to use any available spectrum [5,6], the concept of 
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CR has been well acceptedwithin the wireless communications research community. The key 
idea is to use portions of the spectrum that are not being used by the licensed PUs for the benefit 
of the unlicensed SUs and to do so without causing harmful interference to the PUs.  

The fundamental concept of the CR was first introduced by Mitola [5]. In a CR system, the 
SU, sometimes called a cognitive user (CU), should be able to recognize the radio environment 
to accurately search for spectrum holes that are not exploited by the PUs. In this system, the PUs 
should be sufficiently protected. Thus, spectrum sensing in the secondary network is one of the 
most important issues [3,4,7]. 

In [8], the authors have developed a theory to calculate the secondary throughput in a CR 
relay network system under the optimal power allocation (OPA) scheme. The total power 
transmitted by the cognitive sourceand the cognitive relay is assumed to be constant. In this 
analysis, the authors have shown that there exists an optimal amplifying gain to achieve 
maximum secondary throughput under certain conditions. It is also shown that compared to 
equal power allocation, the throughput gain by OPA increases with the total budget and the OPA 
always outperforms the equal power allocation.  

On the other hand in [9], the authors have developed a theory to show that apart from the 
conventional false alarm (CFA) probability, there can always be an access opportunity loss due 
to not properly considering the spectrum sensing in the CR system. The issue is that with a 
certain probability, a SU misinterprets a non-interfered PU as being interfered with. This then 
results in an access opportunity loss. This issue is known as a spatial false alarm (SFA) problem 
and is one of determinants in the SU’s medium access probability [10-13]. So far, this issue has 
been neglected in current research related to spectrum sensing. The authors of [9] have presented 
in detail the principle of SFA and have quantified the impact of SFA by deriving a closed form 
expression to correctly evaluate the medium access probability for the SU. 

In [8], only the CFA is considered in calculating the secondary throughput. However, for 
actual quantification of the secondary medium access probability, the effect of the SFA 
probability has to be included [9]. In our paper, we have extended the work of Huang et al. [8] to 
calculate the secondary throughput under the OPA scheme. We did so by including the impact 
of the SFA probability in addition to the CFA probability. We also calculated the average 
probability of symbol error rate (SER) for different fading channels (viz. the Rayleigh and 
Nakagami-m fading channels) to get the real scenario of a CR network in an urban area. In order 
to optimize the performance of the network, we also investigated the impact of the fading 
parameters and the sensing range on the profile of the probability of correct decision.  

The rest of the paper is organized as follows: the system and channel model is described in 
Section 2. In this section, expressions for the average probability of SER and throughput are 
presented. Results are discussed in Section 3 and graphical representations are presented. Finally, 
we make some concluding remarks in Section 4. 

 
 

2. SYSTEM DESCRIPTION 

As in [8], we considered a CR system consisting of a PU and a three-node cognitive relay 
network (CRN) (i.e., a cognitive source [CS], a CR, and a cognitive destination [CD]). The total 
transmission power of the CRN is assumed to be fixed. Thus, with a fixed cognitive 
transmission power, if more power is allocated to the CS for data transmission, the CR will have 
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less power for spectrum sensing, which may lead to worse sensing performance. On the other 
hand, the sensing performance must be satisfied in order to restrict the interference of the CS 
with the PU. Therefore, to maximize the secondary throughput, an OPA strategy is needed for 
the secondary network. 

For the purpose of quantitative analysis and a practical scenario, let us consider that a PU is 
located at a distance 0R  from the SU. We further considered that the PU has the probability p 
to be in the transmitting state at any moment in time. The small-scale primary network was 
considered to be as follows: for the existence of a PU in a circular observed window, of which 
the area is 2

0R , where srR 0  [9]. Here the spectrum sensing needs to properly determine 
one of the two states H0 and H1, where H0 denotes that the access opportunity is that will be 
available; and H1 denotes the access opportunity that will be unavailable for which the PU is in 
a transmitting state inside the sensing range. In addition, the state H0 is divided into two sub-
states: H0,– and H0,+. The sub-state H0,– denotes that the PU is not in the transmitting state and 
H0,+ denotes that the PU is in the transmitting state but is residing at a point outside the sensing 
range.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1. The cognitive radio system. PU=primary user, CS=cognitive source, CR=cognitive relay, 
CD=cognitive destination. 

 
The CR system is shown in Fig. 1, which consists of a PU and a CRN with three CUs (the CS, 

CR, and CD). The CRN operates on a frame-by-frame basis. Each frame is assumed to have two 
phases 1T  and 2T  21 TT  . In each frame duration of  21 TT  , the CRN continues 
monitoring the presence of the PU. If the PU is not detected in the previous frame, the CRN then 
transmits data and monitors the presence of the PU simultaneously in the current frame. 
Otherwise, if the PU is detected in the previous frame, the CRN does not transmit data but only 
monitors the presence of the PU in the current frame. We need to mention here that in the very 
first frame, the CRN only monitors the presence of the PU but does not transmit data. 

