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DUALITY OF Qk-TYPE SPACES

MUJUN ZHAN AND GUANGFU CAO

ABSTRACT. For BMO, it is well known that VMO** = BMO. In this
paper such duality results of Q k-type spaces are obtained which gener-
alize the results by M. Pavlovi¢ and J. Xiao.

1. Introduction

Let D = {z: |z| < 1} be the unit disk of complex plane C and H (D) denote

the class of functions analytic in D. For a € D, ¢,(2) = 7= is the Mobius
map of D. Let K : [0,00) — [0,00) be a right-continuous and nondecreasing
function. For 0 < p < oo and —2 < ¢ < oo, the space Qk(p, q) consists of all

functions g € H(D) such that

91 = S22 /D 19/ (2)P(L = [2) K (1 — (=) P)dA(2) < o

where dA(z) is the Euclidean area element on D. For p > 1, under the norm
llgll = 19(0)] + ||9HQK (r.q)» @K (P, q) is a Banach space. A g € H(D) is said to
belong to Qk,o(p, q) space if g € Qk (p, q) satisfying

“m/ 19/ (2)P(1 — 22K (1 — (=) 2)dA(z) =

la]—1
Spaces Qk (p, ¢) and Qk o(p, q) are first introduced in [7], and it was proved that

Qk(p,q) C B . Setting K (t) =t%, s > 0, Qx(p,q) = F(p,q, s). Hence, with
different parameters, Qx(p,q) coincides with many classical function spaces
such as BMOA, @, and the Hardy space H?. Note that Qx(p, q) generalizes
the space Qx = Qk(2,0) (see [1]).

An important tool in the study of Qk (p,q) spaces is the auxiliary function
@i which is defined by

oxc(s) = sup K (st)

, 0<s <.
o<t<1 K(t)
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It is clear to see that vk (s) is nondecreasing and right-continuous on (0, c0).
If0<s<1, pr(s) <1,and if s > 1, px(s) > 1 by the definition of K. We
further assume that

t
and
° dt
(2) / prc(t) 5 < 00
1

The conditions (1) and (2) appeared firstly in [2]. We write that A < B if
there is a constant ¢ > 0 such that A < ¢B. We write A ~ B whenever
A < B < A We know that (2) implies that K (2t) = K (t). We also know that
Qk(p,q) = Qx, (p,q) for Ky = inf(K(r), K(1)) (see Theorem 3.1 in [7]) and so
the function K can be assumed to be bounded.

2. Preliminaries

In the section, we will now state some preliminary results about the Q k (p, q)
spaces that we will use later.

Lemma 2.1. Let Bx denote the unit ball of the given Banach space (X, || - || x)
and co will denote the compact-open topology. Then (Bg (p.q),c0) 15 compact.

Proof. By [6], for g € Qi (p,q) and all z € D, we have
l9(2)| S CEgll a2 S CE9NQuwma»

B »

where
1 for p > g+ 2,
(3) C(z) =  —log(1 —|z]) forp=gq+2,
(1— |z~ for p < q+2.

Thus Bg (p,q) 18 relatively compact with respect to the compact-open topol-
ogy by Montel’s theorem. If {g,} is a sequence in By, (p,q), We obtain

Sup/ lim g, (2)[P(1 = |2*)7K (1 — |a(2)*)dA(2)
D

aw€D n—oo
P P
< inf nh_ffolo HgnHQK(p#z) s1

by Fatou’s Lemma. It follows that (B, (p,q),co) is co-closed and thus also
co-compact. (I

Lemma 2.2 ([9]). Let p > 1 and g € Qr(p,q), 9-(2) = g(rz), K satisfies (2).
Then ||g — ngQK(p,q) —0asr—1if and only if g € Qk.0(p,q).

