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RANDOM ATTRACTOR FOR STOCHASTIC PARTIAL
FUNCTIONAL DIFFERENTIAL EQUATIONS WITH
INFINITE DELAY

HONGLIAN YOU AND RONG YUAN

ABSTRACT. In this paper we are concerned with a class of stochastic
partial functional differential equations with infinite delay. Supposing
that the linear part is a Hille-Yosida operator but not necessarily densely
defined and employing the integrated semigroup and random dynamics
theory, we present some appropriate conditions to guarantee the existence
of a random attractor.

1. Introduction

The purpose of this paper is to investigate the asymptotic behavior of solu-
tions to the following stochastic partial functional differential equation

(1.1) dz(t) = Az(t)dt + f(xy)dt + odW (1),

where A is a linear operator defined on E (a separable Banach space with the
norm | - ||), f is a nonlinear operator satisfying the global Lipschitz condition,
o € D(A) and W (t) is a real-valued two-sided Winer process.

In order to capture the essential dynamics of such stochastic systems, the
concept of random attractor was introduced in [7], then generalized in [6], as
an extension to stochastic systems of the theory of attractors for deterministic
system [13]. Many works are devoted to the existence of random attractors
of, for example, stochastic PDEs on unbounded domain [3, 21, 22, 23] with
applications to such as stochastic reaction-diffusion equation and Navier-Stocks
equation, quasilinear stochastic PDEs [11, 12] with applications to stochastic
porous media equation, quasi-continuous random dynamical system [15] and
stochastic damped sine-Gordon equation [19]. We also mention some studies
on the determined case, see for example [5, 16].
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Notice that, in the works mentioned above, the linear part is a densely
defined operator. Little is known for the non-densely defined case. In fact, op-
erators with non-dense domain occur in many situations due to restrictions on
the space where the equations are considered. For example, periodic continuous
functions and Hoélder continuous functions are not dense in the space of con-
tinuous functions, see more examples in [18]. Besides, the boundary conditions
also give rise to operators with non-dense domains, e.g., the age-structured
problem we give in the last section of the present paper.

Motivated by the previous works on the random attractor of the explicit
partial differential equations, in this paper, we consider the existence of random
attractors for a more general form as that in Eq. (1.1), where the linear operator
A : D(A) C E — E is not necessarily densely defined but satisfies the following
Hille-Yosida condition:

(H1) there exist two constants M > 1 and w € R such that (w, +00) C p(4)
and

AL = A)™" e < A>w,

M
(A —w)™’
where p(A) is the resolvent set of A and || - ||z denotes the operator norm.

Here we should mention paper [9], in which the authors studied a stochastic
retarded reaction-diffusion equation on all d-dimensional space with additive
white noise. With the help of strongly continuous semigroup theory, they
considered the mild solution of the equation. Then utilizing a cut-off method,
they obtained a uniform estimation on solutions. Thus the pullback asymptotic
compactness was proved, and consequently the existence of a unique random
attractor was got. Similar method was also used in [8] to the lattice dynamical
system.

Return to Eq. (1.1), since the linear part A is not densely defined, we could
not use the theory of strongly continuous semigroup directly. Fortunately,
it is known that the non-densely defined Hille-Yosida operator generates an
integrated semigroup, which was introduced in [1] and more properties about
which will be enumerated later.

Now we consider the equation in the fading memory space C,, which is a
separable Banach space defined by

(1.2) C,= {q§|q§ : (—00,0] — E is continuous and lim e7*¢(s) exists},
s§——00

with norm |[@||, = sup_,.s<o€”*[|¢(s)[, ¥ > 0. The aim of this paper is to

provide some sufficient conditions for the existence of a random attractor of

Eq. (1.1). For convenience, we suppose that the nonlinear function f : C;, — E

satisfies the global Lipschitz condition:

(H2) there exists a constant L > 0 such that

Il f(#1) = f(d2)l| < Ll|¢p1 — ¢2l|, for any ¢1,¢2 € C,.
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The rest of the paper is organized as follows. In Section 2, we present
some basic concepts and properties of the integrated semigroup theory and
random dynamical systems. In Section 3, we convert Eq. (1.1) to a deterministic
equation with a random parameter. In Section 4, we prove the existence of a
random attractor. In the last section, as an application of our theory, we use
the age-structured problem with white noise to illustrate our result.