 
The channels over the links are the following: 

T2 
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PU 
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PU 
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,CSPU  ,CRPU  ,CDPU  ,CRCS  ,CDCR   and CDCS . These are 

modeled to be either Rayleigh or Nakagami flat fading channels with channel coefficients PDh

,PSh ,PRh ,PDh ,SRh ,RDh and SDh , respectively. We assume  
PSPS dCNh ,0~ , where  is 

the path loss exponent, PSd  is the normalized distance between the PU and the CS. The other 

coefficients can be described likewise. We further assume that these channel coefficients are 

known to the CS and the CR, and are constants during a frame. Let us denote ,
2

PSPS hG 
,

2
PRPR hG  ,

2
SRSR hG  ,

2
RDRD hG  and 2

SDSD hG  , these are the channel gains. 

We denote the signals transmitted from the PU and the CS by ][nxP  and ][nxC , respectively, 

which have a zero mean and unit variance, (i.e.,   ,0][ nxE P   0][ nxE C and 

,1][
2 



 nxE P 1][

2 



 nxE C .) 

In the first phase 1T , the CR and the CD listen to the PU while the CS transmits data to the CR 

and the CD. Thus, the signals received by the CR and the CD in 1T  can be written as [8]: 

 

][][][][ 1111 nnnxhPnxhPny RPPRPCSRSR   ,               (1) 

 
and 

 

,][][][][ 1111 nnnxhPnxhPny DPPDPCSDSD          (2) 

 
respectively, where Nn ,,2,1  , SfTN 1 , Sf  is the sampling rate,   is the primary 

signal indicator: 1  implies the presence of the primary signal. Whereas, 0  implies the 

absence of the primary signal; ][1 nxC  and ][1 nxP , respectively, denote the signals sent from 

the CS and the PU in phase 1T  and they have a zero mean and unit variance, (i.e., 

  ,0][1  nxP   ,0][1  nxC  and ,1][
2

1 



 nxP ). The additive noises 

][1 nnR  and ][1 nnD  are independent and are identically distributed (iid), circularly symmetric 
complex Gaussian (CSCG) random sequences with a zero mean and variance 

UR PnnE 



 2

1 ][ , .][
2

1 UD PnnE 



  

In the second phase 2T , the CR amplifies the signal that it received in the first phase 1T  

with an amplifying factor   and forwards this amplified signal to the CS and the CD. Fur-
thermore, the CS and the CD listen to the PU. Therefore, the signals received by the CS and the 
CD in the second phase 2T  can be expressed as [8]: 

 

  ]],[][][][

][

][][][][

2121

1

2212

nnnnhnxhnxhhP

nxhhP

nnnxhPnyhny

SRSRPPSPPRSRP

CSRSRS

SPPSPRSRS













 (3) 

 
and 
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  ]],[][][][

][

][][][][

2121

1

2212

nnnnhnxhnxhhP

nxhhP

nnnxhPnyhny

DRRDPPDPPRRDP

CSRRDS

DPPDPRRDD













 (4)    

 
respectively, where NNNn 2,,2,1  , and Eq. (1) is used for ][1 nyR ; ][2 nxP  de-

notes the signal sent from the PU in phase 2T . This signal ][2 nxP  is also assumed to have a 

zero mean and unit variance (i.e.,   0][2 nxE P  and 1][
2

2 



 nxE P ). The noises ][2 nnS  

and ][2 nnD  in phase 2T are also iid, and the CSCG randomly sequences with a zero mean and 

variance .][][
2

2
2

2 UDS Pnnnn 







  

We note that the first term of Eq. (3) is the self-interference at the CS. After canceling this 
self-interaction term, the remaining signal at the CS in 2T  can be written as: 

 

  ]].[][][][][~
21212 nnnnhnxhnxhhPny SRSRPPSPPRSRPS        (5) 

 
An energy detector is adopted at the CS for spectrum sensing by utilizing the above signal

][~
2 nyS . The test statistic is then given by:  

 

  
22

1 2 ][~  N
Nn S nyY .                        (6) 

 
It can be shown that the mean and variance of the energy detector test statistic Y under the hy-

pothesis 1Η ( =1) are   11 NYE   and   2
11 NYD  , respectively, where: 

 
  UUPPRSRPPS PPPGGPG  1 .                  (7)  

 
Similarly, the mean and variance of the test statistic Y under the hypothesis 0Η ( =0) are 

shown to be   00 NYE   and   2
00 NYD  , respectively, where: 

 
 .0 UUSR PPG                            (8) 

 
In deriving the above mean and variance, we have assumed that the signals  ][1 nxP  and 

 ][2 nxP  are CSCG random sequences and that these signals and the noises ][1 nnR  and 

][2 nnS  are pairwise independent.  