Proof. See [9] Proposition 2.3.3. O
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Lemma 2.3. Fora € D and p > 1, we have

1 boo 1 (a5
/D<17||> P K (1~ Jpa(2) 2] EdA(z)S/Q lox()l7

PR

Proof. Since 1 — [p,(z)|? W

pic(s) = supoeyoy o that K (t) > 284 and thus [K (1)) 77 < [258)]5

K(st)
Therefore

, it follows from the definition of

/D(lfl 7P TK(1 = |pa(2)2)] 71 dA(2)

@K(llfﬁz‘ )

ey PR )
S R

= [K(1 - |af?)] 775 L(1—|2|2)*ﬁ[wK(TW)] L5 dA(2)
2 1
S e e O
T o ()71
5/2 = ds. .

Lemma 2.4 ([8]). Let K satisfy (1) and 1 < p < co. Then

9 € Qr(p,q) if and only if [}, g™ (2)|P(1—|2[>)"PPHK (1~ |pa(2)|*)dA(2)
<00 and g € Qro(p,q) if and only if lim|g 1 [}, |9 (2)[P(1 = [2]?)"PPHK
(1 — |pa(2)]?)dA(2) = 0, respectively.

Lemma 2.5 ([10]). For all z € D and t < 1,

27
/ die <1,
o |1 —ze—#t ™

Proof. See [10] Theorem 1.7. O

Lemma 2.6. If f(2) = Y p2 arz® and g(z) = > 5| bp2", define the invertible
linear operator D™ : (H(D), co) — (H(D), co) by

n 1 (k+n
DQ(Z):(H_l,Z )bk+12 n €N,
k=0

/ i8) / FED"g()(1 - 22" dA(2).

Lemma 2.7 ([10]). For a > —1, every analytic function in

LD, (1 - [*)*dA(2))

then
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has the formula

(A= Jwl)*
f CY + 1 / f 1 — W )a+2 dA(w)
Proof. See [10] Corollary 1.5. O

Lemma 2.8 (Riesz-Thorin convexity theorem). Assume T is a bounded linear
operator from L, to L, and at the same time from Lq to Lq. Then it is also a
bounded operator from L, to L, for any r between p and q.

Now we introduce R(p, ¢, K') spaces. Let Ej ; be the pairwise disjoint sets
given by

1 1 7 m(j+1)

where k =0,1,2,...and j =0,1,2,...,2¥"2 — 1, so that

co 2FF2_1
J U #=p
k=0 ;=0

We denote m = j — 1+ Y., 2¢+1 5o that
Ey=FEyo,..., BEsa=Ey3, Es =FEi9,..., Fio=Fi7, Fi3=Esp,....

Let a,, denote the center of E,,. The R(p, ¢, K) consists of those functions
f € H(D) for which f(z) =Y "_, fm(z), where each f,, € H(D) and
—1

(/lem(Z)lp%(l*IZIQ)_ﬁ[K(lfl%m( P TTTAA() T < .

The norm of R(p,q, K) is given by

HfHR(p,q,K)

—1

= e /D (P (L~ [22) T [K (1~ [gu,, (2))] 7TdA() 7,

where the infimum is taken over all such representations of f.

Remark 2.9. It is easy to check

1 — |pa(2)]?
NL)'Q51 a€ By, »€D.
1 — |, (2)]

Remark 2.10. For K(t) =1t%, 0 < s < o0,
R(p,q, K)
= R(p.q,s)

—1

it 3 /D ()T (1= 21277 (1= [pa, (2)2) 77 dA(2) 7
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were introduced in [3]. They show R(p, ¢, s) is the dual of Fy(p, q, s) as well as
the predual of F(p, g, s).