2. Preliminary results

In this section, we recall some basic concept related to the integrated semi-
group and random dynamical systems, see [1, 2, 14, 20] for more details.
Consider an abstract evolution equation on a general Banach space E

(2.1) dz—it) = Az(t) + f(z), t>0

with initial function x¢ = £, where A is a Hille-Yosida operator, that is, A
satisfies (H1).

Definition 2.1 ([1]). Let T > 0. A continuous function z : (—o0,T] — E is
called an integral solution of equation (2.1) if
(i) Jy x(s)ds € D(A) for t € [0,T];

(i) #(t) = £(0) + A(fg #(s)ds) + fo f(ws)ds

(iii) xo = ¢&.
Remark 2.2. From (i) we know that if = is an integral solution of (2.1), then
x¢(0) = z(t) € D(A) for t € [0,T]. In particular, £(0) € D(A), which is a
necessary condition for the existence of an integral solution.

Definition 2.3 ([1]). An integrated semigroup is a family S(¢), t > 0, of
bounded linear operators on E with the following properties:
(i) S(0) = 0;
(ii) ¢ — S(t) is strongly continuous;
(i) S(s)S(t) = [5 (St +7)—S(r))dr for all t,s > 0.

Lemma 2.4 ([14]). The following assertions are equivalent:
(i) A is the generator of a locally Lipschitz continuous integrated semigroup;
(ii) A is a Hille-Yosida operator.

Now we introduce the part Ag of A in D(A) as follows:
Ag=A on D(Ay) ={xe D(A); Ax € D(A) }.

Proposition 2.5 ([20]). The part Ao of A in D(A) generates a strongly con-

tinuous semigroup on D(A).

Now we turn to random dynamical systems. Let (Q, 7, P) be a probability
space, where F is the Borel o-algebra on {2 and P is the corresponding Wiener
measure on F. (X, |- |lx) is a separable Banach space with Borel o-algebra
B(X).
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Definition 2.6 ([2]). (2, F,P, (6:)ter) is called a metric dynamical system, if
0:RxQ— Qis (B(R) x F,F) measurable, 6y = id, ;15 = 6; o 05 for all ¢,
s €R, and ;P =P for all t € R.

Definition 2.7 ([2]). A continuous random dynamical system over (2, F, P,
(04)ter) is a (B(RT) x F x B(X), B(X))-measurable mapping
6 RTxOAx X =X, (tw,z) d(t,w, ),

such that the following properties hold:

(1) ¢(0,w,z) =z for allw € Q and z € X

(2) o(t+ s,w,-) = &(t, Osw, p(s,w,-)) for all t,s > 0 and w € §;

(3) ¢ is continuous in ¢ and x.
Definition 2.8 ([19]). (1) A set-valued mapping w — D(w) : © — 2% is said
to be a random set if the mapping w — d(x, D(w)) is measurable for any = € X.
If D(w) is also closed (compact) for each w € Q, the mapping w — D(w) is
called a random closed (compact) set. A random set w +— D(w) is said to be
bounded if there exist g € X and a random variable R(w) > 0 such that

Dw)C{ze X ||z —x0l|lx < R(w)} forallwe Q.
(2) A random set w — D(w) is called tempered provided for P-a.s. w € Q,

lim e Ptsup{||bl|x : b€ D(@_4w)} =0 forall 8> 0.

t— o0

(3) A random set w — B(w) is said to be a random absorbing set if for any
tempered random set w — D(w), there exists to(w) such that

o(t,0_tw, D(0_1w)) C B(w) for all t > tg, w € Q.

(4) A random set w — By (w) is said to be a random attracting set if for any
tempered random set w — D(w), we have

tlim dp(p(t, 0w, D(0_w)), B1(w)) =0, for all we Q.
— 00

(5) A random compact set w — A(w) is said to be a random attractor if it
is a random attracting set and ¢(t,w, A(w)) = A(fw) for all w € Q and ¢ > 0.
About the following definition, we remark that one can refer to [4] for its origin.

