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MULTIPLE PERIODIC SOLUTIONS OF
SECOND-ORDER ORDINARY DIFFERENTIAL
EQUATIONS ACROSS RESONANCE

Hua Cal, X1A0JuN CHANG, AND XIN ZHAO

ABSTRACT. In this paper we study the existence of multiple periodic so-
lutions of second-order ordinary differential equations. New results of
multiplicity of periodic solutions are obtained when the nonlinearity may
cross multiple consecutive eigenvalues. The arguments are proceeded by
a combination of variational and degree theoretic methods.

1. Introduction and main results

This paper is devoted to the existence of multiple periodic solutions for the
second-order nonlinear ordinary differential equation
(11) -z :f(t,l'), . .

x(0) = z(27), £(0) = z(27),

where f € C(R%,R), f(t+T,x) = f(t,z) for all (t,z) € R, T >0, f(t,0) = 0.
Clearly, the problem (1.1) has a trivial solution = 0. Our goal is to obtain
multiple nontrivial periodic solutions of problem (1.1) when the nonlinearity f
grows linearly and the “ratio” &ES) stays asymptotically at infinity between
two consecutive eigenvalues of linear periodic boundary value problem

—I = Az,
(1.2) { 2(0) = 2(27), #(0) = #(2n),
where F(t,s) = [ f(t,7)dr. The eigenvalues {k?}1en of the problem (1.2) are
usually called resonant points of the problem (1.1).

Various works in the literature are devoted to resonant problems for ordinary
or partial differential equations during the last several decades since the pioneer
work Landesman and Lazer [21]. In these papers growth restrictions have
been required on both the ratios @ and % to control the interference
of the nonlinearity with the eigenvalues of the associated linear problem (see
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[4,5,8,9,10,15, 17, 18, 20, 23, 26]). Among these works, Fabry and Fonda [15],
Omari and Zanolin [26] established the solvability of (1.1) under the following
so-called double-resonance conditions

(1.3) k? < liminf M < lim sup M <(k+ 1)?
|s]—o0 § |s|—o0 5

for some k € N and uniformly for a.e. ¢ € [0, 27] and some additional conditions
imposed on f. Papageorgion and Staicu [27], Su and Zhao [28] studied the ex-
istence of multiple periodic solutions for problem (1.1) when double resonance
occurs, where they assumed (1.3) and some generalization of the well-known
Landesman-Lazer conditions (LL-conditions for short), see Landesman-Lazer
[21], Fabry-Fonda [15] and Iannacci-Nkashama [20]. Under the additional as-
sumption (1.6) or f/(¢,0) < 0 with f being C!, they both established the
existence of at least two nontrivial solutions of (1.1). Recently, Barletta and
Papageorgiou [2] used the variational methods together with Morse theory to
obtain six nontrivial solutions of problem (1.1) when the nonlinearity is reso-
nant both at infinity and at zero. In this paper, we shall show that if (1.3) with
LL-conditions are replaced by the assumptions (1.4) and (1.5), problem (1.1)
still admits at least two nontrivial solutions. Furthermore, if (1.4) and (1.5)
are replaced by some stronger conditions (1.7) and (1.8), then we may obtain
more nontrivial solutions. Note that in our results we don’t require the ratio

@ stays asymptotically at infinity between two consecutive eigenvalues of

(1.2), so the ratio @ may cross resonant points {k?} asymptotically. Our
method is a combination of variational method and degree theory.

Besides the above cited papers, for related works on resonant problems we
also refer the interested reader to see [6, 7, 12, 13, 14, 16, 23, 29, 30] etc and
the references therein.

Let H, [10’2771 denote the Sobolev space

H[lo,%] = {z:]0,27] — R | x is absolutely continuous, z(0) = z(2),
/% 12 + [2]2dt < 0o}
equipped with the usual inner proiiuct and norm
2
@)= [ i+ anar, Jal = o)}, Yoy € By,

Define the functional I : H, [10 or]

1) = [ GhOP - ol

Obviously, I € C’l(H[107

— R by

on)s R) (see [24]) and

VI(2)](y) = / [ - f(t)ldt, Yo,y € HY
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It is well known that x is a weak solution of (1.1) if and only if x is a critical
point of the functional I.
Our main results are as follows.

