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UNIFORM ATTRACTORS FOR NON-AUTONOMOUS
NONCLASSICAL DIFFUSION EQUATIONS ON RYN

CunG THE ANH AND NGUYEN DUONG TOAN

ABSTRACT. We prove the existence of uniform attractors A in the space
HY(RN)NLP(RN) for the following non-autonomous nonclassical diffusion
equations on R*Y,

up — eAug — Au+ f(z,u) + du = g(z,t), € € (0,1].

The upper semicontinuity of the uniform attractors {Ac}.g[o,1] at € =0
is also studied.

1. Introduction
In this paper we consider the following non-autonomous equation

up — eAuy — Au+ f(z,u) + u=g(t,x), x e RN, t > 7,

Ult:r = Ur,

(1.1)

where ¢ € [0, 1], the nonlinearity f and the external force g satisfy some certain
conditions specified later. This equation is known as the nonclassical diffusion
equation when € > 0, and the reaction-diffusion equation when € = 0.
Nonclassical diffusion equation arises as a model to describe physical phe-
nomena, such as non-Newtonian flows, soil mechanic, and heat conduction
(see, e.g., [1, 7, 13, 14]). The long-time behavior of solutions to problem
(1.1) has been studied extensively in recent years, for both autonomous case
[10, 11, 16, 18] and non-autonomous case [2, 3, 11]. However, to the best of our
knowledge, most existing results related to the problem are valid in bounded
domains, except the recent work [3] where the existence of pullback attractors
of the problem (1.1) on RY was proved. In this paper we will study the exis-
tence and upper semicontinuity of uniform attractors of a family of processes
associated to problem (1.1) in the case of unbounded domains, the nonlin-
earity of polynomial type, and the external force g depending on time ¢t. To
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study the existence of weak solutions to problem (1.1), we assume the following
conditions:

(H1) The continuous nonlinearity f(x,u) satisfies
(1.2) flzw)u > aaful? — Bi(2),
(1.3) |f (2, w)| < azlulP~ + Ba(2),

for some p > 2, where ay,az > 0, 1 € LY(RY) and 8, € L71(RYN)
are two nonnegative functions. Moreover, we assume that

(1.4) fulw,u) = =L,
where £ is a positive constant. For F(z,u) = [ f(z,7)dr, we assume
that

(1.5) aslulP — Bs(z) < F(z,u) < agul? 4+ Ba(z),

where asz, a3z > 0 and 3, 84 € L}(RY) are nonnegative functions.
(H2) The external force g € LZ(R; L*(RY)), that is, g € L (R; L*(RY))
satisfying

t+1
(1.6) sup [ g(6)]3qevds < +oc.
teR Jt

The main aim of this paper is to prove the existence of uniform attractors
A., ¢ € [0,1], for problem (1.1) on the whole space RY and to prove the
upper semicontinuity of {Ag}ge[oﬁl] at ¢ = 0. As we know, there are two main
difficulties in studying problem (1.1) on RY in the case ¢ > 0. The first one is
the unboundedness of the domain RY, this makes Sobolev embeddings are no
longer compact. The second one is the appearance of the term —eAuwu;, then
if the initial datum wu, belongs to H*(RY) N LP(RY), the solution with initial
condition u(7) = u, is always in H'(RY)NLP(RY) and has no higher regularity,
which is similar to hyperbolic equations. These bring some essential difficulties
in proving the existence of solutions and existence of uniform attractors. On the
other hand, since uniform attractors are not “invariant” like global attractors,
it introduces some significant difficulty when one wants to show the upper
semicontinuity of a family of uniform attractors {Ac}.co,1] with respect to the
parameter €.

Let us describe the method used in this paper. First, the existence of a
unique weak solution is proved by the Galerkin approximation and the com-
pactness method. Then, we show the existence of uniform attractors in var-
ious spaces under some stronger conditions of the external force g, namely
conditions (H2’) and (H2”), which were given in Section 3. Under the con-
dition (H2’) of g, using the so-called “tail estimates” method, which was in-
troduced by B. Wang in [15], we first prove the existence of an (H'(RM) N
LP(RY), L?(RY))-uniform attractor. Next, under condition (H2”) of g, us-
ing the asymptotic a priori estimate method in [9], we prove the asymp-
totic compactness in LP(RY) of the corresponding process, and thus obtain
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the existence of an (H'(RY) N LP(RY), LP(RY))-uniform attractor. After
that, by verifying Condition (C) introduced in [8] we get the existence of an
(HY(RM)NLP(RY), HY(RV)NLP(RY))-uniform attractor. Finally, by using the
structure of uniform attractors, that is, a uniform attractor can be viewed as
a union of kernel sections (see Definition 2.4), and the continuous dependence
of solutions to problem (1.1) on € as € — 0% established in Lemma 5.1, we
prove the upper semicontinuity of the family of uniform attractors {A:}.co,1]
at e =0.

The paper is organized as follows. In Section 2, for convenience of the
reader, we recall some results on uniform attractors and the space of transla-
tion bounded functions. Section 3 proves the existence and weak continuity
of a family of processes associated to the problem. In Section 4, we prove the
existence of uniform attractors A, for the family of processes in various spaces.
The upper semicontinuity of uniform attractors {A:}.c[o,1) at € = 0 is investi-
gated in Section 5. In the last section, we give some relationships between the
above uniform attractor, the pullback attractor obtained in [3], and the global
attractor formally obtained when the external force is time-independent.

Throughout this paper, we denote by | - ||, (+,-) the norm and scalar prod-
uct in L2(RY), respectively. We denote by C an arbitrary constant, which is
different from line to line, even in a same line.

