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ASYMPTOTIC PROPERTIES OF
THE HYPERBOLIC METRIC ON THE SPHERE
WITH THREE CONICAL SINGULARITIES

TANRAN ZHANG

ABSTRACT. The explicit formula for the hyperbolic metric Ay, g, 4 (2)|dz]
on the thrice-punctured sphere P\{0, 1, co} with singularities of order
0<a,B<l,y<1l,a+B+v>2at0,1, co was given by Kraus, Roth
and Sugawa in [9]. In this article we investigate the asymptotic properties
of the higher order derivatives of Ay, g, ,(2) near the origin and give more
precise descriptions for the asymptotic behavior of Ay, g, (2)-

1. Introduction

The hyperbolic metric, also called the Poincaré metric, plays an important
role in geometric function theory. Suppose that X is a hyperbolic Riemann
surface. A smooth conformal metric A(z)|dz| on X is the hyperbolic metric if
and only if it is complete and its Gaussian curvature k) = (Alog\)/A\? is a
negative constant (see [5, Theorem 5.9], and [14]). In this article we normalize
the curvature to be —4 for the hyperbolic metric. In particular, if X is compact,
the hyperbolic metric on X is characterized only by xy = —4. What happens
if A(z)|dz| admits finitely many singularities on a compact Riemann surface
X? Due to Nitsche [11], if the conformal metric A(z)|dz| of the curvature —4
on X has an isolated singularity at a point py with z(pg) = 2 for the local
coordinate z, the limit

. SUP|,_ =, log A(z)
a = lim

r—0 —logr
exists and o < 1 (see also [7]). Thus the following problem for the existence
and uniqueness comes up: Does there exist a complete conformal metric of
constant curvature —4 on the compact Riemann surface X, with the prescribed
singularities p; € X of order «;, j = 1,2, ..., and is it unique if it exists? Heins
[4] proved that, for X of genus g and singularities p1,...,py € X of orders
ai,...,an, such a metric exists if and only if 29 — 2 + Zjvzl a; > 0, and it
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is unique if it exists. This metric is called the generalized hyperbolic metric.
As a spacial case of Heins’ result, Picard [12] gave a result for X of genus
0. Troyanov [13] discussed conditions under which a function on a Riemann
surface is the Gaussian curvature of some conformal metric with a prescribed
set of singularities of conical type.

Generally, an explicit formula for the hyperbolic metric on a hyperbolic
plane domain is hard to find and by now it is known explicitly only for a few
cases. Nitsche [11] studied the asymptotic behavior of the hyperbolic metric
near an isolated singularity. Kraus and Roth [7] extended Nitsche’s work to a
conformal metric \(z)|dz| with negative, Holder continuous curvature function
k(z) near the singularity. They estimated the first and second order derivatives
of log A(z) near the origin. The author [16] further complemented their results
by giving the estimates for higher order derivatives. It is important to ver-
ify the sharpness of the estimates, and furthermore, to consider more precise
information for the asymptotic properties of log A(z). Thus we investigate a
special conformal metric. According to Picard’s result [12], the maximal hy-
perbolic plane domain is the thrice-punctured Riemann sphere @\{zl, za, 23}
Therefore the generalized hyperbolic metric on C\{z1, 22, 23} has its own sig-
nificance since it helps to determine the precise asymptotic properties near a
singularity. In the (normalized) thrice-punctured Riemann sphere C\{0, 1, oo}
with singularities of orders «, 3, v at 0, 1, oo, respectively, where 0 < «, 5 < 1,
v <1, a+ p+v > 2, Kraus, Roth, and Sugawa [9] gave an explicit formula
for the hyperbolic metric Ay, g,~(2)|dz| in terms of some special functions. In
this article, we will examine sharpness of the estimates given in [7] and [16], by
using the generalized hyperbolic metric Aq, g, +(2)|dz| near the origin. We will
further show that certain limits exist, which is stronger than order estimates
(see Theorems 3.4 and 4.1).

In 1997, Minda [10] studied the behavior of the hyperbolic metric in a neigh-
borhood of a puncture on the plane domain using the uniformisation theorem
for up to second order derivatives. His results can be extended to higher order
derivatives of a conformal metric with negative curvature on an arbitrary hy-
perbolic region (see [16]). However, if the order o < 1, this kind of limit [ may
depend not only on «, but also on the shape of the domain, or the properties
of the curvature function. In this article, we will observe it by examining the
case of the generalized hyperbolic metric A, g, +(2).