The received cognitive signal-to-noise ratio (CSNR) 0 at the CD is obtained when the PU is 

inactive ( 0 ). The CD applies the maximal-ratio combining (MRC) for the received signals 

from the CS in the phase 1T  and the CR in the phase 2T . Using Eqs. (2) and (4), the CSNR at 
the CD is obtained as: 
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 .0
UURD

SSRRD

U

SSD

PPG

PGG

P

PG






                          (9) 

 
The transmission power of the CR can be expressed as:  

     
  UPPRSSRR PPGPGP   .                  (10)   

 
Thus, if  is the probability that the PU is active, then the average transmission power of the 

CR is given by: 
 

  .)0()1()1( UPPRSSRRRR PPGPGPPP            (11) 

 
We considered that the CRN has a constant total transmission power (i.e., the sum of the 

transmission powers of the CS and the CR is a constant, let it to be maxP ). The optimum power 
allocation is then: 

 

maxPPP RS  .                (12) 

 
Using Eq. (11), with the power equality constraint, Eq. (12) can be rewritten as: 
 

  .maxPPPGPGPPP UPPRSSRSRS                  (13) 

 
Substituting the value of SP from Eq. (13) into Eq. (9) for the expression of the received 

CSNR, we obtain: 
 

 
,

1

1

1
max

0
SR

PR

RD

SRRD

GG

GG
GSD





















                 (14) 

 
where UPP /maxmax   and UPPRPR PPG /  is the SNR of the signal transmitted over 
the link PU CR.  

 
2.1 Average Probability of Symbol Error of the CR 

In this subsection we describe the evaluation of the average SER for the case of different 
distributions of the fading channel. For the evaluation of the average probability of the SER, we 
considered two types of fading channels—the Rayleigh and Nakagami-m fading channels—for 
the amplitude of the transmitted signals (signals transmitted from the CS and CR to the CD) of 
the CRN network. At the CD, the combined signal is obtained from the MRC of the signals of 
the links CS to CD in phase 1T , and CR to CD in phase 2T . The sum of the two SNRs, 

RDSD  0 are the squares of the amplitudes of the signals. Therefore, the CSNR is then 
distributed according to the chi-squared and gamma distribution for the amplitude distribution in 
the Rayleigh and Nakagami-m fading channels, respectively. The probability density functions 
(PDFs) of the CSNR are then as follows [14]: 
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  ,
)(!)1(

1
, )(/

0

1
0 


 



 
 e

m
f

m

m

SqChi                  (15) 

and 
 

   ,
)()(

, )(/

0

1
0 


 m

m

mm

Gamma e
m

m
f 




         (16) 

 
where m is the number of the combiner paths at the CD. It is to be noted here that we have m=2. 
The average probability of the symbol error is calculated according to the following formula 
[15]: 

 

      dfPP XeSER 



0

,)|e( ,                (17) 

 
where X stands for the appropriate PDF and )|e( eP  represents the conditional symbol error 

probability for specific modulation technique for given SNR  . In the next section, we plot the 
probability of SER against the power-amplifying factor β. 

 
2.2 Throughput of the CRN 

The conditional probability,  0,-1|ΗΗP  for the given sub-state H0,– denotes the CFA 

probability, which is shown to be: 
 

   
  












 













 


)(

)(

0

0

0

0





N

N
Q

YD

YE
QP 0,-1|ΗΗ .               (18) 

 
The detection probability is: 
 

 
 
  









 













 


),(

),(
)(

1

1

1

1

rN

rN
Q

YD

YE
QrpD




.                (19) 

 

The conditional probability  0,1|ΗΗP  for the given sub-state H0,+, is known as the SFA 

probability and its expression is given by [9]: 
 

   

,)(
),(

),(
11

)()(11

0

0

1

1

























 




R

r

R

r
D

s

s

drrf
rN

rN
Q

drrfrpP




0,1|ΗΗ

           (20)      

 

where )(rf is the PDF of the PU location and is given by 2
0/2)( Rrrf   as )(rf  should give 
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the normalization condition of: 1)(0

0


R
drrf .  