Theorem 1.1. Assume that f € C([0,27] x R,R) and the following conditions
hold:
(i) there exist m, M, My > 0 such that

t
(1.4) m < f(t.s) < M for |s| > My, a.e.t€][0,2n];
s

(ii)
25 (¢ 2R (t
15) k2 <i(t) = liminf 2208 i sup 2GS

2
|s|—o0 s |s|—o0 s

=r(t) < (k+1)?

for a.e. t € [0,2x] and some k € ZT;
(iil) there exists s1 > 0 such that

(1.6) F(t,s) <0

for a.e. t € [0,2x] and all s € R with |s| < s7.
Then the problem (1.1) admits at least one nontrivial nonnegative solution
and one nontrivial nonpositive solution.

Theorem 1.2. Assume that f € C(]0,27] x R,R) with f(t,x) = g(z) + e(t)
and (1.6) holds. Suppose that the following conditions hold:
(i) there exist 12, C,Cy > 0 such that

(1.7) N2 < 9(s) < C for|s| > Cy;
s
(ii) there exist p,q > 0 such that
(1.8) B <p<lt)<rlt)<qg< (k+1)?

for a.e. t € [0,27] and some k € ZT.

Then we have the following results:

(i) if k is odd, then the problem (1.1) possesses at least two montrivial
solutions; if k is even, then the problem (1.1) possesses at least three nontrivial
solutions, one of which is nonnegative, and another one is nonpositive,

(ii) if all the critical points of the functional I is nondegenerate, then the
problem (1.1) admits at least four nontrivial solutions;

(iii) if g € CY(R,R) and there exists 3 > 0 such that
(1.9) g (s) <B < (k+1)>
for all s € R, then the problem (1.1) admits at least four nontrivial solutions.

This paper is organized as follows. In §2, the proof of Theorem 1.1 is
presented. In § 3, we give the proof of Theorem 1.2.

For convenience, we introduce some notations and definitions. L?(0, 27)(1 <
p < 00) denotes the usual Sobolev space with inner product (, ), and norm ||-||,,
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respectively. C™[0, 27] denotes the space of m-times continuous differential real
functions with norm

m = ¢ p(E)| + - - - m) ().
lzllc tg[})égﬁ]lx()l+t$§§(ﬂ]lx(>l+ +t$§§(ﬂ]lx )l

Note the eigenvalues {k?} ey are simple, and we denote E(k?) (k € N) the
eigenspace corresponding to k2. Let

V=E0)aeE1* e ---oEK), W=FE(k+12)aE(k+2)2)&---
Then

H[logﬂ,] - V @ W

1

and we can write x € H as r = v + w, where

[0,27]
k
v(t) = ag + Z(ai cos(it) 4 b; sin(it)) € V,
i=1
w(t) = Z (a; cos(it) + b; sin(it)) € W.
i=k+1

2. Proof of Theorem 1.1
Let f*:[0,2n] x R — R be the function defined by

Irt.s) ={ feotn 120

and F*(t,s) = [ fT(t,7)dr. Define the functional I : H[logﬂ] — R as follows

27\'1 o )
1) = [ 15 (aR +1a?) ~ P (e

By (1.4), I} € C'(H o

I} is finite. In what follows, to obtain the critical points of I, we first show

that the functional I;” has a mountain pass geometry. Precisely, since H [107%]

is embedded compactly into C[0, 27], we can find ¢y > 0 such that

R). We assume that the set of all critical points of

|z|loo < collz|| for all z € H[10’2ﬂ.

Set 0o = L. Then, for all @ € Hyp , with [lz]| < do, we get
|z()] < co||z|| < 51, ae. t €]0,2n].
In view of (1.6), we have
FT(t,x) <0 for all ||z]| < &, a.e. t € [0,27].

Hence, for x € Bj, with Bs, = {z € H[loy%] | [|z]] < do}, it follows that

27\'1
(21) I = [ glifir=0=170)
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which implies 0 is a local minimizer of I;". Since we assume that I;” has finite
critical points, we can find § > 0 such that

(2.2) aia%fa If > 0=1I1;(0).
Note that o
It (s) = —/ FT(t,s)dt for s € RT.
By (1.5) it follows that ’
I} (s) = —oc as s — oo.
Specially, there exists @o € H 5,y with [lzo|| > do such that
I (z0) < 0.

In what follows we come to prove that I}~ satisfies the (PS) condition. Assume
that {z,}neny C H[l0 o] is a sequence such that for some M > 0,

(2.3) | (xn)| < M, VI (z,) — 0asn — oco.