2. Preliminaries

For complex numbers a, b, ¢ with ¢ # 0, —1, —2, ..., the Gaussian hyperge-
ometric function is defined as

— (a)n(b)n 2"
AL |z| < 1,

F(a,b,c;2) = Z o

n=0
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where (a),, is the Pochhammer symbol, namely, (a)o = 1 and (a), = a(a +
1)---(a+n—1)forn=1, 2, 3,.... It is continued analytically to the slit plane
C\[1,+00). Tts derivative is given by

d b
(2.1) d—F(a,b,c;z):a—F(a+1,b+ 1,c+1;2).
z c
We can immediately obtain
d" n(0)n
(2.2) ﬁF(a,b, ¢ z) = %F(aJrn,bJrn,chn;z).
We have

(2.3)  Fla,b,c;2)
= —F(C)F(c_a_b)F(a ba+b—c+1;1—2)
CI'(c—a)(c—=b) 7 '
Te)T(a+b—c)
['(a)T'(b)
for |arg(1l—z)| < 7, where I'(z) is Gamma function (see [1, 15.3.6]). Each term
of (2.3) has a singularity at z =1 whenc=a+b+n,n=0, 1, 2, ..., and this
case is covered by

(2.4) F(a,b,a+b+n;z)

+(1—z)a? Flc—a,c—bc—a—b+1;1—2)

_T(a+b+n) =~ (a);(b); (1—2)
T(a+n)(b+n) < ji(1—n);

=
- Ila+b+n)

rar V" 2 (1 - g1 —2)

J1(G+n)!
j=0
7\Il(j+1>7\Il(j+n+1)+\p(a+j+n)+\ll(b+j+n)]

for |arg(l — 2)] < 7, |1 — 2| < 1, where ¥U(z) = I'(z)/T(z) is the digamma
function (see [1, 15.3.11]). We take the convention that Z?:a =01if b < a here
and after. The behavior of the hypergeometric function near z = 1 satisfies

Fla,b,c;1) = el ifa+b <,

(2.5) Fla,ba+b:2) = gl (1og L+ R(a, b)) 1+ 0(1 - 2)),
F(a,b,c;2)=(1—2)"*F(c—a,c—b,c;2), ifa+b>c,
where
['(a)l'(b)
2. B — A
2.5 (0.0) = 10

is Beta function and

(2.7) R(a,b) = 20(1) — (a) — T(b).
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The asymptotic formula in (2.5) for the case a + b = ¢ is due to Ramanujan
(see [1, 2]).

In the domain ©Q C C, every continuous function A : Q — (0, +00) induces
a conformal metric, denoted by A(z)|dz|, on Q (see [4, 8]). We call A(z) the
density function of the metric A\(z)|dz|. Suppose that  is a hyperbolic plane
domain. For a point p € Q, let z be local coordinates such that z(p) = 0. We
say a conformal metric A(z)|dz| on the punctured domain Q* := Q\{p} has a
conical singularity of order a@ < 1 at the point p, if, in local coordinates z,

| —alog|z| + v(2) if a<l,
(2.8)  logA(2) = { —log|z| —loglog(1/|z]) + w(z) if a=1,

where v(z),w(z) = O(1) as z(p) — 0 with O and o being the Landau symbols
in this article. For u(z) := log A(z), the order a of A(z)|dz| at the conical
singularity p is again the order of u(z) at the conical singularity logp. We call
the point p a corner of order « if & < 1 and a cusp if a = 1. It is evident that
the cusp is the limit case of a corner.

A conformal metric A(z)|dz| on a domain  C C is regular, if its density
A(z) is positive and twice continuously differentiable on G, i.e., A\(z) € C?(G).
The Gaussian curvature k) (z) of a regular conformal metric A(z)|dz| is defined
by

Alog \(2) 0? 0? .
K,)\(Z):*W, WhereA:@+a—y2, Z:$+Zy
A very basic property of Gaussian curvature is the conformal invariance (see

e.g. [5]).
The hyperbolic metric of the Gaussian curvature —4 on the unit disk D is
given by

dz
Ap(z)|dz| = 42| 5
1— 2|
The hyperbolic metric Ag(w)|dw| on a hyperbolic domain € is defined by
Ap(2)
A dw| = d
aw)du] = 25 dul.

where 7 : D — Q is the universal covering projection, 7(z) = w. The fol-
lowing result gives the explicit formula for the generalized hyperbolic metric
on @\{O, 1, co}. The terminology generalized hyperbolic metric is motivated
by the fact that if all singularities are cusps, then we get back the standard
hyperbolic metric on the punctured sphere C\{z1, ..., zn} (see [9]).