2. Preliminaries
2.1. Uniform attractors

Let 3 be a parameter set, X, Y be two Banach spaces. A family {U, (¢, 7),
t>71,7€R}, 0 €, issaid to be a family of processes from X to Y if for each
o € X, {Uys(t,7)} is a process, that is, the two-parameter family of mappings
{Uy(t,7)} from X to Y satisfies

Us(t,8)Uo(s,7) =Us(t,7), Vt > s >7, T ER,
Uy(1,7) = Id, the identity operator, 7 € R,

where ¥ is called the symbol space, o € 3 is the symbol. Denote by B(X) the
set of all bounded subsets of X.

Definition 2.1. A set By € B(Y) is said to be an (X,Y)-uniform (w.r.t.
o € %) absorbing set for {Uy(t,7)}oex, if for any 7 € R, and B € B(X), there

exists Ty > 7 such that |, .y, Us(t, 7)B C By for all t > Ty,

Definition 2.2. A family of processes {U,(t, T) }sex is called (X, Y)-uniformly
(w.r.t. o € ) asymptotically compact if for any 7 € R, any B € B(X), we have
{Uy, (tn,T)x,} is relatively compact in Y, where {z,} C B, {t,} C [, +0),
t, — 400 and {o,} C ¥ are arbitrary.

Definition 2.3. A subset Ay, C Y is said to be an (X, Y)-uniform attractor
of the family of processes {U,(t,7)}oex if
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(1) Ayx is compact in Y;
(2) for an arbitrary fixed 7 € R and B € B(X) we have

lim (sup(disty (U, (t,7)B, As)) =0,
t—=00 e

where distg(-, ) denotes the Hausdorff semidistance in a Banach space
E
distg(A, B) = sup inf ||z — y| g;
z€AYEB

(3) if A’y is a closed subset of Y satisfying (2), then Ay C A's.

Definition 2.4. The kernel K of a process {U(t,7)} acting on X consists of
all bounded complete trajectories of the process {U (¢, 7)}:
K ={u(:)| U, m)u(r) =u(t), dist(u(t),u(0)) < Cy, Vt>7, 7 € R}

For s € R, the set IC(s) = {u(s) | u(-) € K} is said to be kernel section at time
s.

We will use the following result on the existence and structure of bi-spaces
uniform attractors.

Theorem 2.1 ([4]). Assume that the family of processes {Uy(t,T)}oex satisfies
the following conditions:

(1) ¥ is weakly compact, and {Uy(t,7)}oex is (X x X,Y)-weakly contin-
uous, that is, for any fired t > T, the mapping (u,0) — U, (t,T)u is
weakly continuous in Y. Moreover, there is a weakly continuous semi-
group {T'(h)}n>0 acting on ¥ satisfying

Th)X =%, Us(t+h,7+h)=Urmny(t,7), Vo€ X, t > 7, h >0;

(2) {Us(t,7)}sex has an (X,Y)-uniform (w.r.t. o € ) absorbing set By;

(3) {Us(t,7)}oes is (X,Y)-uniformly (w.r.t. o € X) asymptotically com-
pact.

Then it possesses an (X,Y)-uniform attractor As, and
As = U Ks(s), Vs € R,
ceY

where KC,(8) is the kernel section at time s of the process Uy (t,T).

2.2. The translation bounded functions

Definition 2.5. Let & be a reflexive Banach space. A function ¢ € L? (R;€)
is said to be translation bounded if

t+1
lells = el Zzme) =sup [ llellzds < co.
s (R;E)
teR Jt

For g € L} (R; L*(RY)), we denote by H,,(g) the closure of the set {g(- +
h) | h € R} in the space L7 (R; L*(R")) with the weak topology. The following
results were proved in [5].
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Lemma 2.2 ([5, Chapter 5, Proposition 4.2]).

(1) For all o € Hu(g). llolli < llgll3;
The translation group {T'(h)} is weakly continuous on H,(g);

(2)
8 T(h)Huw(g) = Hu(g) for h > 0;

Hu(g) is weakly compact.

3. Existence and weak continuity of the family of associated
processes

Definition 3.1. A function u(¢,z) is called a weak solution of problem (1.1)
on the interval [r,T] if

u e C([r,T]; H*RN)) N LP (1, T; LP(R™)), us € L(, T; H'(RY)),

u(z,7) = u,(z) for a.e. z € RV,

/T/RNutcpﬁLs/T/ VuthoﬁL/T/ VuVe
o[ f e [ [ o= [ a0

for all test functions ¢ € C*°([r,T] x RY).

and

Theorem 3.1. Assume that f satisfies condition (H1), g satisfies condition
(H2). Then for any u, € HYRN) N LP(RY), any o € Hu(g) and any T > T,
7 € R given, problem (1.1) (with o in place of g) has a unique weak solution
u on [1,T] and the weak solution depends continuously on the initial data.
Moreover, for any t > T, we have

(3.1)

st 1
o) + e Tu@ < € (0 (furlP + el Varl?) + 1+ T )

where 6 = min{1, A}.

Proof. Although the existence of a weak solution was proved in [3], we present
here another (simpler) proof for the completeness and convenience of the reader.
i) Existence. For each integer n > 1, we denote by

n
= i (Owy,
j=1

a solution of

d
%(umwa‘) = —&(Vosun, Vw;) — (Vun, Vw;j) — (f(z,un), w;)

(3:2) — Aun, wy) + (o(t),wy),
(un(7),w;) = (ur,wj), j=1,...,n,
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where {w; : j > 1} € H*(RY)N LP(RY) is a Hilbert basis of L?(RY) such that
span{w,};>1 is dense in H'(R™) N LP?(RY). In (3.2), replacing w; by u,, we
get

(lunll? + el Ve [?) + Ve | + /RN F (@, un)undw + Alfun |

_ /R o(tundr.