It suffices to prove that {z,},en is bounded in H [10 om]- Then a standard ar-
gument shows that {z, }nen has a convergent subsequence, which implies that

I} satisfies the (PS) condition. On the contrary, suppose that {z,}nen is

unbounded in H[10’27T]7 ie.,

(2.4) |zn|| = o0 as n — oco.

Let z, = IIch:,H . Then ||z, || = 1 and upon passing to a subsequence, there exists

some zg € H[l0 o) such that

(2.5) Zn — Zp in H[10727r], zn — zo uniformly on [0, 27].
In view of (2.3), for all ¢ € H[lO on)> We have
D

qu]dt — 0asn— 0.
Tn

2m

By (1.4), % remains bounded in L2[0,2x]. Thus, for a subsequence
fﬁlg’”ﬁ"’) converges weakly in L2[0,27] to some fT € L2[0,2x] and by stan-

dard arguments based on (1.4), f* can be written as
(2.7) FH(t) = m(t)z0(t),
where m € L>°(0, 27) satisfies

|m(t)| < C for a.e. t € [0, 27].

Consequently, by (2.5)-(2.7), 2o is a solution of

{ —Z0 + 20 = m(t)zo in [0, 27],

(2-8) 20(0) = 20(27), 20(0) = 20(27).
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Define
Qp ={t €0,2n] | 20(t) > 0}, Q_ ={t €[0,27] | z0(¢t) < 0},
Qo = {t € [0,27] | 20(t) = 0}.
Then we consider the three cases respectively.
(i) On Q4. For t € Q4 , we have
ZTn(t) = zn(t)]|2n| = +o00 as n — +oo,

which implies that there exists n; € Z1 such that z,(t) > M; for all t € Q if
n > ny. Hence by (1.4),

it @a(h)
Tn(t)
Then by standard arguments it follows that
m+1<m@)<M+1forteQy.
(ii) On Q_. For t € Q_, we have
Zn(t) = zn(t)||zn]] = —00 as n — +oo,

which implies that there exists ny € Z* such that z,,(t) < —M; for all t € Q_
if n > ng. Then we get

m+1< <M +1 forn>nj.

fH(t,z,(t)) =0 for n > n.
Hence
m(t)=0fort e Q_.

(iii) On Q. Firstly by virtue of (1.5) we can see that there exist Mz > 0,
by € L*>=(0,27) such that

(2.9) [f(t 20 (8)] < Mol (£)] + b1 (2)-
For any given t € Qq, if |2, ()| < M, then by (2.9) we have
|f (& wn ()] < Mo My + by ().
Since ||x,|| — oo, we obtain that
t(t
[
if |2, (t)] > M, then
+
0< [t @)
Tn

<M+1.

Hence we have
0<m(t) < M+1forte .
Now, acting on (2.8) with 2z, we can get zo > 0. Thus, meas(2_) = 0. In
addition, by the former of (2.3), we obtain

|vjf_($n) g _ °m f+(ta$n)

= ’1 - zZpdt| — 0,
o llzall

[
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so that —
T t,
Ptn) 21,

0 Tn
Then, by (2.5) and (2.7), we have

2
(2.10) / m(t)zg(t)dt = 1.

0

Hence zp # 0. By modifying m(t) on Qg if necessary, we may assume that
m+1<m(t) <M+1on Q. Then we have

(2.11) m+1<m@t)<M+1 ae. te]o,2n]

Integrating (2.8) on [0, 27] we have fo%(m(t) — 1)2zo(t)dt = 0, which implies
that

(2.12) (m(t) —1)zo(t) =0 a.e.in [0, 27].

Acting on (2.8) with zo we get

og/o |20(t)|2dt:/0 (m(t) — 1)22()dt = 0,

Together with (2.11) and (2.12) we can see zp = 0 on [0,27]. A contradiction.
Thus {2, }nen is bounded in H[l0 2] and standard arguments imply that Ifr

satisfies the (PS) condition. Therefore, by the mountain pass theorem, I;"
has a critical point #* with I;"(z*) > I;7(z) |ap,> 0. By the assumption of
fT we can see that ™ > 0 with 2T # 0 and x* is a nontrivial nonnegative
critical point of I, which implies that (1.1) admits a nontrivial nonnegative
weak solution zT. Similar arguments show that (1.1) also admits a nontrivial
nonpositive weak solution x~. The proof is complete.