Theorem A ([10]). Let 0 < o, 8 < 1 and 0 < v < 1 satisfying o + 8 +
v > 2. Then the generalized hyperbolic density on the thrice-punctured sphere
C\{0, 1, oo} of orders «, B, v at 0, 1, oo, respectively, can be expressed by

Aayﬁ,'v(z)



ASYMPTOTIC PROPERTIES OF THE HYPERBOLIC METRIC 1489

1 Ks
L=z Kilen(R)P + Kalpa () + 2Re(p1(2)¢2(2))
B 1 (1 —a)

TP =2 e (2) = 2L — 2P 2 ps(2) 2

in the twice-punctured plane C\{0, 1}, where

I(c—a)l'(c—0)

(2.9)

(2.10)

Fa+1—-c)T'(b+1—c¢)

@) K= —pore oo T A oTer bt 1o
Ky e \/ sin(wa) sin(wb) Tla+b+1-0I(c)
sin(w(c — a)) sin(w(c — b)) ['(a)T'(b)
and

(pl(z) :F(aabac;z)a 902('2) :F(aabaa+b_c+1;1_z)a
p3(z) =Fla—c+1,b—c+1,2—¢;2),

with
(2.12) a:a+ﬂfv b:a+ﬂ+vf2 o
' 2 ’ 2 ’ ’
T(0) (TA—aPA-bl(a+1-Tb+1-c)\"?
@213) 0= Fn 5 ( (@) (b)T(c — a)T(c — b) > '

The Gaussian curvature of Aa, g,~(2) defined by (2.9) and (2.10) is —4. Note
that w1 and @3 are analytic in C\[1, +00), @2 is analytic in C\(—oo, 0].

We denote A(z) = Aq,g,-(2) briefly in the rest of this article. The following
theorem is due to Kraus, Roth and Sugawa [9]. They did not give the explicit
formula of (2.14), but it is easy to deduce it from (2.10).

Theorem B. Let 0 < a < 1. Then for the hyperbolic density A\(z) given in
(2.10), we have

)
e

where § is as in (2.13), a, b and ¢ are as in (2.12).

(2.14) lim |z|*A(z) =
z—0

3. Case 0< a<1

In this section we focus on the hyperbolic metric A(z)|dz| when 0 < o < 1.
We can consider the asymptotic behavior of A(z) only near the origin. By the
expression of A(z), we know that the singularity z = 1 is in the same situation
as the origin. As for the infinity, we can change the coordinates by a conformal
function, say, z — 1/z, to map oo to 0. So it is convenient to consider the case
near the origin. In expression (2.9), for orders 0 < o, 8 < 1 and 0 < v < 1, the
real parameters a, b, ¢ given by condition (2.12) satisfy

1 1
—§<a<1, —1<b<§,0<c<1.
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Denote 5 5
O =g U

for n > 1. At first we give a lemma for the future use.
Lemma 3.1. For A(z) as in (2.9) with order a € (0, 1), let
M(z) : = Kilp1(2)] + Kalpa(2)]* + 2Re (p1(2)p2(2))
(3.1) = (K191(2) + $2(2))¢1(2) + (K22(2) + ¢1(2))p2(2).
Then for a, b and c deﬁned in (2.12), Ky and Ks given by (2.11),
(i) lims_o OM (z) = (K - —) for 0 < a<1/2,
(if) OM(2) = 2ab (K1 — —) + 2KV (a,b,c)m +0 (|z|%) fora=1/2,
(i) lim, o 27 |2[20 =207 M (z) = D (@Ono1KaV(@bo) g > 9 4if 0 < o <

1—c
/2 andn>14f 1/2<a<],
(iv) lir% 2222720 M (2) = (—1)" () n_1(¢)m_1K2Y (a, b, ¢) form,
z—

n > 1, where

Remark. The relation (ii) can be expressed by OM (z) = O(1). Tt is easy to see
that there is no non-vanishing limit such as in (iii) for n = 1 and a = 1/2.

