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A CYCLIC AND SIMULTANEOUS ITERATIVE ALGORITHM
FOR THE MULTIPLE SPLIT COMMON FIXED POINT
PROBLEM OF DEMICONTRACTIVE MAPPINGS

Yu-Cuao TANG, JI-GEN PENG, AND LI-WEI Liu

ABSTRACT. The purpose of this paper is to address the multiple split
common fixed point problem. We present two different methods to ap-
proximate a solution of the problem. One is cyclic iteration method; the
other is simultaneous iteration method. Under appropriate assumptions
on the operators and iterative parameters, we prove both the proposed
algorithms converge to the solution of the multiple split common fixed
point problem. Our results generalize and improve some known results
in the literatures.

1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||,
respectively. The multiple split common fixed point problem (MSCFPP) was
first introduced in [8], which requires to find a common fixed point of a family of
operators in one space whose image under a linear transformation is a common
fixed point of another family of operators in the image space. The (MSCFPP)
includes the well-known of the multiple-sets split feasibility problem (MSSFP)
(see for example [6, 16]), the split feasibility problem (SFP) (see for example [4,
18, 19, 21] etc.) and the convex feasibility problem (CFP)([1]). The (MSCFPP)
can be stated as follows:

p T
(1.1) Find a point z* € ﬂ Fixz(U;) such that Az*™ € ﬂ Fiz(T)),

i=1 j=1
where p,r > 1 are integers, Fiaz(T) denotes the fixed point set of T', A : H; —
H, is a bounded linear operator, {U;}'_, : Hy — Hy, {Tj};:1 : Hy — Hy
are nonlinear operators. In particular, if p = r = 1, then (1.1) reduces to the
following

(1.2) Find a point 2™ € Fiz(U) such that Az* € Fiz(T),
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which is usually called the two-sets of (SCFPP).

Under what conditions on the operators {U;};_;, {7}, and the matrix
A to guarantee the convergence of the designed algorithm to a solution of
(MSCFPP) (1.1), Censor and Segal [8] first constructed an iterative algorithm
to solve the two sets of (SCFPP) for directed operators (the definition can be
found in Definition 2.4) in finite- dimensional spaces.

Algorithm 1. Let xg € Hy be arbitrary, the sequence {z,,} defined by:

(1.3) Tpi1 = Uz, —yA (I = T)Az,), n >0,

where v € (0, %) with A being the largest eigenvalue of the matrix A*A (¢

stands for matrix transposition). By using the product space technique, they
introduced a parallel algorithm to solve the (MSCFPP) as follows:

i=1

p T
(14) zpy1 =xn+7 Zai(Ui(:cn) —z,) + ZﬂjAt(Tj — 1Az, |, n>0,
j=1

where 0 < v < 2 with L =37, a; + A1 By

In 2011, Wang and Xu [14] converted the (MSCFPP) (1.1) to a common
fixed point problem, and introduced a cyclic iterative algorithm to solve the
(MSCFPP) under the assumption that 7' and U are directed operators. The
advantage of this method is that one can apply the some exists method for
solving the common fixed point problem to (MSCFPP). They proposed the
cyclic iterative algorithm as follows.

Algorithm 2. For any zy € H;, define a sequence {z,} by the following
iterative procedure:

(1.5) Tnt1 = Uy (zn + A Vi) (2n) — xn)) , n>0,
where [n] := n(mod p) with the mod function taking values in {1,...,p}, and
Vi=I+0A*(T —1)A with o € (0,1/p(A*A)) and X € (0,2).

To generalize the (MSCFPP) to a general type of operators, Moudafi [10]
proposed an algorithm for solving the two-sets of (SCFPP) (1.2) for the quasi-
nonexpansive operators in Hilbert spaces. The algorithm is summarized as
follows:

Algorithm 3. Let z¢p € Hy, and
(1.6) Tnt1 = (1 — ap)uy + @ U(uy), n >0,

where u,, = z, + YBA*(T — I)(Axz,), B € (0,1), a,, € (0,1) and v € (0, ﬁ)

with A being the spectral radius of the operator A*A, i.e., A = p(A*A).
Further, Moudafi [9] generalized the Algorithm 3 to solve the solution set of

the two-sets of (SCFPP) when the operators U and T are demicontractive.