By (1.2), we have

N =
e

(3.3)

(3.4) . f(@, un)updr > Oé1||Un||T£p(RN) - ||ﬂl||L1(]RN)-

Applying the Cauchy inequality, we have

1 A
(3-5) / o(t)undz < Jo@)llllunll < SO + 5 llunll*
RN

Combining (3.3)-(3.5), we get

d

— (lunll? + el Vunl®) + 2l Vun|* + 201 [unll} g,
dt

(3.6) 1
< XHU(UHQ + 2|81l L1 @)y

Integrating (3.6) from 7 to t, ¢t € [, T], we have

t t
Jun ()P + T I +2 [ [Vun )]s + 201 [ [ (6) o amys
2 2 1 4 2
< un (I + e Vun()? + 5 [ llols)Pds + 27— )l Bl v

T

This inequality implies that
(3.7) {u,} is bounded in L>®(7,T; H*(RN)) N LP(, T; LP(RY)).
Then, there exists a subsequence of {u,} (still denoted by {u,}) such that
(3.8) u, — u weakly-star in L°°(r,T; H'(RY)).
We deduce in particular from (3.7) that
(3.9) Au, — Au in L*(1,T; H-HRY)).
On the other hand, replacing w; by d,u,, in (3.2), we get
(3.10)
1d
|10unl® + el VOrunl® + 5 — [ IVunll* + Mua|® + 2/ F(a, up)de
2 dt -
1 2 1 2
= [ oDz < Lo + 3 dhual
RN
Integrating (3.10) from 7 to T', we obtain
{0su,} is bounded in L(, T; H'(RY)),
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thus

(3.11) Oy, — uy in L2(7,T; HY(RY)),
and

(3.12) Adyu, — Auy in L2(1,T; H-H(RY)),

up to a subsequence. Using (1.3), for p’ = ;I_’—l, we get
[ e < [ (aalunlr! + fula)” do
RN RN

< Cy (2 llunl ey + 182017, v, ) -
From (3.7) and (3.13) we find that

(3.13)

(3.14) {f(:;un)} is bounded in v (r,T; Lp/(RN)),
thus
(3.15) f( un) — x in LP (7,T; L" (RN)), up to a subsequence.

We will prove that y = f(z,u). For each m > 1, we denote B, = {z € RV :
lz] < m}. Let 0 € C*([0,400)) be a function such that 0 < 6 < 1, Ofjpq =1
and 0(s) = 0 for all s > 2. For each n and m we define

j/?

Unm(x,t) =0 (m2 ) Un(x,t).

We obtain from (3.7) that, for all m > 1, the sequence {v, m}n>1 is bounded
in L (7,T; H}(Bam)) N LP (7, T; LP(Bay,)). As Ba,y, is a bounded set, the
embedding HJ(Bam) < L?(Bay,) is compact. Then, by Theorem 13.3 and
Remark 13.1 in [12] we obtain that

{Vpn.m} is precompact in L*(7,T; L*(Bay,)),
and thus

{un|B,,} is precompact in L* (1,7 L*(B,,)) -

By a diagonal procedure, using (3.8), we deduce that there exists a subsequence
of {u,} (still denoted by {u,}) such that

Up, = u a.e. in By, x (7,400) as n — +o0, Ym > 1.
Then, since f is continuous,
flz,un) = f(z,u) ae. in By, X (7, +00),

and {f(x,u,)} is bounded in L¥ (7, T; L” (B,,)), by Lemma 1.3 in [6, Chapter
1], we have
f(@,un) = f(z,u) in LY (1, T; L (By)).
From (3.14)
F(@,un) = Xl x(rry in L7 (7, T LF (Byy)).
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Hence
x = f(z,u) a.e. in By, x (1,T), Ym > 1,

and thus, taking into account that (J,°_; Bn, = RY, we obtain
(3.16) X = f(x,u) ae. in RY x (1,7T).

Now, combining (3.8), (3.9), (3.11), (3.12), (3.15) and (3.16) we see that u
satisfies

up —eAup — Au+ f(z,u)+ A u = o(t) in H-HRY) + LY (RY) for ace. t € [1,T].

By standard arguments, we can check that u satisfies the initial condition
u(T) = u,, and this implies that u is a weak solution of problem (1.1).

ii) Uniqueness and continuous dependence. We assume that u; and uy are
two solutions subject to initial data wi(7) and ws(7), respectively. Denote
w = u; — Uz, we have

(3.17) wy — eAwy — Aw + f(z,u1) — f(z,u2) + Aw = 0.

Taking the inner product of (3.17) in L?(R") with w, then using assumption
(1.4), we see that

d
2 (Iwll® + el Vel?) + 2/ Vel* + 22 [[w]* < 20fw]* < 20(w]|® + &l Vo).

By the Gronwall inequality, we obtain
lw@®)]? + el Va®)]? < T (Jlw(m)]|? + &l Vw(7)|?).

This proves the uniqueness (when w(7) = u2(7)) and the continuous depen-
dence on the initial data of the weak solution.
iii) The a priori estimate (3.1). Multiplying (1.1) by w(¢) and integrating
over RY, we get
1d
2dt (

- /}RN o(t)u(t).