Definition 2.9 ([3]). ¢ is called pullback asymptotically compact on X if
for P-a.e. w € Q, {P(tn,0_1,w,x,)}52, has a convergent subsequence in X
whenever t, — oo, and z,, € B(f_; w) with w — B(w) is tempered.

In what follows, we recall the definition of the Kuratowski’s measure of non-
compactness for a bounded set B of a Banach space E, which is defined as

(2.2) k(B) = inf{d > 0 : Bhas a finite cover of diameter < d},

see [13], and plays an important role in proving the pullback asymptotically
compact in Section 4.
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Theorem 2.10 ([3]). Let ¢ be a continuous random dynamical system over
(Q, F,P, (0:)ter). Suppose that w — K(w) is a closed random absorbing set,
and ¢ is pullback asymptotically compact on X. Then ¢ has a unique random
attractor w — A(w), where

Aw) = (U st 0w, K- w)), we.

T>0t>T1

3. Problem transformation

In this section, we focus our attention on associating a continuous random
dynamical system with Eq. (1.1). To this end, we need to convert the stochastic
equation into a deterministic equation with a random parameter. In the sequel,
we take

O ={we CR,R):w(0) =0}
and identify w(t) = W (t). Define the time shift by
Ow(-) =w(-+1) —w(t), we, teR.

Then (Q, F,P, (0¢)ier) is a metric dynamical system. Now, we consider the
one-dimensional Ornstein-Uhlenbeck equation

dz + zdt = dW (¢).

It is obvious that its unique stationary solution can be described by

0
(3.1) Z(Ow) = —/ e‘w(t+s)ds+w(t), teR.
Note that the random variable |Z(w)| is tempered and ¢t — log |Z(6;w)] is P-a.e.
continuous (see [3] and the generalization [10]). It follows from [2, Proposition
4.3.3] that for any ¢ > 0, there is a tempered random variable 7#(w) > 0 such
that

5 < ) <)
where 7(w) satisfies for P-a.s w € Q,
(3.2) e i (w) < 7(Ow) < etli(w).
Put z(0;w) = 0Z(0:w). Then it solves

dz + zdt = odW (t).

il

Moreover, the following lemma holds.

Lemma 3.1. For any € > 0, there is a tempered random wvariable r(w) > 0
such that

12(0w)]| < ellr(w),
where r(w) = ||o||7(w) satisfies for P-a.s w € Q,

(3.3) e~ tr(w) < r(Bw) < eltlr(w).
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Lemma 3.2. For any € > 0, there is a tempered random variable r'(w) > 0
such that
| Az(Biw)|| < et (w),
where ' (w) = ||Ac||7(w) satisfies for P-a.s w € Q,
(3.4) e (W) < ' (Bw) < el (w).

Let y(t) = x(t) — 2(f:w). Then y(t) satisfies the following evolution equation
with a random variable:

(3.5) d?il_it) = Ay(t) + F(0rw, yt),

with initial function
yo(s) = xo(s) — z(Osw), s <0,

where F(6iw,y:) = f(yr + 2(0t+.w)) + Az(61w) + z(0:w). Therefore, in order
to study the asymptotic behavior of « in C,, it suffices to investigate Eq. (3.5)
with each initial function yo € C,.

According to the first part in Section 2, if A satisfies (H1), then it generates
an integrated semigroup S(¢), t > 0, and its part Ay generates a Cp-semigroup
To(t), t > 0. Moreover, the author in [20] gives the relationship between S(¥)
and Ty(t):

t
(3.6) S(t)z = lim To(s)ANA — A)"'ads for z€ E, t>0.
A——+oo 0

On the other hand, if we denote F“(t,&) := F(f:w, y:), it is easy to see that
F¥ : Rt x C, — C, is continuous in ¢ and globally Lipschitz continuous in
& for each w € 2. By the classical theory concerning with the existence and
uniqueness of the solutions, we obtain:

Proposition 3.3. Assume that (H1) and (H2) are satisfied. For P-a.e. w €
Q and each yo € C,, if yo(0) € D(A), Eq. (3.5) possesses a unique global
integral solution y(-,w,yo) € C((—00,+0), E) with y(0,w,yo) = yo, which can
be expressed as

(3.7)

+ lim To(t + 55— T))\()\I — A)_lF(GTWa y‘r('a W, yo))dTa
yt(sawayo) = A—roo 0

—t<s<0,

yo(t + s), s < —t.