Algorithm 4. Let zyp € H; be arbitrary, the sequence {z,} is defined by:
(1.7) Tnt1 = (1 — an)tn + @ U(uy), n >0,
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where up, = x, +yA* (T —I)Ax,, v € (0, 1—;H) with A being the spectral radius
of the operator A*A and {a,} C (0,1).

In [12], we extended the work of Moudafi [9] to the (MSCFPP) (1.1) and
introduced a cyclic iterative algorithm to solve it.

Algorithm 5. Let zg € H; be arbitrary, for n > 0, calculate
(18) Tn+1 = (1 - an)un + anUz(n) (un); n > 0;

where u,, = 2, +yA*(Tj(n)—1) Ay, i(n) = n(mod p)+1 and j(n) = n(mod r)+
1. v € (0, 1—;’i) with A being the spectral radius of the operator A*A and
{an} C (0,1).

Although the two-sets of (SCFPP) (1.2) is a special case of (MSCFPP) (1.1),
the algorithm (1.4) can not reduce to the algorithm (1.3). The advantage of the
cyclic iterative algorithm (1.5) and (1.8) is not only can solve the (MSCFPP),
but also can reduce to the corresponding algorithms which are used to solve
the two-sets of (SCFPP).

Inspired and motivated by the above works, we propose two iteration schemes
which can be applied directly to (MSCFPP) (1.1).

1. Simultaneous iteration schemes
For any xy € Hi, define the following iterative sequences

Yjm = Tn + YA (L} — Az, j=1,2,...,7.

(1.9) Un = anyj,n-
j=1
Zim = (1 — an)un + anUi(uy), i =1,2,...,p.
The update sequence {x,} is defined by

P
(1.10) Tpt1 = Zwiziﬁn, n >0,
i=1

where the constant v > 0, {a,} C (0,1), and {n;}j_; C (0,1) and {w;}}_; C
(0,1) with 377, m; = 1 and 7, w; = 1. The equivalent form of the parallel
iterative sequence can be represented by

p T
(L11) zpy1 = (1 — an)un + ay ZwiUi Ty + A" an(Tj —I)(Axy,)

i=1 j=1
The simultaneous algorithmic structures favor parallel computing platforms. It
also called the parallel iteration method.

2. Cyclic iteration schemes
For any z¢ € Hy, the iterative sequence {z,} is defined by

(1.12) Tpy1 = (1 = an)un + anUpy (ug), n >0,
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where u,, is given as (1.9), and [n] = n(mod p) + 1, the mod function takes
value in {1,2,...,p}, the constant v > 0, {a,,} C (0,1), and {n;}j_; C (0,1)

with Z;:l ny = 1.
Under mild assumptions on the iterative parameters, we prove both the
algorithms converge weakly to a solution of the (MSCFPP) (1.1).

2. Preliminaries

In this section, we collect some important definitions and prove some useful
lemmas which will be used in the following section. We introduce the following
notations. € denotes the solution set of (MSCFPP) (1.1). wy(z,) = {z :
Jz,, — x} denotes the weak w-limit set of {z,}. The symbol — for weak
convergence and — for strong convergence, respectively.

Definition 2.1. Assume that T : H — H is an operator with Fiz(T) # 0,
(i) T is said to be nonexpansive, if

[Tz — Ty|| < |lz -yl forallz,y € H.
(ii) T is said to be quasi-nonexpansive, if
Tz —q| < ||z —q| forallze H, q€ Fiz(T).
(iii) T is said to be strictly pseudocontractive, if
1T = Tyl> < o — gl + k(I — T) — (I — Ty
for all z,y € H, and some k € (0,1).

It is easily observed that if T' is nonexpansive with nonempty F'iz:(T), then
T is quasi-nonexpansive.

Definition 2.2 ([9]). An operator T : H — H is called k-demicontractive, if
there exists a constant k € (0, 1) such that

1T~ qll* < lla = qll* + kllz — T||?
for all x € H and q € Fix(T).

If T is strictly pseudocontractive with Fiz(T) # 0, then T is k-demicontrac-
tive. The next lemma shows two equivalent definition of demicontractive op-
erator.

Lemma 2.1 ([12]). Let T : H — H be k-demicontractive operator such that
Fiz(T) # (0. Then it is equivalent to the following inequalities:
(i) (x— T,z —q) > S|z — T|?, q€ Fiz(T), z € H;
(i) (z —Tx,q—Tx) < BE|2 - Tz||?, q € Fiz(T), z € H.
The demiclosedness of the mapping 7" is important to deal with the conver-
gence of fixed point algorithm.