Using (1.2), the Holder and Cauchy inequalities, after a few computations, we
have

[u@®I* + e Vu@)l*) + Va1 + Mlu®)]* + /RN [, u(t))u(t)

& > + 19u(0)|?) + 5 (Ju(t) | + V() ?)
+ ¢ (@I ey + 1 Vu))

1
< 2Bz @ + Sl I,
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where ¢ = min{2«1,1}. Hence, by the Gronwall inequality, we deduce that
(3.18)
lu(@)]” + el Vu(®)]?

— —_T 1 t - -
< €70 ([lurll? + el Ve |?) + 20812 e + 5 / e o(s)||ds.

T

On the other hand, we have

t
/ 0= o (s)|ds

T

t t—1
(3.19) < (/ e =9 5(s)||2ds + / e 0= o (s)||?ds + - - )
t—1 t—2
_ _ 1
< (4el+e 4ol < 1_76_5H9||12w
where we have used the fact that ||| < ||g||? for all o € H,(g). Combining
(3.18) and (3.19), we get (3.1). O

Theorem 3.1 allows us to define a family of continuous processes

{UU(tv T)}GEHw(g)
as follows
Uy(t,7) : HY(RYN) N LP(RY) — H*(RY) N LP(RY),

where U, (t, 7)u, is the unique weak solution of (1.1) (with o in place of g) at
the time ¢ with the initial datum u, at 7.
We now prove the weak continuity of the family of processes

{UU(ta T)}UEHw (9)"

Lemma 3.2. The family of processes {Us(t,T)}oen, (g) associated to problem
(1.1) is (HY(RN) N LP(RY) x Hy(g), HL(RYN) N LP(RN))-weakly continuous,
that is, for any uS™ — u, in HYRN)N LP(RY) and 0, — 00 in Huw(g), we
have

Uy, (t, 7)ul™ — Uy, (t, T)ur in HHRN)NLP(RY), t> 7.

Proof. Denote uy(t) = Us,, (t,T)ugn), we easily see that all estimates for ap-
proximate solutions in Theorem 3.1 are still valid for w,(¢) here. Thus, there
is w(t) such that

(3.20) u, — w weakly-star in L>(7,t; H'(RY)),

(3.21) Up — w in LP(1,t; LP(RM)),
and the sequence

{un(s)}, 7 < s <t, is bounded in H'(RY) N LP(RY).
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Using the arguments as in Theorem 3.1, we can see that

(3.22) Oy, — wy in L2 (7, t; HY(RY)),
and
(3.23) fla,un) = flz,w) in LP (1, t; LY (RV)).

Hence, by combining (3.20)-(3.23), we obtain that w solves the problem
wy — eAwy — Aw + f(x,w) + Aw = 0¢, W|t=r = ur,

and therefore w = Uy, (¢, T)u, thanks to the uniqueness of weak solutions. This
completes the proof. (Il

4. Existence of uniform attractors

First, we prove the existence of an (H*(RY) N LP(RY), HL(RN) N LP(RN))-
uniform absorbing set for the family of processes {Uy(t, 7)}oent., (g)-

Proposition 4.1. The family of processes {Uy(t,T)}sem, (q) @ssociated to
problem (1.1) has an (HY(RM)NLP(RN), HY(RV)NLP(RN))-uniform absorbing
set, which is independent of €.

Proof. Multiplying (1.1) by u + u; in L?(RY), and after some standard com-
putations, we get

1d
-z ()\+I)HUH2+(€+1)||VUH2+2/ F(z,u)dz
2dt RN
2 1 2 2 A 2
(4.1) IVl + Slluel® + el Vue > + [ fla, w)udz + ||y
2 RN 2
A+1
< S lle .

Using (1.2) and (1.5), we get two positive constants 1 and C' such that

A
IVul?+ [ f(owuds -+ 5 lul?
(4.2) RN
> g ((/\ + D)flul® + (e + D) || Vu|?® + 2/ F(x,u)dz) -C.
RN

Thus, combining (4.1) and (4.2) we have

d

Y& +py() < A+ Dlle O] + C,
where

y(t) = A+ D|ul®* + (e + 1)||Vul|* + 2/]RN F(x,u)dz.
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Hence, from (1.5) we obtain
(4.3)

t
y(t) < e*““*ﬂ”y<f>-%(A-+1Je‘*”t/“eﬂsna<s>n2ds—+<>

A+1

< Ce " (Jfur |2 + | Vur | + llur |} gy + 1) + Fpp——

lglls +C.

On the other hand, using (1.5) once again we find that

(4.4) y(t) = [[u@®)? + [Vu@)|* + 203w, @ny — 21183 L1 ).

Now, by combining (4.3) and (4.4), we can choose T} and pg such that

(4.5) lu@I* + Va1 + w7, @xy < po

for allt > T, u,r € B and ¢ € H,(g). This completes the proof. (I

Remark 4.1. The (HY(RM)NLP(RN), HY(RY)NLP(RY))-uniform absorbing set
obtained in Proposition 4.1 is also (H (RV)NLP(RY), L2(RY))- and (H}(RY)N
LP(RY), LP(RY))-uniform absorbing sets. Thus, in order to prove the existence
of a uniform attractor for {Us(t,7)}sen,, (g), it Temains to check the uniform
asymptotic compactness of {Us (¢, T)}oepi (g)-

4.1. Existence of an (H*(RN) N LP(RY), L?*(R™N))-uniform attractor

In this subsection, we assume that the external force g satisfies the following
hypothesis:

(H2') g,0:g € LE(R; L>(RY)) and

t+1
(4.6) lim sup / / (s,z)|*dzds = 0.
k=00 teR m>k

Lemma 4.2. For any 7 € R and any bounded subset B C H(RYN) N LP(RY),
there exist p1 > 0 and Ty > 7 such that