Proof of Lemma 3.1. Since ¢1(2), @2(z) are analytic in C\[1, +-00), C\(—o0, 0],
respectively, we have 971 (2) = 0" (¢1(2)) for z € C\[1, +00), and 0"y (2) =
0" (p2(z)) for z € C\(—o0, 0]. For the limit in (i), we have

OM (z) = (K191(2) + ¢2(2))0p1(2) + (K2p2(2) + ¢1(2))0p2(2).
From the property (2.2),

(3.3) o1 (0) = %b
By (2.5),
(3.4) @2(0):F(a,b,a-l—b—c—l—l;l):—KiQ, v1(0) =1,

provided that a +b < a+ b —c+ 1. Thus
(3.5) K101(0) + ¢2(0) = K1 — Ky~
Now we consider the term (Kapa(Z) + 1(2))Id¢2(z), which satisfies
lim (Kp2(2) + ¢1(2)) = 0.
Note that
pa(z) = Fla,b,a+b—c+1;1—z)
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_Tla+b—c+1)I'(1—¢) _
= F(b—c+1)F(a—c+I)F(a’b’c’z)

+217/Y(a,b,c)F(b—c+1,a—c+1,2—¢;2)

1
= — —1(2) + 27N Y(a,b,c0)Fb—c+1,a—c+ 1,2 —¢;2)
2

K

for |arg(z)| < w, which means ¢1(z) and @2(z) are related. Hence

_K2z1—c
(3.6) Kapa(z) 4+ p1(2) = 4 Y(a,b,c)F(b—c+1l,a—c+1,2—¢;2)

—c
and
. Kapa(2) +p1(2)  —Ks
(3.7) ilg% P =1 Y (a,b,c)
Near the origin, by (2.2), for n > 1,
(3.8)
" pa(z) = Ipa(2)
(@)n(0)n

=_—mn_ (_)"F b b—c+14+n;1—2).
(a+b_c+1)n( )"Fla+n,b+n,a+b—c+1+n;1-2)

By property (2.3), we have
Fla+nb+na+b—c+1+n;1—2)
_Tla+b—c+14+n)(1—-c—n)
F'b—c+1)I'(a—c+1)
1—eenla+b—c+14+n)'(c+n—1)
I'(a+n)I'(b+n)

for |arg(z)| < m. Then near the origin, substituting the expression above into
(3.8), we have

Fla+n,b+n,c+mn;z)

+z Fb—c+1l,a—c+1,2—c—mn;z)

(3.9)
9" pa(z)

_ (@)n(D)n (- )"F(a+b_c+1+n)r(1_C_n)F(a+nb+nc+n'z)
(a+b—c+1), F'b—c+1)I'(a—c+1) ’ ’ '
(=)™ I'a+b—c+1DI(c+n—1) )
g T@T0) Fb—c+1l,a—c+1,2—c—mn;2),

which leads to the limit
(3.10) 1imO 20y (2) = (=1)"()n_1VY (a, b, ).
z2—

Letting n =1 in (3.9) and combining with (3.6), we have
lim (K2p2(2) + ¢1(2))002(2) = 0
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if0<c:oz<%. Thus

iy 00 (2) = Iy (K1 2) + 2)0n(2) = 2 (11 - 1)

z—0 Z—> C

provided (3.3) and (3.5).

We note that (3.6) and (3.9) are still valid for n = 1, & = 1/2, and combining
with (3.3) and (3.4), the relation (ii) hold.

For the relation (iii), at first we have
(

(3.11) 0"M(z) = (K1p1(2) + ¥2(2))0"¢1(2) + (K2p2(2) + ¢1(2))0"p2(2).
From the property (2.2),
(3.12) 9"1(0) =

forn > 1. Since n > 2a— 2 for all n > 2 and 0 < o < 1, from (3.12) and
(3.5), we know that the limit in (iii) is only determined by the term (K2p2(Z)+
©1(2))0™p2(z). Combining with (3.11), (3.10) and (3.7), we have

lim 2"|2** 20" M (z)
z—0
= lim 2" [2[**7%(K2p2(2) + ¢1(2))0" 2 (2)
Kopa(2) + n(2) 2"

= lim Zl-a Sima 0 e (2)
K ~ _
= lim 2(‘02(1) +¢1(2) lim 2"t 10" g (2)
z2—0 zi—¢ z2—0
()" Y)n-1K2

= . Y(a,b,c)

as in the relation (iii).
For the relation (iv), if m > 1, n > 1, we have

o™O"M (z)
= (K10™p1(2) + 0™p2(2))0" p1(2) + (K20™p2(2) + 0™ 91(2))0" 2 (2)-
Since lim,_,o 2" T¢719"p1(2) = 0, we can obtain
;i_% M2 2?2 20™O" M ()

= lim ———K>0"2(2)0"p2(z)

: z" am = z" n
= lim Ky 30" pa(2) - 750" p2(2)
= (—1)m+"(c)m_1(c)n_lKQY(a,b, C)

as in the relation (iv). O

We denote u(z) := log A(z) in the rest of this article. There are also some
limits for u(z) when z is tending to the origin.
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Theorem 3.2. For u(z) defined as above, if the order o € (0, 1), form, n > 1
and Y (a,b,c) as in (3.2), we have B

(i) lim, 0 2"0™u(2) = S(=1)"(n — 1)! = lim_ o 2"0™u(z),

(11) 1imz—>0 Zmzn|z|2a—25manu(z) — (_1)n+m(C)nlgllg(cgrjilf(gy(avbac) .