Definition 2.3. I—T is called demiclosed at zero, if for any sequence {z,,} C H
and x € H, we have z, — z and x,, — Tz, — 0, then z € Fix(T).
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We recall the definition of directed operator which properties can be found
in [8] and [2].
Definition 2.4 ([8]). T is a directed operator, if
(q—Tx,x—Tx) <0
for all x € H and q € Fix(T).

The directed operator is also included by the demicontractive operator. We
shall use the notion of Fejér-monotone sequences in the following.

Definition 2.5. Let C' be a nonempty closed convex subset of H and {x,} is
a sequence in H. The sequence {z,} is called Fejér-monotone with respect to
C,if

lznsr — 2| <||lzn— 2], n>0, z€C.

The next lemma can be found in the Chapter 2 of [3].

Lemma 2.2. Let H be a Hilbert space with inner product (-,-) and norm || - ||,
respectively. Then

() [l +ylI* = ll]* +2(z, y) + [ly]*.
(ii) oz + (1 —a)yl* =alz|?+ 1 -a)llyll* —al - o)z —y|?, Yo,y € H
and Ya € [0,1].

n 2 n n
(i) 11527 Al = 3200 Millaall? = 5 3000 Aidgllee — 25012, n > 2,
where \; € [0,1], for alli=1,2,...,n with >, \; = 1.
To facilitate our proof, we will make use of the following lemmas.

Lemma 2.3 ([9]). Let T be a k-demicontractive self mapping on H with
Fiz(T) # 0 and set T, := (1 — a)I + T for a € (0,1]. Then, T, is quasi-
nonezpansive provided that o € [0,1 — k] and || Toz — q||* < ||z — ¢||* — (1 —
k—a)|Tz —z||?, x € H, q € Fiz(T).

Lemma 2.4 ([1]). If a sequence {x,,} is Féjer-monotone respect to a closed
subset of C, then x, — x* € C if and only if wy(x,) C C.
3. Main results

Let {U;}Y_, and {T;};—; be a finite family of demicontractive mappings.
Then there exists {8;}{_; C (0,1) and {y;}_; C (0,1), such that

Uiz — ql|? < ||z — ql|* + Billz — Uiz||?, = € H, q € Fiz(U;), i =1,2,...,p,
and

| Tz — pl|? < ||z — pl|* + pjllz — Tyz||?, » € H, p € Fix(T}), j=1,2,...,r
Let 8 = maxi<;<p{B:i}, 1 = maxi<j<,{p;}. Then we have

Uiz —q||* < ||z —q||*+B||lx—Usz|? for all z € H, q € Fiz(U;), i =1,2,...,p,
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and
|Tjz—p||* < |z—p|*+ul|lz—Tjz||* for all z € H, p € Fiz(T}), j =1,2,...,7.
First, we prove the following lemma.

Lemma 3.1. Let A : Hy — Hy be a bounded linear operator. Assume that
{UiY;—, + Hi — Hi be Bi-demicontractive and {T;}_, : Hy — Ha be ;-
demicontractive mappings. If the solution set Q of (1.1) is nonempty, then the
iterative sequence {x,} generated by (1.10) is the Fejér-monotone, i.e., for any
x €,
lnss — all < lan —all, Vo >0,

provided that v € (0, :52] and o, € (0,1 — f3], where X is the spectral radius of
the operator A*A.

Proof. Let x belongs to the solution set 2. By Lemma 2.3, for any ¢ =
1,2,...,p, we obtain

31 lzin — 2l < flun = 2)* = an(1 = B — @) |Ui(un) — un*.
On the other hand, for any j =1,2,...,r, we have
190 — @l|* = |0 + A (1) — 1) Azn — 2|
= |l — z]|* ++?| A*(T; — 1) Awn|®
+ 2v(x, — x, A" (T; — I)Axy,)
(32) < Nl — @l + M2 (T — D (Az) P+ 2y(@n — 2, A*(T; — 1) Azn).
For the last term of the above inequality, by Lemma 2.1(ii), we have
29(xn —x, A" (T; — I)Ax,,)
= 2v(A(zn — ), (T} — I)(Azy))
= 29(A(zn — 2) + (T — I)(Azn) — (T — I)(Azn), (T; — I)(Azn))