(4.7) llus(s)||? + 2¢||Vue(s)||* < p1, Yur € B, s> Ts, and o € Hy(g).
Proof. Multiplying (1.1) by u; and applying the Cauchy inequality, we get
d
(4.8) fluell® +2e | Ve | + — <|VU||2 + Allul? + 2/ F(»’Cvu)dz) < o).
RN
Integrating (4.8) from ¢ to t + 1, ¢t > T}, and using (4.5) and (1.5) we have
t4+1
[ Q)P + 22 Futs)P) ds
t
t+1
@) <IVuOF MO +2 [ Pl u®e+ [ ()Pl
t

< IVu®)I* + Mu@)l? + 204 ()7, gy + 21 Ball iy + ol
< Cla, Ba, [|g]l?)-
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On the other hand, differentiating (1.1) with respect to ¢, denoting v = u; and
multiplying by v in L2(RY) we get

S0l + S IV 190l + [ futontde + Aol = [ oro(tyude.

Using the facts that f/(z,u) > —¢ and that [y o (t)v < 5|00 (t)|?+ 5 |v]|?
we obtain

d 1
pn (Ilvll* + el Vol1?) + 2| Voll* + Alloll* < 2¢)|v]|* + Xllatv(t)IIQ,
thus
d 1
(4.10) 7 (Ilv]1? + e[Vl ) < 2¢ ([[vl|* + el Vol?) + XH@U@)HQ-

From (4.9) and (4.10), using the uniform Gronwall inequality, we get the desired
result. O

Lemma 4.3. Let B be a bounded subset in HY(R™) N LP(RYN). Then for any
n > 0, there exist T, > 0 and K; > 0 such that

/ Uy (t, T)ur P dz < m, Wt > T, Yu, € B, Yo € Huy(g).
|z| > K
Proof. Let 6 : Ry — R be a smooth function satisfying 6(s) =0, 0 < s

0<6(s) <1,1<s<2 and 0(s) =1, s > 2. It is easy to see that 6'(s)
for all s € [0, 400) and 0'(s )*Ofors>2

Multiplying (1.1) by 6 ( ) u and integrating over R™, we obtain
(4.11)

1d x|? x|?
% </]RN 0 <|k|2 > |u|2dz+€/ 0 <|k:_|2) |Vu|2dz>
+>\/ 9<@> |u|2dz+/ 9<| |2)|V |*dx +/ 9<@)f(x w)udz
k2 k2 ’
RN

+ —9’ | |2 uVudz + e —9' |$|2 uVudx

RN k2 RN k2 ¢

2
= / o(t)0 ('7{—'2) udz.

RN

By (1.2), we get

/RN f (%2) fl@,uju = e /RN 0 ('Z—f) ul? — /RN 6 ('z—f) B1(x)
- /z>kﬂl(z)'

Because 6'(s) =0 for all s > 2, we have

2
/ EG’ <|i|2 >uVu
]RN

INIA
—_

(4.12)

(4.13)

2lz|
<C/ —z [ullVul < - (IIUI|2+||VUH ),
lz| <2k
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and similarly,

(4.14) ’ /RN 27 ’(lxl ) uVu,

By the Cauchy inequality, we see that
(4.15)

|z A/ 22\ | 2 1/ |z[? 2

sl Y < = _
ANU(t)9<k2 wWsg L O\ )ty L0\ ) el
A |'T|2 2 1 2
5 0 =5 — )%
s Lo () e [ o
Combining (4.11)-(4.15), we deduce that

d || 2 || 2

dt (/RNG ( = > ful” e k [Vl
(4.16)  +0 / o (2L luf? + V|2

RN k2 k
1 C
< X/ Io(t)|2+2/ Bi(x) E(|u||2+HVu||2+€2HVutH ).
|| >k |z|>k

Multiplying (4.16) by €° and integrating from 7* to ¢, where T* = max{Ty, 15},
we find that

C
< Z(ull® + 2V,

IN

(4.17) i 2
Lo (%) |u<t>|2+s/RNe(' i )|v o
< ST T+ VT + S [ [ et

—5t
0ot [ / (€% (JulP + [Vl + 2 Tl ))
« J|z|>k T+

Since 8 € LY(RY), we have

t
(4.18) limsuplimsupe“”// e By (z) =
|z| >k

t—+oo k—4oco

Using the arguments in (3.19) and assumption (4.6) we get

t
(4.19) limsuplimsupe_‘st// e>|o(s))? = 0.
|z| >k

t—+oo k—+oco
y (4.5) and (4.7), we have

(4.20) e T (|u(TH))? + e Vu(TH)|?) < e 2T pg = 0 as t — +oo,
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and
Ce=t [t .
L P 19l 21)
067& t
21) < S [t o)
T*
< % — 0 as k — +o0.

From (4.17)-(4.21), we can take T}, and K,, > 0 large enough such that

/ (Ju@®))? +e|Vu(t)|?) <n forall t > T, u, € B and o € Hy(g).
|| =Ky

This completes the proof. [

Theorem 4.4. Assume that [ satisfies (H1) and g satisfies (H2’). Then
the family of processes {Uqs(t,7)}oetm, (q) Possesses an (H'(RN)N LP(RY),
L2(RN))-uniform attractor Ay. Moreover, we have

Ay= |J Kols), VseR,

o€Hw(9g)

where K, (8) is the kernel section at time s of the process U, (t,T).