Here yo(0) € D(A) is a necessary condition for the existence of integral solu-
tions, see Remark 2.2.
Denote by

X ={¢eC,:£0)e DA}
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which is also a separable Banach space. Then Eq. (3.5) generates a random
dynamical system ¢ over (0, F,P, (6:):cr), where

(38) ¢(tawa yO) = yt('vwvyo)v V(t,w, yO) € ]R+ x Qx X.
Define p : R x Q2 x X — X by
(3.9)

QD(t,w,(EO) = (Et(',w,.’IIO) = yt('awayo) + Z(et-i-‘w)a V(t,w,xo) € R+ X O xX.

Then ¢ is a continuous random dynamical system associated with Eq. (1.1) on
X.

Note that the two random dynamical systems are equivalent. It is easy to
check that ¢ has a random attractor provided ¢ possesses a random attractor.
Then, we only need to consider the random dynamical system ¢.

4. Existence of random attractors

In this section, we establish the existence of a random attractor by proving
the existence of a random absorbing set and the asymptotic compactness for
¢. To this end, we need the following assumption on the Cy-semigroup Tp(¢),
t>0:

(H3) [|Tollz < et for some a > 0.
Lemma 4.1. Suppose that (H2) holds. For 0 < 7 <'t, we have
1F (010, 0)| < (L + 1)e " Dr(w) + || £ (0)]]-
Proof. Let € < ~, where ¢ is the one in (3.4). By the definition of F'; we have
the following estimation
[ E(07 -1, 0)]

(0 rs @) + A2y ) + 2(0r_)|

< Nf(z(Or—t+.w)) = O+ LF O] + [[A2(0r—w) || + [|2(67 )|

< Ll|z(0r —t4-w)lly + 1O + | Az(0— )| + [[2(0- )

<L sup  e[|z(0r iy o) + [ £O)] + e (W) + el (w)
—o00<s<0

< (L4 e Dr(w) + e (W) + [ F0)]]. O
Lemma 4.2. Assume that (H1)-(H3) are satisfied. For P-a.s w € Q, we have

”yt('a Q*twa yo(eftw))H’Y
L(L+1) r(w) + L
€ — L)(min{vy,a} — L) (e — L)(min{vy,a} — L)

| £(O)])elE-mintrads

< (Il + ¢ ()
~ min{v,a} — L

e(L+1) € y (c—min{y.a})t
((min{% al —e)(L—¢) )+ (min{y,a} — (L ) (w)) c i
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(( min{vy,a}(L +1) () min{y, a} ()

min{y, a} — €)(min{~y, a} — L)T * (min{~y, a} — €)(min{~y, a} — L)T
1

+ WW(O)H),
where € is the one in (3.4), L # ¢, min{y,a} # ¢, min{y,a} # L.
Proof. Suppose v > a. From (3.7) we get that

lye (5 01w, yo(0—1w)) |y
sup  e7%||y(t +s,0_sw, yo(0_sw))||

—00<s<0
< max{ sup e’VS(HTO(t—l—s)yO(O)H
—t<s<0
t+s
+ lim I To(t + 5 — TN — A)YF(0r_yw, yr (-, 0_y0, yo(H_tw))HdT),
A——+oco 0

sup €™ yot + 5)|| }.
s<—t
In what follows, for simplicity, we take M =1 in (H1), i.e.,
1
||(AI*A)_1||L < m for any/\>w.