144
< 27 (LEEI(@; - DAl = 13 — DAz
(33) =1 = pll(Ty - I)(Azn)|*.
Substituting (3.3) into (3.2), we get
(B4 Mygn =2 < llon =2l =71 = g = )T = I)(Azn)|*.
It follows from Lemma 2.2, u, = >_7_, 1;y;,» and (3.4), we obtain

2 2

T T
lun = 2l® = > n5yi0 — 2| =D 03 Win — @)
j=1 j=1

T
< nillyjn —=)?
j=1
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(3-5) <l —2)* = 9(1 = p = M) Zmll I)(Azn)|.

Finally, we prove the Fejér-monotone of the sequence {x, }. In fact, by Lemma
2, (3.1) and (3.5), we obtain

2

s — ol = || S wizin — o

p 2

§ Zzn*

=1
p

Z illzin 55H2

P
< un = 2)* = an(l = 8 — an) ZwiHUi(un) — Uy ?

i=1
P
<l — 2l = an(1 = B - an)Zwi”Ui(un> — |
i=1
Y1 = p—Xy) Zmu I)(Azy)|.

Since v € (0, 55£] and a, € (0,1 — 3], so the sequence {z,,} is Fejér-monotone.
This completes the proof. (I

Now, we prove the convergence of the simultaneous iteration scheme.

Theorem 3.1. Let A : Hy — Hj be a bounded linear operator. Let {U;}Y_; :

H, — H; be B;-demicontractive and {Tj}§:1 : Hy — Hoy be pj;-demicontractive

mapping. Assume that {I —U;},_, and {I —T;}’_, are demiclosed at zero. If

the solution set  of (1.1) is nonempty, then the sequence {x,} generated by

(1.10) converges weakly to a solution of the 2, provided that ~ € (0, I—K’i) and
€ (0,1 —p3—20) for a small § > 0.

Proof. From the last inequality of Lemma 3.1, and the requirement of the
parameters v and «,, in Theorem 3.1, we conclude that

o P
SN willUi(un) — un® < 400 forany i=1,2,....p
n=0i=1
and
Z n; (T — I)(Azy,)||* < 400 for any j = 1,2,.

n=0 j=1
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Therefore,

(3.5 Jim V() =] = 0
for any i =1,2,...,p and

(37) i (T~ D(Az,)] =0

forany j=1,2,...,r.

It follows from the Fejér-monotonicity of the sequence {z,, } that the sequence
{z,} is bounded and w,(z,) is nonempty. Let z* € wy(x,). Then there
exists a subsequence {x,, } of {z,} such that z,,, — z*. By the demiclosed of
{I —T;};_, at 0 and (3.7), we obtain

(T; —I)(Az") =0for any j =1,2...,7,
ie.,

Az* € () Fia(T)).
j=1
Since y;n = xn + YA*(T; — I)(Ax,,), it follows that y;,, — =* and u,, =
> i=1M¥Yjme — x*. Notice that the (3.6), and {I — U;}}_, are demiclosed at
0, therefore, U;(z*) = z* for all i = 1,2,...,p, ie., z* € (_, Fiz(U;). So
x* € Q. Therefore, by the Fejér monotonicity of {x,} with respect to Q, we
can apply Lemma 2.4 to conclude that {x,} converges weakly to a solution of
Q. This completes the proof. (]

We have proven the weak convergence of the parallel iterative method. Now,
we are ready to prove the convergence of cyclic iterative sequence defined in
(1.12) to the problem (1.1). Similarly, we need the following lemma to facilitate
the main convergence theorem.

Lemma 3.2. Let A : Hy — Hy be a bounded linear operator. Assume that
{U}_, « Hi — H; be B;-demicontractive and {Tj}§:1 : Hy — Hy be ;-
demicontractive mappings. If the solution set Q of (1.1) is nonempty, then the
iterative sequence {x,} generated by (1.12) is the Fejér-monotone, i.e., for any
z €,

[Zn1 — 2| < [z —zll, ¥R =0,

provided that v € (0, 1—;H] and o, € (0,1 — B], where X is the spectral radius of
the operator A*A.