Proof. We note that
u(z) = —alog|z| — Blog |1 — z| + log K3 — log M (z)
with M (z) as in (3.1). At first we consider 0™ log M (z). By (3.4),

1

2
Then M(0) > 0 for a, b, ¢ given by (2.12). When 0 < a < 1, from Lemma 3.1
we have

(3.14) lim 2*0" M (2) = 0

z—0
for £ > 1. Observe that 0™ log M (z) is the linear combination of products of
Ok M /M with k < n, then for n > 1, (3.14) leads to lim,_, 2"9" log M (z) = 0.
Since
(n—1)!
2(1—z)n’
the first equality in (i) holds.

The second equality of (i) is obtained if we note that u(z) is real-valued, and
then

(=D)""'(n—1)!

" log|l —z| = — 5
Zn

0" log |z| =

3

_ —  «
zlil%zau(z) zgrg)z@u(z) 2( )" (n—1)
~ Now we discuss the term om0 log M (2) to prove the relation (ii). Since
O™md"log M (z) is the linear combination of products of 'O* M /M with 0 <
t<m, 0<k<n, Lemma 3.1 implies that

N =
oti oki M(z2)
li -m_n 20—2
lim 27272 H M{(z)
Jj=2
where2 < N <m+n,1<t; <mand1l <k; <nforeveryindexj, 2 <j < N.
Thus

:O’

ii_r}x}) M2 227299 log M (2)
|20—2 0mo"M(z)
M(z)

U uea(@ne K3
KiKy -1

Note that ™" log |1 — z| = 0, 9™ 0" log |z| = 0, therefore (ii) holds. O

= lim z™2"|z
z—0

(a,b,c).
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Remark. The relation (i) of Theorem 3.2 is a specific version of (i) in Theorem
4.1 [16], and here we proved it in a different way. However, the relation (ii) of
Theorem 3.2 is stronger than (ii) of Theorem 4.1 in [16].

For the hyperbolic metric, the following result corresponding to Theorem
1.2 in [16] holds.

Theorem 3.3. Form,n >0, 0 < a <1 and \(z) as in (2.9), the limit

1 _
lm,n = lim |z|*Z™2"0™ 0" \(z)
’ m!n! z—0
erists, and
lm,n - <§> <§>ZO,05
n m
where

(7‘) Tt =1)-(r—j+1)
J J!
is the binomial coefficient.

Proof. By Theorem B,

(3.15) lo,0 = lim [2[°A(z) = ﬁa —a).
Since

(3.16) O (z) = A(z) Ou(z)

we have o

— —1 . .
TN =Y (" , >8"_Ju(z) IN(2)
=0~ 7
by induction, where 9°\(z) = d°A(z) = A(z). Then

n! z—0 .

n—1
1 -1 . . o
lo,n = — lim (n , )z”_JG”_Ju(z) 2|27 9T \(2).
J
Jj=0

From (i) of Theorem 3.2, lim,_,¢ 2" 70" Ju(z) exists, then ly ,, exists. When
m=0,n=1, (3.15) and (3.16) lead to
_Y

loq = lim |2]%20A(2) = lim |2|*A(z) - z0u(z) = 0,05
’ 2—0 2—0 27

which is a real number, hence I3 o = lp.; = lo,1. Note that
_ n—1 n—1\_ ) o
(3.17) "\z) =" < ; )8”]u(z) I \(z),
3=0

then by induction
(3.18) ln,0 = lo,n-
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From (ii) in Theorem 3.2, we know lim,_,q 229 0"u(z) = 0. This means
that we can write l,,, ,, as a sum of the terms not containing any mixed deriva-
tives of u(z),