1

Remark 2.11. For p > 1 and f;oo %ds < 00, it is easy to see

p—1
I rmar) S H-

Indeed, let f € H.,, then the representation of f can be chosen to be f
itself, by Lemma 2.3, we get

—1

(/DIf(Z)IﬁG*IZIQ)_P_El[K(l*Isaam(Z)IQ)]_ﬁdA(Z)) ’

—1

< ||f||Hoo(/D(1* |2) 77T K (1= |¢a,, (2))] 7 TdA(z)) 7

too 1 p=1
Sl (2 0 < oo

§27 1
for any center point a,,.
Proposition 2.12. Forp > 1, if f € R(p,q, K), then
“2z_g
[F <@ = 12077 Ml f la.g.x)-

Proof. Fix z € D. Using the inequality on page 39 in [10], which states that
for f € H(D),s€ Rand t € (0,00),

=121 ()" < /D(l — W) 2 f(w)] dA(w).

Let 5:2717—31, t= 1%, we obtain

()77 S (1— |z|>ﬁ-2/D o (@)]757 (1 [w]2) 7 dA(w)

and hence

S (- |Z|)2_q—p2 Z[(l — |Z|)p71_2\/[) | fon (W) 757 (1 — |w|2) P*ldA(w)]%
= D U@ 7T = [wl?) 7T dA) T
$ S ([ )1 = o) = g, ()PP TaAW) 7

Taking infimum over all the representations of f, we finish the proof. ([



1416 M. ZHAN AND G. CAO

Remark 2.13. Tt is easy to see the norm-topology of R(p, ¢, K) is finer than the
compact-open topology by Proposition 2.12. Furthermore we can verify that
the normed space R(p,q, K) is complete using the completeness criterion.

3. The Qk,o0(p;q) — R(p, g, K) duality
To give the main theorem of this section, we need the following two lemmas
and Theorem 3.1.
Lemma 3.1. Let g € H(D) be given by g(z) = > p, bez®, K satisfy (1) and
1<p<oo. Then f € Qk(p,q) if and only if

Sup(/ ID"g(2)[P(1 = |2]?)"P PHK (1 — pa(2)P)dA(2))F < oo,
acD JD

f € Qr.op,q) if and only if

lim (/D |D"g(2)|P(1 — |z|2)np*p+qK(1 — |<Pa(2)|2)dA(z))% —o

|a]—1

Proof. By Lemma 2.4 and the fact D'g(z) = ¢'(2)

D"g(z) = C i o (anlg(n)(z) + Z Cn,jznflfjg(nfj)(z) + nanl(Z))

the result follows by induction. (I

the linear operator S on the set of Borel measurable function H on D by
A [zt
SUTw) = (1= wP) [ B T aa).
where w € D and vy € (max{0,—g—(n—1) (p—l)} min{n,p—1—q}). If the auz-
iliary function @i satisfies f Mds < 00, then S maps L°(D, dpu,)
and LY(D,dug) into L>°(D,du,) and Ll(D dug), respectively, where

(1 |25
dig = ——dA(z), a € D.
[K (1 = |pa(2)[?)]7~
Proof. Since v < n and v > 0, then by Theorem 1.7 in [10], we get
=y

S(H)|| e < ||H|| 1—|wl?)” (—

ISUD ey < Wm0 (1~ o) [ St
SN H Lo (pjapay (1 = )7 (1 = |w|*) ™7
= ||H||L°°(D,d,u.,1) < 0.

dA(z)

IS(H) |22 (D, dpa)

q+p’v

1*|2|)”17 (1—|wP)”
(1—|w H(z z dA(w
/ |wl?) / | — [t dA( >[ K — |oa(@)]?) ]p71 (w)
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gt+py +

= [ e - ol _A(W) dA(2).
D

D |1 = Zw|" K (1 — |pa(w)[?)] 7T

It suffices to show that

gt+py at+py
1— w2y~ 5Tt 1 — |2]2)" 51 Ty—n+l
M(a):/ () i) < 0= ) o
D |1 =Zw[" K (1 — |pa(w)[?)] 7= [K (1= |pa(2)[?)]7—
Fix a,z € D, let A = ¢,(a), both p4(w) and @x(p,(w)) are Mobius transfor-
mations of D mapping a to zero. Therefore there is a unimodular constant e