3. Proof of Theorem 1.2

Lemma 3.1. If 0 is an isolated critical point, then there exists pg small such
that
deg(VI,B,,0) =1 for all 0 < p < po.

Proof. Similar arguments as in the proof of Theorem 1.1 imply that 0 is a strict
local minimizer of I. Then the conclusion is obtained by Corollary 2 of Amann
[1]. O

Lemma 3.2. Under the assumption of Theorem 1.2, the problem (1.1) admits
a nontrivial nonnegative solution x+ and a nontrivial nonpositive solution x~ .
Furthermore, there exist r1,dy > 0 small such that

(3.1) deg(VI, B, (z7),0) = =1 for all 0 < r <1y
and
(3.2) deg(VI,Bi(z7),0) = —1 for all 0 < d < dy,

where B.(z) = {y € H[logﬂ] |y — =] <r}.
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Proof. Note that (1.7) and (1.8) imply that (1.4) and (1.5). Then by Theorem
1.1, (1.1) possesses a nontrivial nonnegative solution % and a nontrivial non-
positive solution 2~. The arguments in the proof of Theorem 1.1 show that z+
and z~ are both of mountain pass type. Then, by Theorems 1 and 2 of [19],
they both have local degree —1 and (3.1), (3.2) hold. O

Lemma 3.3. Assume that f € C([0,27] x R,R) and (1.7), (1.8) hold. If x is
a solution of (1.1), then there exists a constant Cy > 0 such that

(3.3) [zllcr < Co.

Proof. We assume by the contradiction that there exists a sequence of 2x-
periodic solutions {x,(t)}$° of (1.1) corresponding to sequence {\,}$° C [0, 1]
such that

(3.4) |znllcr — 00 as n — co.
Define z,(t) = Hi"ﬁt) . Then ||zn]lcr = 1 and z, satisfies
nllo1
t,Tn
(3.5) i) = L)
[#nlcr

By (1.7), there must be some M > 0 such that
|Z,(t)] < M, Vt € [0, 27],

which implies that {z,(¢)} and {2,(¢)} are uniformly bounded and equicon-
tinuous on [0, 27]. Then by the Arzela-Ascoli theorem, taking subsequences if
possible, it follows that

(3.6) zn(t) = 2(t), 2, (t) — 2(t) as n — o0

hold for some z € C*[0,27] with ||z()]|c1 = 1 on [0,27]. We prove now the
following fact.

Claim 1. There exists d > 0 such that, for each n, there exists ¢, € [0, 2]
such that

(3.7) |2n(tn)] < d.
Proof. Firstly, in view of (1.7), we can take d > 0 large enough such that
(3.8) f(t,—d) <0< f(t,d), ¥t €]0,2n].

Secondly, we shall show that there exists d > 0 satisfying (3.8) such that, for
any n, the following conclusions hold.
3.9 i n(t) #d, n(t) £ —d.
(3.9) in @ (t) # e (t) #
We assume by contradiction that there is some j € ZT and ¢y € [0, 27] such that
minse(o,2- Zj(t) = x;(to) = d. By (3.8), it follows that there exist ¢;,d; > 0
such that

—i;(t) = f(t,25(t) = €



MULTIPLE PERIODIC SOLUTIONS 1441

hold for t € [to — 5j,t0 + 5]] Thus, taking t1 € [to — (Sj,t()), by i‘j(to) =0, we
have

to

SCj(t1> — SCj(t()) = / ZL'](S>(S — tl)dS < 0,
t1

which is impossible. Thus the claim is right. O

By the boundedness of the sequence {t,}, passing to a subsequence if pos-
sible, there exists ¢ € [0, 2] such that

(3.10) th — 1 asn — oo.

Multiplying both sides of (3.5) by Z,(¢) and integrating from ¢, to t, we have
~ 2G(za(1)) _ 2G(za(tn))

B [l - a0 = 2 2 - 20 )y
¢ e(s) .
- [ Tttt
where G(s) = [; g(r)dr. By (3.7) it follows that
(3.12) m z,(t,) = lim Zntn) _
n—00 m—oo ||z, ot

Taking a superior limit in (3.11), together with (3.6), (3.10) and (3.12), we can

obtain that 2G
FOP - E@] = limsup % '

Z2(t).
Now by (1.8) it follows that

(3.13) [Z0) = ED)] + qlz()]* > 0.
Similarly, we can obtain that

(3.14) E()* — [2(D)* + p[z(1)]* < 0.