n—1
1 n—1 . ) L
_ : n—jgn—j azm,jamgj
(3.19) l,n = o ;%2) ( i >z " u(z) 2|72 2T 0T A(z).
]:
y (3.19) and (i) of Theorem 3.2, we have
- -1 o N
Z (0= DY nmignin(z) - 2|50 570 A(2)
— aom'n' I(n—1—j)!
182 1 1 N e
:—Z—lihmz J9"Iu(2) - lim |2|*2™27 0™ \(2)
n]:Om‘](n—l—])'z%O 2—0
R S Vi U |2 I A )—KS(—U"‘JJ
_n‘ 72 m']'zlj)%z z Oz z _27’1, m,j
j=0 Jj=1
Thus
a2 a
n lm n — 5 ( 1)n7]lm i _lm n—1— 7(7’1,7 1)lm n—1 Elm n—1
7=0
Combining with (3.18), we have
_a 1 _a
lm,n = 27”—’_1771,7171 == ( 2)lm,O
n n

:*%zm: —3 *%z.
()= (CE) (o -

When the order « € (0,1), the sharpness of Theorem 1.1 [16] can be verified
by the following result.

Theorem 3.4. For A given by (2.9) with the order a € (0, 1) and Y (a,b,c)
given by (3.2), near the origin, the remainder function v(z) satisfies
(i) lim, 0 Ov(2) = 2 for 0 <a <1/2,

(ii) Ov(z) = 2ab + HféT(:blc) +0 (| |2 ) near the origin for a =1/2,

n—1
(iii) lim._,0 2"|2[2*~20"0(z) = ( e E;’g;(lﬁ 02 forn > 2if 0<a<
1/2andn>14f 1/2<a<1,
— n+m . 2
(iv) lim,_ 22" 2|20~ 20mmy(2) = 1 ’ (C)"j;;%zﬁiley(a’b’c) form, n
> 1.

Proof. Since v(z) = —flog|1 — z| 4+ log K5 — log M (z) and
—(n-1)!

3”10g|1—z| W,
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we can consider 9" log M (z) only. From the proof of Theorem 3.2, we know
that the limits lim,_,o Ov(z) and lim,_,q 2"|2|>**~20"v(z), n > 2, both depend
on the term "M (z). By Lemma 3.1 and (3.13),

) . OM(z)
lim Ov(z) = lim 725"
0" M(z)
: n 2a—2an 1 n 2a—2
i 1) = b2

Thus we obtain the four cases above corresponding to ones in Lemma 3.1. O

4. Casea =1

When a = 1, the formula for A1 g ,(z) is to be understood in the limit sense
lima—1- A, 8,v(2). Moreover, when a = 1 we have

<p1(z)=F(a,b,1;z), (pg(z)ZF(a,b,a—i—b;l—z),

S 1 1
a=-p F=0 Ka=gry =5
where
(1) _ 7rs.in(7r(a'+b))7
sina sin b
and then
11 Ks

12 M) = L T P R OR T 21000 + o1 (Do)

Let M(z) := Ki1|p1(2)]? + ¢1(2)9p2(2) + ¢1(2)p2(2). Then near the origin, the
remainder function is

(4.3) w(z) = —Blog|l — z| + log K3 — log M (z) + loglog(1/|z]).

The assumption of Theorem A and (2.12) show that a and b satisfy
0<a<l, 0<b<1/2, 0<a+b<]l.

The function

(4.4) 2R — S5 =4T(1) — 2¥(a) — 29 (b) — wcot ma — wcot b

is of special interest where R := R(a,b) is as in (2.7) and S is given by (4.1).
Let G(z) :=2(¥(1) — ¥(z)) — w cot mx. For Gamma function I'(z), 0 < z < 1,
we have I'(x)['(1 — z) = n/sinwz. Taking the logarithmic derivatives of both
sides leads to

T
— = —mcotmx.
1—=x

Thus
(4.5) G(z) =290(1) — ¥(z) — ¥(1 — x),
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which means G(z) = G(1 —z). If 0 < = < 1, the fact that the digamma
function ®(z) is negative and decreasing implies that G(x) > 0. Since 2R—S =
G(a) + G(b), 2R — S > 0 for all a, b given by (2.12).

For A1 g,~(%) asin (4.2), we can obtain the precise estimate for higher order
derivatives of w(z) near the origin.
Theorem 4.1. Suppose that A(z) is given by (4.2) with « = 1, 8 and v sat-
isfying the condition in Theorem A, and w(z) is the remainder function as in
(4.3). Then for m, n > 1, we have

(1) im0 2" log? (1/|2])0"w(z) = SH=2= (G (a) + G (D)),

m+n—1

(i) lim 0 272" log® (1/|2])0™ 9" w(z) = SH———G=tHm=ih (Ga)+GO))

where the function G is defined by (4.5) and a, b are gwen by (2.12).