In fact, this can be done if we employ the renorming lemma in [17, Page 17] to
introduce an equivalent norm in E. Therefore,

llye (-, 0—ew, yo(O—ew))|l+

< max{ sup_ ey (0)
—t<s<0

t+s
b s e [ (L0 g0l 0, 0)
—1<s< 0

ol }

t
< max{e_o‘tHyo(O)H JrLe_O‘t/ e |y (-, 01w, yo(0—w)) ||y dT
0
t
et [ (L DetIrw) 4 e w) 4 £ e ol )
0

t

< e ol + L™ [ ey 0-s0090(0-))

ot eat . eetr(w) + efat ea _ eet T/(w) + efat eat _ 1
a—¢€ a—¢€ «

Then, it deduces that

t

+(L+1e [[£(0)]l-

e Ny (-, 0—w, yo(O—ew)) |l
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eat _ eet eat _ eet , eat -1

< lyolly + (L + 1)ﬁr(w) + ——r(w)+

O — €

1 (O)l

t
L[ ey 0 (0
0
In view of the generalized Gronwall inequality, we obtain that

ey (-, 0-1w, yo(O—ww)) [l
at eet eat . eet at 1
< lwolly + (L +1)———

e* — , e
W) (W) +

1Ol

eds _ €S

2 [ (s + 2+ D) + S

e*® —1

+ 1£ )] )e==as

L(L +1) L , 1 .
< (”yOH'y + mﬂw) + - Da-1" (w) = ﬁ|\f(0)|\)€L
e(L+1) " €
Jr((a—e)(L—e) @)+

+ (%M b W) + O]},
which yields that
ye (-, 0—tw, yo(0—tw)) |y
< (Il + 2 )+ e @) — s O
G(L + 1) rlw € (w e(e—a)t
+((o¢fe)(Lfe) W+ a=az=9"" )
(G5 )+ g @ + =g 1O
Similarly, for the case that v < «, we can get

1925 0—2w, yo (0—w)) Il

< (|y0|7+%T(W)+WI(/’}/L)W(w) — ﬁ”f(o)”)e(L—V)t
L) € e
" ((7_6)(L—6) (@) + (v —e)(L —¢) ( ))
IGO0 VR S 7R S
+ ((7—6)(7—L) (W) + (v —e)(y—1L) (w) + ,y_LHf(O)H)
Therefore, the conclusion holds. 0

Lemma 4.3. Under the conditions of (H1)-(H3) and L < min{v,«a}, there
exists a tempered random set w — K(w) attracting any tempered random set
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w— B(w), that is, for P-a.e w € Q, there is Tp(w) > 0 such that
o(t,0_ 4w, B(0_w)) C K(w), Vt>Tpw).
Proof. For yo(0_tw) € B(0_tw), we have

ll6(t, 01, yo(0—1w)) |
= [lye(-, 0—tw, yo(O—1w)) |4

L(L+1) L )
< (Il + e LG,y =07+ T Dy =0
_ 1 ((L—min{y,0})
rreRm AL t
E(L + 1) o € " (w e(e—min{v,a})t
+ ((min{fy, a} —e)(L —¢) (@) + (min{vy,a} —€)(L —¢€) ( ))
( min{% Oé} (L + 1) 7,( ) + min{’ﬁ Oé} ,,.l(w)
(min{y, o} — €)(min{y, a} — L) (min{y, a} — €)(min{y, o} — L)

1

+ WIU(O)II)-

Take € < min{~y, a}, then there exists Tp(w) > 0 such that for all ¢t > Tp(w),
16(t, 01w, yo(0—1w))ly < ear(w) + car’ (W) + es,

where
B min{~, a}(L + 1)
“ = Ginly,a} — Q(mingy,a) L)
o min{~vy, a}
*= (win{y, a} — ) (min{y,a} ~ L) T
1
ST eyey A LG IR

For any given w € €2, we denote by
K(w)={£€Cy:[&ly < ar(w) + cor'(w) + cs}.

Then w — K (w) is a tempered random set because r(w) and ' (w) are tempered.
Moreover, it is absorbing. O

Lemma 4.4. Assume that (H1)-(H3) are satisfied. For any yo1, Yoz € B(w),
where w — B(w) is a tempered random set, we have
(4.1)

Hgb(tvwvyol) - ¢(tawa yO?)H'Y S ef(min{'y,a}fL)t”y(n - yO?H’Y’ vt Z 07 w e Q.
Proof. According to (3.7) and (3.8), we have
||¢(tawa yOl) - ¢(tawa yOl)H’Y = ||yt('awa yOl) - yt(';w; yOQ)H’y