Proof. By Proposition 4.1, {U,(¢,7)} has an (H*(RY) n LP(RY), L2(RY))-
uniform absorbing set. It remains to show that {U,(t,7)} is (HY(RY) N
LP(RY), L?(RY))-uniformly asymptotically compact. Fix 7 € R, let {z,} C
HY(RY) N LP(RY) be a bounded sequence, {t,} be a sequence such that
lim, 00 t, = 00 and {o,} C Hu(g), we have to show that {Us, (tn,7)zn}
is precompact in L2(RY). We will prove that, for any n > 0, there exists a
finite covering balls with radii n for {Us,, (tn,7)xs}. Since t, — +00, we can
choose N large enough such that ¢, > T}, for all n > NN, where T}, is stated in
Lemma 4.3. From Lemma 4.3, there exists K, > 0 such that

(4.22) 1Us (b, ) |22, ) < g, Vn > N,

where Bf, = {z € RY : |z| > K,}. On the other hand, from Proposition 4.1,
the sequence {Uy,, (tn, T)x, } is bounded in H'(Bg, ); taking into account that
H'(Bg,) < L*(Bg,) compactly, we see that

{Uy, (tn,T)x,} has a finite covering by balls with radii less than

4.23
(4.23) g in L2(Bg, ).

Combining (4.22) and (4.23) we obtain the existence of a finite covering by balls
with radii 5 for {U,, (tn,7)z,}. Hence we get the existence of an (H!(R™) N
LP(RY), L2(RY))-uniform attractor A;. The structure of Ay follows directly
from Theorem 2.1. O
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4.2. Existence of an (H*(RN) N LP(RY), LP(RY))-uniform attractor

To prove the existence of (H'(RM)N LP(RY),LP(RY)) and (H*(RN) N
LP(RY), HY(RYN) N LP(RY))-uniform attractors, we assume that the external
force g satisfies the following hypothesis:

(H2") g € L>=(R; L>(RY)), 9,9 € L?(R; L*(RY)) and

t+1
lim sup/ / (s,7)[*dwds = 0.
k=400 teR m>k

It is obvious that if g € L>(R; L*(RY)), then g € L} (R; L*(RY)). Thus, all
estimates in previous sections are still valid here. It is noticed that

(4.24) o€ L™ (R; L*(RY)) for all o € Huy(g).
From now on, for the shake of brevity, we will use the notations
Q(®) = {x € RY : @ is true}, where ® is a logical condition,
and
lolloc = lloll Lo (r;L2mN)) for all o € Hu(g).

Lemma 4.5. For any 7 € R, any bounded subset B C HY(RY) N LP(RY) and
any n > 0, there exist T and My such that

(4.25)

mes(Q(|Uq (¢, T)ur| > M)) <n for all t>T, M >My, ur € B and 0 € Hq(g),

where mes(G) is the Lebesque measure of a subset G of RY.

Proof. From (4.5) we see that for any ¢t > T4, any u, € B and any o € Hy(g),
we have

mz/lw@ﬂwF
RN

2/ Uy (£, 7t ?
QU (t,7)ur|>M)

> M?mes(Q(|Uy(t, T)ur| > M))

1/2
Thus, we arrive at (4.25) by choosing T'= T} and My = (%") . O

Lemma 4.6. For any 7 € R, any bounded subset B C HY(RY) N LP(RY) and
any n > 0, there exist T > 1 and My > 0 such that

/ ((|u|=M)*+e|Vul?)<n for all t>T, u, € B, M>My and o € Hy(g).
Q(JulzM)

Proof. Denote

u—M Hfu>M

M), =
(= M) {o ifu < M,
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and Qp = Q(u > M). Multiplying (1.1) by (v — M), and integrating over
RY, we get

1
5o | (= MPeva) e [ vl [ feae- )

Q]u Q M

(4.26) +/\/ u(u — M)

Using assumptions (1.2)-(1.3), the fact that v > M in Qj, and Young’s in-
equality, we have

S, u)(u— M)
Qnr

Fauyude— [ feu)M
Qu Qunr

(42r) = /Q o =A@ =M [ o+ pa(o)]

Y

/s [onw? = Br(@)] =M | onu’™h = [ Ba(z)u
134

Q]\/j Q]v[
« ’
Z —1/ u?f — 61(1‘) - Cl Bg(m)p — Cgmes(QM).
2 Q]\/j Q]y[ Q]v[

By the Cauchy inequality and hypothesis (4.24), we get

(4.28) /QM o(t)(u— M) < ”‘;&0@ mes (Qur)) + g / lu— M2

Combining (4.26)-(4.28) and the fact that [, w(u— M) > [, |u—M* in
particular, we obtain

d
— | (u—MP+elVul)+6 [ (Ju— M +e|[Vul?)
dt Q]\/j QZ\/I
< C(mes Q) + Bi(z) + 52(55)]0,)-
Q]\/j Q]v[

Thus, by the Gronwall inequality we find that
| (tute) = 2P+ <fvutP)
Qunr

< e lur = MIP 4 | Vurl?) + O (mes () + | 5i(a)

+ 62(:13)1’,).