The total medium access probability )(MAP  is given by the following expression: 
 

      .11)1(  0,10,-1 || ΗΗΗΗ PPPMA                  (21) 

 
After substituting Eqs. (18) and (20) for the expressions of  0,-1|ΗΗP  and 

 0,1|ΗΗP  into the above equation for the expression of the total medium access probability, 

Eq. (21) becomes:  
      

.
),(

),(
1

2

)(

)(
1)1()(

1

1
2

0

0




































 






















 
 

R

r
MA

s

drr
rN

rN
Q

RN

N
QP





     (22) 

 
The throughput of the secondary network is then defined by [8]: 
 

   )(1log)(
2

1
)( 02   MAPR ,                     (23) 

 
which is measured in the unit of bits per second per Hz (bps/Hz). It is to be mentioned here that 
in calculating the secondary throughput R given by Eq. (23), the authors of [8] only considered 
the first term of Eq. (21) for the total medium access probability MAP . However, for actual 
quantification of the secondary medium access probability, the second term of Eq. (21) also has 
to be considered along with the first term in calculating the secondary throughput of the 
cognitive network. The first term of the expression of MAP  in Eq. (21) is due to the CFA, 
while the second term is due to the effect of the SFA probability, about which no importance is 
given in the current literature. 

In the next section we plot the throughput R, against the amplifying factor β, under the power 
constraint of the CRN network including both the CFA and the combination of CFA and SFA 
probabilities. 

 
 

3. RESULTS 

This section deals with the profile of the SER and the throughput against the power amplifica-
tion factor β. We take the numerical values of different parameters as [8]: N=1000, α=0.3 (which 
means PU is present for 30% of the total time), Pu=0.93 dBW and Pp=10 dBW. Here a specific 
channel case is considered: 

 
4 prrdsr GGG dB, 10 pssd GG dB, dB10ps , dB4pr . 

 
The probability of the average SER is plotted against the power amplification factor β in Fig. 

2 for the QPSK modulation scheme and in Fig. 3 for the 8-PSK modulation scheme under the 
Rayleigh and Nakagami-m fading channels. It is visualized from both the figures that the SER is 
much higher in the Nakagami-m fading case, as compared to the Rayleigh fading. It is 
interesting to observe from the figures that the SER is minimum at a particular value of the 
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power amplification factor β. It is also observed that as β increases, the SER also increases after 
attaining the minimum value. It is further noticed from these two figures that the SER is  

 

 
Fig. 2. Probability of the average symbol error rate, PSER, as a function of the power amplifying 

factor β, of the cognitive relay. 
 

 
Fig. 3. Probability of the average symbol error rate, PSER, as a function of the power amplifying 

factor β, of the cognitive relay. 
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Fig. 4. Secondary throughput R, as a function of the power amplifying factor β, of the cognitive 

relay. CFA=conventional false alarm, SFA=spatial false alarm. 
 

much higher in the case of the 8-PSK modulation scheme, as compared to the QPSK modulation. 
Hence, our relay model works better under a Rayleigh fading environment with QPSK 
modulation. Monte-Carlo simulation results are also shown in the figures as dotted curves. It is 
observed that the theoretical curves coincide with the simulation results and have a slight 
deviation at the higher values of the power amplification factor  . 

Taking similar parameters, the throughput of the CRN is plotted against the power 
amplification factor  in Fig. 4. Considering only the CFA and the combination of CFA and 
SFA, the throughput is found to be much higher using the combination of CFA and SFA, as is 
visualized in Fig. 4. Without an incorporation of SFA, sometimes conflicts take place between 
the PU and the SU, which considerably reduces the throughput. By the incorporation of SFA, 
the above conflict is alleviated to a certain extent, and the throughput is enhanced. Both the 
curves of the throughput have a maxima at the same value of the power amplification factor
 , which yields the minimum average SER found in Figs. 2 and 3. We also ran a Monte-Carlo 
simulation in calculating the throughput to validate the theoretical results. 

 
 

4. CONCLUSIONS 

This paper provides a non-linear relationship between the power amplification factor β, and 
the throughput R, of the CRN. At the same time, it shows another nonlinear relation between the 
power amplification factor β, and the probability of average SER. The system operates at an 
optimum position for a particular value of the power amplification factor β, which maximizes 
the throughput R, and minimizes the probability of the average SER, which is the central idea of 
this paper. It is further shown that the inclusion of SFA in the analysis considerably enhances 
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the throughput of the secondary network, as compared to the case when only the CFA is 
considered. By increasing the number of antennas at the CS, cognitive relay, and cognitive 
destination, we can apply different combinations of multiple input multiple outputs (MIMOs), 
multiple input single output (MISOs), single input multiple outputs (SIMO), and the MRC 
scheme to observe changes in the performance of the network. Incorporation of the adaptive 
equalizer at the relay or destination node can further enhance the performance of the network. 
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