< max{ sup_ e[ To(t + 5)(301(0) ~ 02(0))
—t<s<0
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t+s
+ sup €7 lim | To(t + 5 — )M — A) Y (F(0rw,y- (-, w,y01))
—t<s<0 A=+ Jo

— F(0rw, y-(-,w,y02)))| d, sup e"*[lyo1(t + 5) — yo2(t + S)II}
s<—t

< e Mty — yool|

t
+ Le” mm{’y’a}t/ emln{’y’a}7||yr('7w7y01) = yr (5w, yo2) |-
0

Then it is easy to obtain that

emin{’y,a}t”yt(.’ w, yOl) - yt('a w, yOQ)H’y

t
< [lyo1 — Yozl + L/ emm{%a}THyr(wMym) = yr (5w, Yo2) |-
0
By the classical Gronwall inequality, we arrive at

emin{vpz}tHyt('vwvyOl) - yt('vwvyOQ)”’Y S eLt”/yOl - yO?H’Yv

which yields the conclusion. [

Lemma 4.5. Let (H1)-(H3) hold and L < min{y,a}. Then ¢ is pullback
asymptotically compact.

Proof. We need to prove that for every sequence t,, — 400 and P-a.e w € Q,
the sequence {¢(tn,0_¢,w,yo(0_¢,w))} > has a convergent subsequence as
t, — 00, where yo(0_t,w) € B(0_t,w) with w — B(w) tempered. We do this
by proving the following limit of the Kuratowski’s measure of non-compactness:

/i((b(tn, 0_+, w, B(G_tnw))) —0, t,— +oo.

Replacing ¢ by ¢, and w by 6_;, w in (4.1), for any yo1(0—¢,w), yo2(0—¢,w) €
B(0_;,w), we have

||¢(tn’ e_tnw’ Yo1 (G_tnw)) - ¢(tna G_tnw’ Yo2 (e—tnw))n’y

< e—(min{%a}_L)t"||y01(9—tnw)) = y02(0—t,w)) |-

Since w +— B(w) is tempered, for any € > 0 and each w € €, there ex-
ist tempered random sets B;(0_; w), i = 1,2,...,m, such that B(f_; w) C
Ui~ Bi(f—¢,w) and the diameter of B;(0_;, w) satisfies

diam(B; (0, w)) < k(B(0—t,w)) +€, i=1,2,...,m.

For any u, v € ¢(tn,0_t, w, B;i(0_t,w)), there exist ug, vo € B;(0_¢, w) such
that u = ¢(tn7 Gftnw; ’U,O), v = ¢(tn7 Gftnw; UO)' Thus,

lu=vlly = l[6(tn, 0-t,w, u0) = $(tn, O, w, vo)ll4
< emmin{mad=L)tn 1) a]|,

< ef(min{’vya}*L)t"diam(Bi(Gftnw))
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< i1 =Dtn(B(9_, w)) + e,
which implies that
diam(¢(tn, 0—¢,w, Bi(0_y,w)) < e”intred=Ditng(B(9_, w)) + €.

Therefore,

(Ot 01,0, Bi(0_1,w)) < et =Dtng(B(o_y, w)) + ¢
and hence

n(qﬁ(tn, 0_, w, B(O,tnw)) < e~min{vel=Ltn o (B(O_, w)) + .
By the arbitrary of €, we obtain that

f-@((b(tn, 0_, w, B(e,tnw)) < e~ min{va}=L)tn o (B(O_, w)) = 0, tn — +00.
O

As a consequence of Theorem 2.10, Lemmas 4.3 and 4.5, we have already
proved the main result of this paper.

Theorem 4.6. Suppose that (H1)-(H3) hold. If L < min{v,«a}, the contin-
uous random dynamical system ¢ defined in (3.8) possesses a unique random
attractor w — A(w) C X, where

(4.2) Aw) = (U ot 010, K(0_w)), weQ,

T>0t>T1

with K (w) given in Lemma 4.5.