Qunr
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Using Lemma 4.5 and the facts that 8, € L'(RYN), By € L’ (RY), and u,
belongs to the bounded set B, we obtain

(4.29) / (Ju — M|? +¢|Vu|?) <n when ¢ and M large enough.
Qe

Repeating the above arguments and replacing (u — M) by (u + M)_, where

u+M fu<-M

M) =
(ut M) {0 ifu>—M,

we get
(4.30) / (u+ M)?+[Vul?) < n
Qu—-M)

for t and M large enough. Combining (4.29) and (4.30) completes the proof. [

Lemma 4.7 ([9]). Let p > 2 and {Us(t,7)}oem, (g) be a family of processes
satisfying the following assumptions:

(1) {Us(t,r) Yoettn(g) has an (HY(RN) N LP(RY), L*(RYN))-uniform attractor;

(ii) {Us(t, 7)}oettn (g) has an (H (RN )N LP(RN), LP(RN))-uniform absorb-
g set;

(iii) for any n > 0 and any bounded set B C H*(RN) N LP(RY), there exist
M and T such that

/ |Us(t, T)ur P < Cn forallu, € B, t >T and 0 € Hy(g),
Q(Us (t,7)ur|>M)

where C' is independent of 1, ur, t and 0. Then {Us(t,T)}oen, (g) has an
(HY(RN) N LP(RY), LP(RYN))-uniform attractor.

Theorem 4.8. Assume that f satisfies (H1) and g satisfies (H2”). Then the
family of processes {Us(t,7)}oen, (g) associated to problem (1.1) possesses an
(HYRN) N LP(RY), LP(RN))-uniform attractor A,, and

Ay= |J Kols) forallseR.
UEHw(g)

Proof. By Proposition 4.1, Theorem 4.4 and Lemma 4.7, we only need to show
that for any n > 0 and any bounded subset B C H!(RY)N LP(RY), there exist
M > 0 and T > 7 such that

(4.31) / () < O
Q(|u(t)|>M)

forallt > T, u, € B and o € H,(g). Indeed, for any o € H,(g), by taking
(u— M)4 as a test function in (1.1), we have

/ ut(ufM)qu/ VutVu+/ |Vul? + flzyu)(u— M)
Q]\/j Q]v[ Q]v[ Q]\/I
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- /Q o(t)(u — M).

Using estimate (4.27) we get
5 [u()P
2 Jowzn)

/ |ut||ufM|+€/ |Vut||Vu|+/ lo(t)||u — M]|
Q]u Qj\l Qj\l

+ pi(x) + Cy ﬁQ(x)p/ + Comes(Qar)
Qum Qe

huon (- M|2>1/2 el vuio ([ |vu|2>”2

1/2
+ [lo oo (/ IU—MIQ) + Bi(z) + Cy Ba(z)? + Cames(Qnr).
Q]u Qj\l Q]M

IN

IN

Using Lemma 4.2 we deduce that

1/2 1/2
Lo worso(([ w-ae) " () v
Q(u>M) Qe Qur

+ [ B@) [ By mes@u)
Qum Qm

when ¢ is large enough. Since 8 € L'(RY) and 8y € L (RN), we have

Bi@)+ [ Bala)” <
Qs Qs

if M is large enough. Taking into account Lemmas 4.5 and 4.6, there exist Tj

and My such that
[ ur <o
Au(t)2M)

for all t > Ty, ur € B, 0 € Hy(g) and M > M. Similarly, replacing (u— M)
by (u+ M)_, we can deduce that

/ ()l < Cn.
Q(u(t)<—M)

Hence we obtain (4.31) and this completes the proof. (]
4.3. Existence of an (HY(RY) N LP(RY), HY(RY) N LP(RY))-uniform
attractor

We first prove the following lemma, which is very useful in verifying the
uniform asymptotic compactness of the family of processes {Us(t,7)} e, (g)-
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Lemma 4.9. If a family of processes {U,(t,T)}sex satisfies the uniform (X,
Y')-condition (C), that is, for any fired T € R, B € B(X), and any n > 0, there
exist T > 1 and a finite dimensional subspace Y1 of Y such that:

(i) P (Uaez Uss7 Us(t, T)B) is bounded in Y7,

(i) 1(Zdy — Plylly <n, ¥y € Uyex Upsr Us(t,7) B,
where P : Y — Y7 is a bounded projector, Idy is the identity, then {U,(t,T)}sex
is (X, Y)-uniformly (w.r.t o € X) asymptotically compact.

Proof. Let {t,} C [r,+0), t, = 400, {on} C ¥ and {z,} C B. We have to
prove that {Us,, (tn,T)zy,} is precompact in Y. Take N such that ¢, > T for
all n > N. Let n > 0 be arbitrary. By (i), we see that P ({Us,, (tn, T)Tn fn>N)
is bounded in Yj. Since Y; is finite dimensional, without loss of generality, we
can assume that {PUy,,, (tn, T)Zn tn>nN is a Cauchy sequence in Y. Thus, there
exists N; > N such that

|PU,.. (tn, T)n — PUs, (tm:T)m|ly < g for all m,n > Ni.

On the other hand, by (ii), we conclude that there exists Ny > N such that

n

|(Idy — P)Us. (tn,7)znlly < g for all n > No.
Now, taking N, = max{N7, N2}, we have

|Us, (tn, T)xn — Uy, (tm, T)Zm ||y

< ||PUy, (tn,T)xn — PUs, (tm, T)Zmlly + ||(Idy — P)Usy, (tn, T)Zn|ly
+[[(Idy = P)Us,, (tm, T)Tm|ly

< n for all n,m > N,.

This means that {U,, (tn,7)x,} is a Cauchy sequence in Y. The proof is
complete. (I

Lemma 4.10. Assume that 2 < q < oo and {U,(t,7)}sex has an (HY(RY)N
LP(RN), L4(RN))-uniform attractor. Then, for any n >0, any 7 € R and any
bounded subset B C HY(RYN) N LP(RY), there exist T > 7 and mg € N such
that

/ |(I = Pn)Us(t, T)ur " < Cn foranyt > T, ur € B, m>mg, 0 €%,
RN

where Py, is the canonical projection of LY(RN) onto an m-dimensional sub-
space.