Hence, by (3.13)-(3.14), for ¢ € [0, 27], we have

(3.15) pIEWD < [EDOF - [E0) < ql2()])*.

Claim 2. z(t) has no zero accumulation points on [0, 27].

Proof. In fact, if not, we assume that there exists a sequence {&} C [0,27]
such that

Z(&) =0, m & =& € [0, 27].

Clearly, z(&) = 0. Taking t = &; in (3.15) and letting i — oo, it is not difficult
to see that z(§) # 0. Without loss of generality, we assume that z(§) > 0.
By the continuity of Z(t), there exist €, > 0 such that

Z(t) = €, Yt € [§o — 6,6 + 4.
Then, there exists ng € Z* such that, for n > n,
(3.16) zn(t) = C1, VE € [§o — 0,8 + 6]
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In view of (1.7), (1.8), we can see that
g(zn(t))
T (t)
Taking &.,£* € {&} N [& — §,& + 0] and integrating from &, to £*, we obtain

that *
Sal6) — BulE") = /E glan(®) +elt)

[znlcr

(3.17) > 1, Vt € [§o — d,& + d].

Taking n — oo, by (3.16)-(3.17) we get
0> noe(§" — &) > 0.

A contradiction. O

Now we come to show that (3.15) has only a trivial 27 periodic solution.
We assume by contradiction that (3.15) has a nontrivial 27 periodic solution
20(t). In (3.15), if 29(f) = 0, then by (1.8) it follows that

K lzo(O)]* < [20(8)]* < (k+ 1)*[z0(1)]*.

It is easily seen that zo(¢) = 0 on [0, 27], which is contrary to that ||zg||cr = 1.
If 2o(f) # 0, without loss of generality, we suppose that = 0 and %(0) > 0.
Assume that z1(t) and zo(t) are solutions of the following equations, respec-
tively
(3.18) (2] = [20)]* = —p[2()]%, [2(1)]* — [2(0)]* = —q[=(t)]?
with
20(0) = 21(0) = 22(0), £1(0) < 20(0) < 22(0).

Then we have

Zl(t) < Zo(t) < Zg(t), te [O,tl],
where t; is the first zero point of zo(t) in (0, 2x]. Similarly, if z;(¢) and z2(¢)
are respectively solutions of (3.18) with

20(t1) = 21(t1) = 22(t1), Z1(t1) < 20(t1) < 22(t1),

then we have

21(t) < 20(t) < 22(t), t € [t1,t2],

where t5 is the first zero point of zg in (0,27]. Since Z¢(¢) has no zero accu-
mulation point in [0, 27], it follows that (3.18) are equivalent to the following
equations

—5(t) = pa(t), —(t) = g2(1)
respectively. Then there are positive constants p1, p2, p3, p4 such that
p1sin(y/qt) < zo(t) < pasin(y/pt), 0 <t <ty
p3sin(y/q(t —t1)) < 20(t) < pasin(y/pt —t1)), t1 <t <to,
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which implies that
21 27r

T
Hence, by virtue of the per1od101ty of zo( , there exists some positive integer
m such that

S

| /\

5l

2mm 2mm 2mm 2mm
<tmp=2n< — < ——,

—_ < _

k+1 g — RV/Z k
which implies that k¥ < m < k+1, a contradiction. Therefore, (3.4) is impossible
and (3.3) holds. This completes the proof. O

k%4 (k+1)?2

Denote a = 5

. Then the following problem
—4 = ax in [0, 27],
x(0) = z(27), £(0) = &(2m)
has the only trivial solution 0. Define
27
O(x) = 5/ [|2]* — ax?(t)]dt, Vo € H[10’27T]
0

and )
Niz](y) = / (a4 Dayde,Vx,y € H[l()727r].
0

Then ® € C*(Hyy,,) and N is a compact linear operator from Hj,,  to

[0 2] Note that

2 2w
[V (2)](y) = / [Ty + ay]dt — / (a + Dxydz, Yo,y € H[loy%}.
0 0
Then we have
V& =id— N.

Denote Br = {x € H[o o | 7] < R, R € R*}. Tt is easily seen that O is the
only critical point of ®. Then V®(x) #0 for all z € B with R > 0. So VP
is well defined on Bg. Denote deg and indexrs as Leray-Schauder degree and
index respectively. ¢d denotes the identical mapping. We have the following
result.