For the proof of Theorem 4.2, we need the following lemma.

Lemma 4.2. Form > 1, n > 1, we have

An B, 1
0" loglog(1/|z|) = + +O< )’
glog(1/|z]) znlog(1/]2]) " znlog?(1/|z]) 2" log®(1/|2])
_ Cm Dm 1
9mo" loglog(1/|z]) = + +0( )
oglog(1/]z]) Zm o 10g2(1/|2|) Fmn 1Og3(1/|2|) zmanlog(1/]2])
where
_1)n
(4.6) A=t 2) (n— 1)L
_(=p e
(47) Bu="—p— (=115,
j=1
( 1)m+n71

(4.8) Cm = (m=1ln -1},

—1)m+n nt 1 e 1
@) Du= ey [ Y

4 J J
j=1 J=1

Proof. By induction we know that

9" loglog(1/|z|)

=2 g (17 o )
00" loglog(1/]2]) = >

R 1og]Jr1 (1/]z])

with constants CJ(") and C](m’n), 1<j<m,1<j<n. Asfor the pure
derivative 0™ loglog(1/|z|), set A, := C{n) and B, := C’("), hence
An oY

+ +
z™log(1/]z]) z”log 1/|z ]z:znlog (1/]z])

9" loglog(1/z]) =
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then the following recurrent relations hold,

1 1
.A1 :*5, Bl :0; An :7(7171)“47171; Bn :*(nfl)Bn*1+§‘A"*1'

Thus we obtain (4.6) and (4.7). For the mixed derivative case, we fix n and set
Cpp :=C\™™ Dy, :=C{™™. Then by induction we have

1
Ci = §An7 Dy = Bny Cm = *(mi 1)Cm717 Dy, = 7(m - 1)Dm*1 +Cm-1.
Therefore (4.8) and (4.9) hold. O
Proof of Theorem 4.1. For the remainder function w(z) given by (4.3), we dis-

cuss anMAé()Z), n > 1 at first. Note that
n b n
o1z = D i 1),
: n b n

O"a(2) = (1)niz)+7(b)>nF(a+n,b+n,a+b+n;1z),

then
a)n(b)p

(4.10) "1 (0) = %

" == F( b+n;1—2).
p2(2) (@tb), =n (b,a,a +b+n; 2)
Property (2.4) shows that
Ta+b+n)'(n)
F b+n;1—2)= O(]z|1
(bya,atb+mil=2)= 5o SFh ) OUlloslZ)

near the origin. Thus
n (=" (@)n(b)n (T(a+b+n)'(n)
Ppa(2) = 2" (a+b), (F(a +n)L'(b+n)
_ =DM -1 <1Og|2|>
(4.11) =——=+0 .

Bzn |Z|"_1

n 0(|z|1og|z|>>

By (2.5) we know

(4.12) oa(2) = % <1og% + R> (1+0(2)).
From (4.10), (4.11) and (4.12), we obtain

"M (z) = (K191(2) + ¢2(2))0"p1(2) + 1(2)0"p2(2)
~(a)n(b)n 1og1 N (—=1)?(n —1)! Lo (log |z|)

~ Bn! z Bz» |z|n—1

and

M(z) = K1p1(2)p1(2) + 92(2)p1(2) + 01(2)p2(2)
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21og(1/|z|) 2R— S
- B (”2log<1/|z|>+0('z'))

near the origin. Then
o"M(z) . B B 2R— S B
e =T gt (1 sy + )
_ D=1 (=1)"(n = 1)YG(a) + G(b)) 1
(4.13) ~ 2znlog(1/]2]) 4z7log?(1/)2)) +0 (|z|"1) ’
If we note that

IMO"M(2) = (K10™p1(2) + 0™p2(2))0"p1(2) + 0™ p1(2)0™ pa(2)
_ ED"m = D (@) (B)n | (=)™ = D (@) (B)m

Bzm n! Bzm m!

1 1
o loslel Y, o (logll)
|Z|m71 |Z|n71

the same technique leads to

omo"M(z) 1
(4.14) M(z) =0 (|Z|Tlog(1/|z|)) ’

where 7 = max{m, n} < m+ n.

Now we consider derivatives of w(z). In the pure derivative case,

Bn—1)!

(4.15)  9"w(z) = =2

— 0" log M (z) + 0" loglog(1/|z]).