(which is —1=22) such that

pa(w) =€ ox 0 p.(w).
Note |A|? = |¢.(a)]? = |¢a(2)]?, direct computation yields
M (a)

q+7w +

_ / (1~ o) —dAw)
D |1 —Zw[" K (1 — |px 0 @z (w)[2)] 7T

- [ e lep AR,
D 1= 2. ()" K (L= [or )] 7T

= 'ﬁ‘ BRIt A= ul?) Oz’ |- L4y %
= / L P [ (A L dAk)
[1—Au|2
= dA(u)
o — q+p’v n u A
D1 —7u| 2 +2y-ntS [ ((1 \|1| )A(i‘z\ 2 ))]
atpy

1— z2)7 LR +y—n+1 ) S 1—dul?. 1

< Uo7 T R P L)
(K1 =27 Jp iz 25 ~ ul

q+p'y 1 N
Cl i n+/ (=) 5 2
= K P—1dA(u
[ (1 - |(Pa D |1—Zu| 2Lm+2w n+3 [SD (1 _ |U|)] ( )
q+pw o
= (1 - |Z| +y—n+1 / (1—|u|? 754”{‘%“ (17|u‘2)71[¢f(ﬁ)]p£1 dA(u)
[ (1 - |90a D |1-zu| p-1 LI 4yt ‘17§u‘*%+w—n+2
q+zw e
< (1 - |Z| +y—n+1 (1—]ul?) Px (= \u\)]pil A
a 41+w n+2 (u)
[K(1 = |pa(z D |1—Zu| P-T
< (17| | ) ‘1+P7+V n+l /1 <PK - |u‘ P =T (/QW X d@)d| |
- u
[ (1 - |(Pa 0 1 - |’LL|2 0 |1,3u|*gpif%1+w7n+2
< (1—Jz | )~ thﬂ nl ol <PK(1 |u‘ 1d
~ 1— |ul? |ul
[ (1 - |(pa 0
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1

Bl T s /+°° lex ()7
[K(1 = lea(2)P)]71 J2 5
(1= o) 5
K= lpa(2)P)7T
where we use —m 4+7v4+1>0by~y <p—1—qand also use Lemma 2.5 due
tothefactfq;_p”quy n+2<1by~y> qf(nfl)(pfl). O

Theorem 3.3. For p > max{1,1+q} andn € N withn > 1+ =L and i

1
satisfies f;oo #ds < 00, we define the Banach spaces X,, € H(D) and
Y,, C H(D) by

g1l /|D” P = [2?) " IPHE (1 = |, (2)]P)dA()) < o0,

£l = /|f 771 = 27T T K (1 = [pa,, (2) )] 777 dA() "7 < o0,

we assume g(0) =0, then (X,,,)* =2 Y, under the pairing

g) = /D Fg (2)dA(2).

Moreover, for every f € Y, ||fllv,, = supgepy, (f.9)| where the constants
do not depend on m.

Proof. For f(z) = ZZO Oakzk € Y and g(z) = Y72 bpzk € X, by Lemma
2.6, [, f(2)d'(2)d = [, f( g(2)(1 — |2|>)""*dA(z). Using Hélder’s
inequality we obtaln

(rg |—|/f JDmg(2)(1 - |#[2)"~ dA(2)

< ([ D9 (L= [P E (L = [, () P)AR)?
D
X (/D @771 (1= [2*) 7P [K(1 = |a,, ()] 7 TdA(2)
= llgllx. [1fll¥,.-
It follows Yy, C (Xn)*.
Conversely, let L € (X,,)* and consider T : X,;, — L? given by
T(g) = D"g(z)(1 = |27 [K (1 - |pa,, () )]
Let G = T(X,,). By Hahn-Banach theorem, LoT~! : G — C can be extended
(preserving the norm) to a bounded linear functional on LP, denoted here by