Lemma 3.4. There exists Ry > 0 such that
deg(V®, Br,0) = (~1)*,YR > Ry.
Proof. From Theorem 2.8.1 in [25], it follows that
deg(V®, Bg,0) = deg(id — N, By, 0)
= indexps(id — N, 0)
= (-1,
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where

B = Z Bj, B = dim U2 ker()\; -id — N)".

Aj>1,N€0(N)
Hence we just need to compute indexy,g(id — N,0). If No = Az for some A € R
and z # 0, then we have

2m 2
(Nz,y) = /0 (a4 Daydt = /0 Azy + zyldt, Yo,y € H[lo,%],

which together with (1.1) implies that A = %tL for some n € Z*. By k? <

n2+1
< (k4 1)2, we can obtain that A > 1 holds for all n < k, which implies that
deg(V®, Bg,0) = (—1)* for all R > Ry. This completes the proof. O

Apply above lemma, we can obtain the following result.

Lemma 3.5. Under the assumption of Theorem 1.2, there exists Ry > 0 such
that

deg(VI,Bg,0) = (-1)*, VR > R.
Proof. Consider the following auxiliary problem
(3.19) &= Af(t,x) + (1 = Nax = fu(t,z), a.e. t €[0,27],\ € [0,1],
' x(0) = z(27), (0) = &(2).
Define
27 1 )
D) = [ [Gla0Pd - Fito)d,
0

where Fx(t,z) = [ f(t,s)ds. By (1.4)-(1.5) and the definition of c, we can
see that the conditions of Lemma 3.3 hold, so there exists R; > 0 large enough
such that, for all R > Ry, VI, |op, () # 0 uniformly for A € [0,1]. Then
by the homotopy invariance of the Leray-Schauder degree and Lemma 3.4 , we
obtain that

deg(VI, Bg,0) = deg(VI, Bg,0)
= deg(V Iy, Bg,0)
= deg(V®, Bg,0)
= (~1)*, YR > R,. 0

Proof of Theorem 1.2(i). Suppose that the set of all critical points of the func-
tional I is finite. If £ is odd, then by Lemma 3.2 we have obtained two nontrivial
solutions. So we just prove the case of k is even. Choose p € (0, pg), r € (0,71),
d € (0,d;) and R > Ry such that

(3.20) B,NB.(x7) =0, B,NBy(z~) =0, B.(x")N Ba(z~) =0

and

B,, B, (z%), Bq(z™) C Bg.
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Then from the additivity and excision properties of the Leray-Schauder degree,
we have

deg(VI, Bg,0) = deg(VI, B,,0) + deg(VI, B.(z"),0) + deg(VI, By(z~),0)
+deg(VI,Br \ (B, U B,(z%) U Bg(z7)),0).
In view of Lemmas 3.1, 3.2 and 3.5, we obtain
(—1)F =1+ (=1) + (—1) + deg(VI, Bgr \ (B, U B.(x) U By(x 7)), 0),

which together with the excision property of the Leray-Schauder degree implies
that

deg(VI,Br\ (B, UB,(z7) U Bq(z7)),0) = 1 + (—1)".
Then if k is even, it follows that
deg(VI,Bgr \ (B, UB(zt)U By(z7)),0) = 2.

Hence, by the existence property of the Leray-Schauder degree we can see that
there exists «* € Br \ (B, U By(zt) U Bg(z~)) such that VI(z*) = 0, which
together with ™, x~ gives the existence of at least three nontrivial solutions
of problem (1.1). This completes the proof. d

Proof of Theorem 1.2(ii). Firstly we shall show that the functional I satisfies
the hypotheses of the saddle point theorem. In fact, since f is continuous and

satisfies (1.7) it follows that I € Cl(H[l(LQW],R). By (1.8), there exist €1,e2 > 0

satisfying
(3.21) B <p—ea<Iit)<r@t)<g+e<(k+1)* ae tc|0,27]
and a.,, b, € L'(0,27) such that

(p—€1)8% —ae, (t) < 2F(t,s) < (¢ + €2)8% + be, (1) ace. t € [0,27],Vs € R.

Then, we have
2m 1
|6 = (o ea)a? 2, o)

(3.22) <I@) < /O ’ %[|i|2 —(p— )2 + 2a., (D)]dt.