Proof. The proof is similar to the Lemma 3.1, we give the highlight for simple.
Let z € , since the definition of {u,} in the cyclic iterative method (1.12) is
the same as in the parallel iterative method (1.10), by (3.5), we have

lun = 2|* < Nz — 2l* =71 = = Xy) D (L5 — I)(Az)|*.
j=1
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Therefore, we obtain

||£Cn+1 - 55H2 < H“n - 55H2 - O‘n(l - 6 - an)HU[n](un) - “n||2

< Hxn - 55H2 - O‘n(l —pP —0Qn HU[n](un) - “nH2
(3.8) V(L= —=My) Zmu I)(Az,)|.

It follows from the restriction on the parameters of v and «, that {x,} is
Fejér-monotone sequence. This completes the proof. (I

Theorem 3.2. Let A: Hy — Hy be a bounded linear operator. Let {U;}}_; :
H, — H; be B;-demicontractive and {Tj}§:1 : Hy — Hsy be pj;-demicontractive
mappings. Assume that {I — U;};_, and {I — T;};_, are demiclosed at zero,
and {U;}Y_, are continuous. If the solution set Q of (1.1) is nonempty, then
the sequence {x,} generated by (1.12) converges weakly to a solution of the Q,
provided that v € (0, 1—;H) and o, € (6,1 — B —9) for a small 6 > 0.

Proof. From the inequality (3.8), and the fact that a,, € (6,1 — 8 — §) and
€ (0, 52), we have

D U () = unl® < +oo,

and
ZZ%H — I)(Az,)|* < +oo.
n=0 j=1
Therefore,
(3.9) nl;m Uy (un) — unll = 0,
and
(3.10) lim |[(T; — I)(Azy)|| =0 forany j =1,2,...,7.
n— o0

Since the sequence {x,,} is Fejér-monotone, so it is bounded. Let x* € w,,(x,).
Take a subsequence {zy, } of {z,} such that x,, — z*. By the demiclosedness
of {1 —Tj;}}_; and the fact (3.10), we get

(T; —I)(Az*) =0 for any j =1,2,..

"r’

then

Az* € (1 Fiz(T)).

j=1
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Next, we show that z* € (\}_, Fiz(U;). In fact, from the definition of {z,}
and Lemma 2.2, we have

2

[Zn41 — zal* = o (Upn) (un) — un) + 'YZWA*(TJ' —I)(Azy)
j=1

< 203 | Upy(un) = unl* +29% |3 0y A7) — I)(Azn)

Jj=1

< 20 | Upj (un) = un > + 2% D mp ATy — I)( Az )|,

j=1
It follows from the (3.9) and (3.10) that

nh—>II<>10 [Zn41 — znll = 0.
Therefore,

lunt1 — un||2
2

T
an (Yi,n+1 = Yjn)
j=1

< njllyinss = ginl?
=1

= 0y l|Tngr — w0+ VAT — D)(Azpr) — yA*(T) — I)(Azy) ||
j=1

< 201 — znl® +29° Y| ATy — D(Azpyr — Azy)|

j=1

< 2l|zngr — xn||2 + 29 an)‘ll(Tj —I)(Azps1 — Awn)”Q
=1
— 0 as n — oo.

Then, for any i = 1,2,...,p, |[tunti — un|| = 0 as n — oo, and

un = Upnga) (un)ll < llun = tngill + unts = Upngei (unaa) |
+ Ui (Un+i) = Upnegg (un) I,

From (3.9) and the continuity of {U;},_;, we have

lim |, — Uln+i (un)|| = 0.

n—oo
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It is now clear that for each k € {1,2,...,p}, there exists i € {1,2,...,p} such
that k = (n +4)(mod p) + 1, then

nlggo lwn — Urunl| = nlggo llwn — U[n—i—i] (un)|| = 0.

Since I — Uy, is demiclosedness at zero and * € wy(uy), so z* € (_; Fiz(U;).
Then the weak convergence of the iterative sequence {z,} can be obtained by
Lemma 2.4. This completes the proof. (I

Remark 3.1. The simultaneous (parallel) iteration method and cyclic iteration
method are two common ways to solve the convex feasibility problem. Although
the parallel iteration scheme (1.4) can not be reduced to (1.3), the simultaneous
iteration scheme (1.10) for the multiple split common fixed point problem which
can be reduced to the original iteration scheme (1.7) by letting p = r = 1. We
also propose a new cyclic iteration scheme (1.12) which is different from (1.8).
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