L oT—1. Therefore we can find hg € L7 such that

(LoT*l)(f):/Df(z)F(z)dA(z) for all f € LP




DUALITY OF Qk-TYPE SPACES 1419

and |Lo T=Y| = ([, [ho(2)|7TdA(2))"F . Especially for all g € X,,, taking
f=T(g) € LP, we have

where h(z) = ho(z)(l — 22 ? [K(1 = |¢a,, (z)|2)]% and
1L = ( /D Iho(2) | 757 dA(2)) 57
= /D IB(2)| 757 (1 = |21%) " 7T [K (1 = [@a,, (2)]2)] 71 dA(2) T
We now claim that D"g € L*(D, (1 — |2|*)""*dA(z)) whenever g € X,,.
/ ID"g(2)|(1 — |2 dA(z)
= /D ID"g(2)|(1 — |21 VTR K (L~ |ga,, (2)|D)]7 (1~ |2[2) 7%
[K (1~ |@a,, ()] 7 dA(2)

< Hgllxm(/D(l = [22) 775 [K (1= [a,, (2)/)] 71 dA(2)) 7

+o0 s =1 b1
< llglx ( / Lor (7T )55 < o

§27rT

Thus by Lemma 2.7

(1 — |w|?)n~t
= D™g( Aw).
n/ 1= 2z ——dA(w)

If g € X, then
/D" A1 — |22 dA(2)

~ [ n / Dy 1*"”' L ™ g )R - [o[2)m 1A

— zw)ntl
/Dn )1 = w]?)" /DW%M@) dA(w).

Let fo(w) =n [, h 5 %d/l( ), fo is analytic, thus it remains to show

(1 zw)nt1
I folly,, < < | L]] Where the constant does not depend on m. It suffices to show

1ol </ [A(2)|7T (1 = |2%) 777 [K (1 = |pa,, (2)2)] 7T dA(2).
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Fixvy e (maX{O g—(n—1)(p—1)}, min{n, p—1—q}), the interval is non-empty
byn>14 —— Deﬁne the functions F' and H by

(w) = folw)(1 = w|*)", H(z) = h(z)(1 = [2]*)".

Then it reduces to show

1P = o)
S [ e a -

FE K (L~ |pa, (@)[2)] 71 dAw)

K (L~ |9a,, (2)?)] 7T dA(2),

where
Py = (1=l [ 1 S g
—|w|?) / H(z 1;_' Ll)};n;vd/l(z).
Since 2 — L > 1, erOO md < erOO Mds. Thus we can use

pfl
Lemma 2.8 and Lemma 3.2 to prove the above inequality and note that the
constants obtained are independent of m. (I

Theorem 3.4. Let p > max{1,1+ q}, K satisfy (1) and vk satisfies
/Jm tere (sl 7 ds < oo
2

—_a_
§* o1

Then R(p,q, K) = Qk0(p,q)* under the pairing

g) = /D T4 (2)dA(2).

That is, every f € R(p,q, K) induces a bounded linear functional (f,-) :
Qr,0(p,q) = C. Conversely, if L € Qi ,0(p,q)*, then there ezists f € R(p,q, K)
such that L(g) = (f,g) for all g € Qk,o(p,q). Moreover, for every f €

R(p, ¢, K), 1flr.a. i) = $Wgeng, o0 [(F9)]

Proof. Let f € R(p,q,K) and g € Qk,0(p,q). Given ¢ > 0, there exists a
representation of f such that

> [ G elaac

< llgllw.ow.a Z(/D ()73 (1= )77 [K (1= |, (2) )] 7 1 dA(2)) 7

< l9llox o I IIRp.ar) +€)-
It follows |{f, g)| < HQHQK,o(p,q)||f||R(p,q,K) and thus f € Q. o(p,q)*.
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To prove that every L € Qg o(p,q)*, there is an f € R(p,q, K) such that
L(g) = (f.9), 9 € Qk.0(p,q), we consider A = {a,, : m > 1}. Noticing

5 1- |(pa(z)|2 5
1—|pa, (2)?
we get that the supremum in the definition of the Q (p, ¢)-norm can be taken

over A. Suppose now that each X, consists of those functions g holomorphic
on D which ¢(0) = 0 and

1, a€eFkE,, z€D,

ol = (/D [D"g()[P(1 = =) "R (1~ [pa,, (2))AA(2)F < oo.