We claim that
(3.23) I(w) — oo as ||w|| — oo for w € W.
Since for w € W,

27 2w
/ w? (t)dt > (k + 1)2/ w?(t)dt,
0 0
we get

(3.24) |w||2:/0W[|w|2+w2]dt§(1+ﬁ)/o "R ()t
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Then, we can obtain by (3.22) and (3.24) that
1 q+ e o
I(w) > =[1 — 42 dt —2|lbe, || 22 (0,25
(’LU) = 2[ (k+1)2]/0 |’LU| || QHL (0,27)

> d1flwll* = 2llbe, | 220,27

where §; = 3[1 — (Zii;]m By (3.21), 61 > 0. Thus I satisfies (3.23).
Now we claim that
(3.25) I(v) » —c0 as ||v]| = oo for v € V.
Write
V=Waeh,

where Vo = E(0%), Vi = E(1?) ® E(2%) @ --- ® E(k?). Then we can write for
each v € V as v = vg + v1, where vg € Vg, v1 € V1. Note for v; € V7,

2 2 2
/ v (t)dt < / V2 (t)dt < k2 / V2 (t)dt.
0 0 0
We have

1 2 " 5 2w o ) 2w "
(3.26) (1+ ﬁ)/o 07 (t)dt < ||v1]| /0 [07 () + v1(t)]dt < 2/0 01 (t)dt.

Then we obtain by (3.21), (3.22) and (3.26) that, for v =vg +v1 € V,

10)= [ 3108 = 50— )02 + aa (0]

1 2m 1 2m 2T
=5 | toalat - -el [ otder [ odat+ faalzzoan
0 0 0

1 p _ 61 2w . 1 2w

<5025 [CiaPat- j-a) [ oddt+aa e
2 2, 2 o
1 p— €1 1

< 70 =250l = 30— ellol + 1202

4 k2 2
< =8|lv))* + llac [l z20,2m),

where 6, = 2(E+ — 1) > 0. Hence, as ||v]| = oo, I(v) — —oo.

By (1.7) and (1.8), we can show as in the proof of Theorem 1.1 that I satisfies
the (PS) condition. Consequently, the functional I satisfies the hypotheses of
the saddle point theorem. Hence, using Lemma 1.1 of [22], if I has finite critical
points which are all nondegenerate, then there exists a critical * with Morse
index equal to dimV = k41 > 2. Moreover, using that 0 is a local minimum of
I and I(0) = 0, it follows that * is nontrivial. On the other hand, by Lemma
3.2, I has a nontrivial nonnegative solution ™ and a nontrivial nonpositive
solution 7. Since 7 and x~ are all nondegenerate and of mountain pass
type, by [19] it follows that 2™ and 2~ are all of Morse index less that or equal
to 1. Then

x* £t 2t £
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Now, similar as the arguments in the proof of Theorem 1.2(i), we can take
7 > 0 small enough and p € (0,p9), r € (0,71), d € (0,d1) and R > Ry such
that (3.20) holds and

B (z*)N B.(a") =0, B-(z*) N Ba(z~) =0, B-(2*)NB, =10
and
B (z%), By, Br(z"), B4(x~) C Bg.
By the additivity and excision properties of the Leray-Schauder degree, we have
deg(VI, Bg,0) = deg(VI, B,(z*),0) + deg(VI, B,,0) + deg(VI, B,(z"),0)
+ deg(VI, By(x7),0)
+deg(VI,Bg \ (B-(z*)UB,UB,(z+) U Bg(z7)),0).

Note that all the critical points of I are nongenerate, we can see that
| deg(VI, B-(x¥),0)] = 1.

Then, using Lemmas 3.1, 3.2, 3.4 and the excision property of the Leray-
Schauder degree, we obtain

deg(VI,Bgr \ (B, UB(zt)U By(z7)),0) # 0.

So, by the existence property of the Leray-Schauder degree it follows that there
exists £4 € Br\(B-(2*)U B, U B.(z%) U Bq(xz~)) such that VI(z4) = 0. Thus
problem (1.1) has at least four nontrivial solutions: =¥, =, z*, z4. ([

Before proving Theorem 1.2(iii), we recall a global version of the Lyapunov-
Schmidt method.