Corollary 4.7. If (H1)-(H3) are satisfied and L < min{vy,a}, then the con-
tinuous random dynamical system 1 associated with (1.1) possesses a unique
random attractor w — A(w) + z(.w) C X, where A(w) is given in (4.2),
z2(0sw) = 0Z(0sw), s <0, with Z given in (3.1)

5. Example

As an application of Theorem 4.6, we consider the following partial differ-
ential equation with white noise
(5.1)
Oru + Ogu = —p(a)ul(t, a)

0 “+00 .
+/ k(s)/ fla,b,u(t+ s,b))dbds + 6(a)W (t), t>0, a>0,
0

— 00

+oo
u(t,0) = ﬁ/ u(t, a)da, t >0,
0
’U,(S, a‘) - uO(Sa a)v a> Oa

where u(t,-) € L'(0,+00), the space of Lebesgue integrable functions with
values in R, p € L1(0, +00) with nonnegative values, 6 € H*(0,+00), 6(0) = 0,
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B > 0 and W (¢t) is the white noise. For more information about Eq. (5.1)
without the white noise, we refer the reader to [24].
Let

E =R x L*0,+00)

with the usual product norm of R x L'(0,+00). Define A: D(A) C E — E as
follows

(5.2) A<g)<_¥,¢£0/1¢), <g>eD(A>,

where
D(A) = {0}r x {¢ € L*(0,4+00) : ¢ € L'(0, +00), ¢(0) = 0}.

It is clear that Ey = D(A) = {0}r x L'(0, +00) # E.
Suppose that there exists a constant v > 0, such that

(5.3) wula) >~, ¥Ya>0.

Then denote

C, = {< “ ) ca €R, ¢ € C((—00,0], L*(0,+00)) and lim e7*¢(s) exists}

¢ S——00

with the norm

a
H( ¢ )H’Y - |a| N Slip<0 e’YSH(b”Ll
—oo<s<

and define the nonlinear term F': Cy — E as follows

(5.4) 1%<0)) B [, 6(0)(a)da

O )T\ ko) I b 6(s) 0 s

Moreover, set v(t) = (u(g_)) € Ey, v, = () €C, and (g) =g € C,, where

£(s)(a) = uo(s,a), and o = (9) € E, then Eq. (5.1) can be written as

55) { dv(t) = Av(t)dt + F(vi)dt +odW (t), t >0,
v(0) = v € C,.

Proposition 5.1. (i) The operator A defined in (5.2) is a Hille-Yosida operator
with (—v,+00) C p(A) and

1
[(A — A)_1||L < ma VA > —;

(ii) the Cy-semigroup To(t), generated by Ao on Xy, satisfies that

1To@®)]le <e™ ™, Vt>o0.
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Proof. (i) From (5.2), we know that
B 0 _ ¢(0)
(I A)( 6 ) = ( ¢+ (A + o )
Set y = ¢(0) and ¢ = ¢' + (A + p)é. Then
(56) ¢(a) — e—)\a—foa u(s)dsy + /11 e—)\(a—s)—f: M(T_s)dT’L/J(S)dS.

0
By (5.3), ¢ € L'(0,+0c0) provided that A\ > —v. Therefore, for any A > —v,

0
o (1)=(°)
o= (0)= (9
if and only if (5.6) holds. A simple calculation shows that
1
M—A) Y < ——, YA> 7.
10T =) e < 1= .

(ii) The Cp-semigroup To(t), generated by Ay on Ey, possesses the following
form

0\ _( _ 0
(5.7) To(t)< & ) = < To(t) ) ’
where
" 0, a <t,
(5.8) To(t)p = { dla — e Jimendr o5y
Then

[0 (5 )] = 1ol
t

—+oo
:/ |$(a)]e T HTgq
0

<e o],
which implies that ||To(t)||z < e 7, Vi > 0. O

In order to obtain the existence of a random attractor of Eq. (5.1), we need
the following assumption on f:

(H,) there exists a nonnegative function L(-) € L'(0,00) such that

+oo
/O |f(a, b, é1(5) (b)) = f(a, b, 2(s)(0))[db < L(a)l|¢1(s) = d2(s)[|L,  Va = 0.

Then F' is globally Lipschitz continuous with Lipschitzian constant

0
B4+ ||L| L / e’ k(s)ds.

— 00
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Theorem 5.2. Suppose that (Hy) and (5.3) hold true. Moreover, if

0

v > B+ Ll / e k(s)ds,
then Eq. (5.1) has a random attractor.
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