Denote by X the direct cg-sum of X,,, that is, the space of holomorphic
functions {g,,}$° on D such that g,, € X,, for every m = 1,2,3,... and
limy, o0 ||gmllx,, = 0. The norm in X is given by

Hgm}Tllx = sup  [lgmllx,.-

m=1,4,9;...

It is clear that the space k0 with this new norm is a normed subspace of
X. Define Y to be I'-sum of the spaces Y;,, the dual of X is isometrically
isomorphic to the I!-sum of the spaces X. By Theorem 3.3, we can replace
X, by Y, and so the dual of X is equal to Y : X* =2 Y, with the paring

Z<fmagm>a Jfm € Ym, gm € Xon.

m=1

Let L € Qk0(p,q)*. Due to the fact that X* =Y and Qk,o(p,q) C X, using
a Hahn-Banach extension of L to X we obtain f,, € Y;, such that

L(g) =Y {fm:9), 9 € Qr.0(p,q)

1

holds and the norm ||L|| of L obeys

> M fmllv SILI-

m=1

Finally, if f(z) = >_,~_; fm(z), then this series converges uniformly on compact
sets of D by Proposition 2.12. Thus

feHD), |fly <Y Mfulv, and  L(f) = (f.9).

m=1

Thus we have proved Qk 0(p, ¢)* C R(p,q, K). O
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4. The E(p,q, K) — Qk(p, q) duality

1

;Oo 7[(%2(,5&;:1 ds < o0.

p—1

Lemma 4.1. Let p > max{1,1+ q} and ok satisfies
Then the polynomials are dense in R(p,q, K).

Proof. Combining Theorem 3.3 and the proof of Lemma 4.2 in [5], the result
follows directly. O

The following result is an immediate consequence of Lemma 4.1, Lemma 2.2
and Theorem 3.4.

Proposition 4.2. Let ¢ > 0, p > 1+4¢q, f € R(p,q,K), K satisfies (1), (2)
1

and @k satisfies f2+°° %ds <oo. Then ||f = frlr(p,q,x) — 0 asr — 1.

1
Remark. If ¢ > 0,1+ g < p < 2, then “”;2(5) < “”;Ssﬂifl . It follows that the
1 s
condition f;oo Llex(l """ 45 < oo implies condition (2).

p—1

Let E(p,q, K) = {L € Qr(p,q)* : L|(BQK(p’q),w) is continous} be the sub-
space of Qx(p,q)*. Since (Bg (p,q).co) is compact by Lemma 2.1. Hence, by
the Dixmier-Ng theorem in [4], we have:

Theorem 4.3. E(p,q, K) space is a Banach space and
J:Qk(p.q) = E(p,q, K)*

s an isometric isomorphism.

Theorem 4.4. For q >0, p > 1+ q, K satisfies (1), (2) and vk satisfies

/2+°° o)™

-
§27 51

the restriction map E(p,q, K) = Qk,0(p,q)* is an isometric isomorphism.

Proof. Combining Proposition 4.2, Theorem 3.4 and the proof of Theorem 4.2
in [3], we can obtain the result. O

Corollary 4.5. Let ¢ > 0, p > 1+ q, K satisfies (1), (2) and ¢k satisfies

/Jm [@LS)]? ds < 0o
2

§2T

then Qk o(p, q)** is isometrically isomorphic to Qx(p,q) and R(p, q, K) is iso-
morphic to E(p,q, K).

Proof. Combining Theorem 4.3 and Theorem 4.4, we can get Q o(p,q)*™ is
isometrically isomorphic to Qk (p,q). R(p,q, K) is isomorphic to E(p, ¢, K) by
Theorem 3.4 and Theorem 4.4. ]
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