Lemma 3.6 ([3]). Let H be a real separable Hilbert space. Let V. and W be
closed subspaces of H such that H =V & W. Assume that J € C*(H,R). If
there are > 0 and 7 > 1 such that

[VJ(v 4+ w1)—VJ(v+ wa)] (w1 — wa) > pllwr— we||” for all v € V,wi, we €W,

then we have the following.
(1) there exists ¢ € C(V,W) such that

Jw+yYw)) = wme1vr‘1/ J(v+ w).
Moreover, 1(x) is the unique member of W such that
[VJ(v + ¢(v)](w) =0 for all w € W;
(ii) if we define J(v) = J(v +(v)), then J € C*(V,R) and
(VI@)01) = [V + (@))(02) for all v,vn € V;

(iii) An element v € V is a critical point of J if and only if v + ¥ (v) is a
critical point of J,;
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(iv) Let dimX < oo and P be the projection onto V across W. Let S C V
and D C H be open bounded regions such that

{v+yw)|veSt=Dn{v+¢@)|veV}.
If VJ(v) # 0 for v € 9S, then
deg(VJ,S,0) = deg(V.J, D,0);

(v) If zo = vo + wo 1is a critical point of mountain pass type of J, then vo is
a critical point of mountain pass type of J.

Proof of Theorem 1.2(iii). Define the functional n(w) : W — R by
1
n(w) = / (]2 = Buw2ldt, Yo € W,
0
Clearly, by [27 |i(t)[2dt > (k + 1)?|[w]3 for all w € W, we have

(3.27) n(w) > /01[(/<; +1)? = Blw*dt > 0, Yw € W.

We claim that there exist pu, M > 0 such that
(3.28) n(w) > pllwl?, [wl| > M.
Indeed, we assume, by contradiction, that (3.28) doesn’t hold. Then there

exists a sequence {wy,} C W with ||w,|| — oo such that % — 0 as n — oo.

Let y, = m Then ||y,|| = 1. Passing, if necessary, to a subsequence we

assume that y, — yo € W weakly and y, — yo in C[0,27]. By yn,y0 € W it
follows that

(3.29) 0 < n(yo) < liminfn(y,) =0,
which implies that

2T
0=n(yo) > / 52 — (k + 1)%2)dt > 0.
0

Thus yo is an eigenfunction corresponding to (k + 1)2. Note that (1.9), (3.27)
and (3.29) imply that yo = 0. A contradiction. Thus (3.28) holds. Now by the
mean value theorem and (1.9) it follows that

27
[VI(v+w)— VI(v+w)](w—w) > / [ —ain|? = B(w — wy)?)dt
0
> pil|w — wi %
Then by Lemma 3.6 there exists ¢ : V. — W such that
I(v+¢)) = uI)IgIl/I(v + w).
Moreover, 1(v) is the unique element of W such that

[VI(v+ ()] (w) =0 for all w € W.
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Define I : V — R by

I(v) = I(v + ¥(v)).
Then I is of class C*, and
[VI(v)](v1) = [VI(v+ () (z)](z1) for all v,v, € V.
By (3.25), I(v) — —o0 as ||v|| = oo. Then in view of I(v) < I(v), we can
obtain that
I(v) = —o0 as |Jv]| — oo.
Since V is of finite dimension, there exists vg € V' such that

(3.30) I(v) = Igleagl(v + ¥(v)).

Then xg = vy + ¥(vp) is a critical point of I, i.e., VI(xg) = 0. Suppose that
vo is an isolated critical point of I, so ¢ is an isolated critical point of I. By
(3.30), vp is a strictly local maximum of the functional I. Then there exists @
in some neighborhood Sy of vy such that I(9) < I(vg), i.e.,

I(0 4+ 4(9)) < I(vo + ¥(vo)),
which means that zg can’t be local minimum of the functional I. Thus zq is
nontrivial. On the other hand, if we denote z7 = v+ +(v™), then by Lemma
3.2 we can see that vt is a critical point of mountain pass type of I, which
implies g # 7. Similarly, 29 # x~. Furthermore, denoting B, (1) = {x €
Hig o |l — 20|l < o}, by (3.30) there exists oo > 0 small such that

(3.31) deg(VI, By(x0) |v,0) = (=1)* for all 0 < o < 0.
Hence by Lemma 3.6 it follows that
(3.32) deg(VI, B,(x0),0) = (=1)* for all 0 < o < 0.

Now similar arguments as in the proof of Theorem 1.2(ii) implies that there
exists at least a nontrivial critical point x4 of I that different from zq, 2™,z
This completes the proof. O
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