Note that 9™ log M (z) is the linear combination of finitely many terms in the
form

@10 175

for 1 < N<nandz _;nj =n. When N =1, term (4.16) is equal to M(Z()).
By induction we know the coefficient of Aé(z) in 0"log M(z) is always 1.

Note that the term contains z~"log™'(1/|z|) in 9" log M (z) only appears in
0" M (z)/M(z), and then (4.6), (4.13), (4.15) show that this term is canceled
in 9"w(z). Now we look at the term which contains 2" log™*(1/|z|) in (4.15),
o™ M(2)
M(z)

while the higher power terms in are ignored for a moment. For (4.16),

estimate (4.13) shows that

SoniM(z) 1 S al .
]1;[1 M(z) O(z"logN(1/|z|)) ! jz:; g
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therefore, to generate the z~"log™2(1/|z|) term, N is at most 2, thus the
27" log™? |z| term of & log M (z) only appears in

Mo M
J M=

For every 1 < j <n —1, letting n = 1 in (4.13), we have
PIMO"IM M O"IM

"M 1%
M 2

HM\

(4.17) 7Ry ek y:
:(1) G=Dln—j -1 0 1
427 log? || - (|Z|” 10g3(1/|z|))-

Let k, be the coefficient of z~"log™?|z| in > ( )(0IMO™~IM/M?). Then
(4.17) leads to
”i n nGj—1)l(n—j—1) 7(4)”(%1)!"2 n
4 4 j(n =)

1 J j=1

_ )M DM
(4.18) Z( n]) = 5 = 2B,

= =1

where B, is given by (4.7). From (4.7) and (4.18), we obtain

tim =" log?(1/[20)9"w(z) = (=" = ”ZG(“) 60 | %kzn 4 B,
= C0 = o) + ao),

thus (i) holds.
For the mixed derivative,

om0 w(z) = —0™I" log M (z) + ™" loglog(1/|z]).

It is known that M(z) = M(2) and 0™0" log M (z) = 0"0™log M (z). Hence
without loss of generality we may assume m < n. Note that in 99" log M (z),
the term 2=™z~"log~%(1/|z|) with coefficient (—1)™*"(n — 1)!(m — 1)!/4 only
occurs in 9™mMO" M /M?, from (4.8) we know that there is no term contains
Z=™mz " log"2(1/|z|) left in the expression for ™" w(z). Therefore the coeffi-
cient of 7"z~ log~3(1/|z|) is desired. The term contains ="z~ log™>(1/|z|)
is the product of at most three terms in the forms of 9" M /M or 9™ M /M.
By (4.14) and (4.13), the term z~"z ™log *(1/|z|) in 8™0"™ log M (z) only
appears in

I MOmM Wwﬂ*cvamiM+amW“Xﬁ>@MﬁwM
k k

M? + M M? M M?

j=1 j=1
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for m > 1, n > 1. Then, similar to k,, given by (4.18),

a tm n
"o log M (2) = ( )
znzm log®(1/|2]) IZI’”*"“lOg (1/1]=])
with
n—1 m—1
LR L) (D 71) (n—1)!

4.19) o = - - .
( ) 7 g ‘7 Jj=1 ‘]

Thus for m > 1, n > 1, by (4.9) and (4.19), we obtain
lin}) 2"2™log®(1/)2])0™0™w(2) = —tm.n + Dm
2—
(—=1)m+n=1(n — 1)(m — 1)!

= y (G(a) + G(b))

This completes the proof. (I

Remark. Theorem 4.1 verifies the sharpness of Theorem 1.1 in [16] when the
order of the singularity is 1.

When « = 1, there is an analogue of Theorem 3.2 and Theorem 3.3, see [16],
also [3] and [7]. Here we list them as follows without proof.

Theorem 4.3. For \(z) := A\ g ~(2) as in (4.2), let u(z) := log A(z). Then
form,n>1, B

(i) lim,—y0 2"0"u(2) = 2(=1)"(n — 1)! = lim._,¢ 2"0"u(z),

(ii) lim, 0 22" log(1/|2))m0mu(z) = S Dilm—b)t,

Theorem C ([15]). Form,n >0, a =1 and A(z) as in (4.2), the limit

1 _
0. ,=—— lim |z|log(1/]2])Z™ 2" 0™ O™ \(2)

m,n
’ nlm

exists. Moreover, the numbers l;n » Satisfy the following.

(1) 16,0 1= lim.—o |2[log(1/[2[)A(2) = 3,
. _1y 1

(i) L = 3(52) (52)

(i) Uy = Uy
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