Proof. Let A be the (HY(RY) N LP(RY), L4(R™N))-uniform attractor of

{Us(t;7)}oen-
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Then for any n > 0, any 7 € R and any bounded subset B ¢ H'(RY)NLP(RY),
there exists Ty such that

U U Uslt,7)B € Nia(A ),
t>Tyo€X

where N7.q (A, n) is the n-neighborhood of A in L4(R¥). Since A is compact in
L4(RYN), there exist n € N and v; € LY(RY), i = 1,...,n, such that

U Uu.tnBc UNLq(UZ-,n).

t>Tp c€X

For each v; there is an m; such that
/ (I = Pp)vi|? <n for all m > m,;.
]RN

Taking mo = max{mi,...,my,}. Denote Q.n, = I — P, for any ¢t > Tp, any
ur € B, and any o € H,,(g) there exists some v; such that

/ |QmoUU(ta T)UT|q = / |Qman(ta T)UT - Qmovi + Qmovi|q
RN RN
<20 [ 1Qua Vst )tr = Qg +20 [ Q]
RN RN

< 2ch/ Us (8, 7)ur — il +2q/ Qi
RN RN
S 2q(0q + 1)777
where C; depends only on ¢. This completes the proof. (I

We are now ready to prove the main result of this section.

Theorem 4.11. Assume that conditions (H1) and (H2”) hold. Then the
family of processes {Us(t,7)}sem, (g) generated by problem (1.1) possesses an
(H'(RN) n LP(RN), HY(RN) N LP(RN))-uniform attractor Ay, (4. Moreover,

Ao = | Kols)VseR.

oc€Hw(g)

Proof. Since H'(R™) is separable, we can choose a set {wy, ws, ...} which forms
an orthogonal basis in both L?(R™) and H'(R™). Let H,, = span{wy,ws, ...,
Wy }, Py, be the canonical projector on H,, and I be the identity. Then for any
u € Hl(RN), u has a unique decomposition: u = uj + us, where u; = Ppu €
H,, and ug = (I — Py,)u. Let n > 0 be arbitrary. Taking us as a test function
in (1.1), we obtain

1d

——(Ilqul2+€IIW2H2)+HW2H2+/ f(w,U)uQ+A||uQH2:/ o(t)uz,
2dt RN RN
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thus,

d

= (lu2l® + el Vs ?) + 2 Vua||* + 2 fuz |
<2 f (@, w)ll o vy 1wzl Lo ey + 2[[o (8)|[[[uz]l-

Using (1.3), we get |f(z, )" < C(lul” + Ba(2)"), hence || f(z, )|l gy is
bounded when ¢ large enough due to Proposition 4.1. Since {U,(t,7)}ses
has (HY(RY) N LP(RY), L2(RY)) and (HY(RY) N LP(RY), LP(RY))-uniform
attractors, by Lemma 4.10 we get m* such that

(4.32)

(4.33) luz|| < n and [uz||Lr@yy <7 for all m >m*™.

From (4.32) and (4.33) we get
= (lu2® + &l Vuz*) + 6 (luzl® + £l Vu*) < Cn+ [lolloon,
thus
luz )| + el Vuz||* < e (Jlu(T)II + e[ Vu(T)]?) + Cn.
Thus, we can find t* > 7, mg € N, such that
luz]|* + e[| Vus|[* < Cn

for any t > t*, u, € B and m > mg. This shows that the process {U,(t, 7) }ses
satisfies condition (ii) in Lemma 4.9. The condition (i) is obviously satisfied
since J,ex; Upsi- Us(t, 7)B is bounded and P, is a bounded projector for
any m. Then, by Lemma 4.9, we see that {Uy(t,7)}rem, (g is (H'(RN) N
LP(RN), HY(RY))-uniformly asymptotically compact. Combining this with
the existence of the (H(RY) N LP(RY), LP(RY))-uniform attractor, we obtain
the existence of an (H'(RN) N LP(RY), HY(RY) N LP(RY))-uniform attractor
Ay, (g)- The structure of Ay, (4) follows directly from Theorem 2.1. d

5. The upper semicontinuity of uniforms attractors at e = 0

Hereafter, we denote by {UZ(t,7)} the process associated to equation (1.1)
with —eAwu; term and the external force o.

Lemma 5.1. Assume that {¢,} is a bounded sequence in H'(RN)N LP(RY),
{on} C Huw(g), and {e,} C [0, 1] satisfying

(5.1) bn — ¢ in H'(RY) 0 LP(RY),
(5.2) on — 0 in Hy(g),
and

en — 0

as m — +oo. Then for all t > 7, there exists a subsequence {j} of {n} such
that

(5.3) Ugi(t,7)p; — US(t, 7)o in L*(RY).
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Proof. Denoting u,(t) = Uy, (t,T)dn, we get
(5.4) Optty, — €n A0suy, — Ay + f(2,un) + Auy, = op(t).

Multiplying (5.4) by w, + Oyu,, integrating over RV, and applying the Holder
and Cauchy inequalities, we obtain

GO Dl + @+ DIV 42 [ P

(5:5) 4 2[Vunl® + 2 [fun||* + | 0pun* + 2¢[[ VO * + 2/ f (@, un)un
RN

< (143) lonto®

Integrating (5.5) from 7 to ¢, using (1.2), (1.5) and noting that u,(7) = ¢, we
have

A+ Dlfua®? + IVun N + asllun @), g

+2/ ||Vun|\2+A/ ||un||2+2sn/ |V By
A+ Dllonll® + 21Vonll* + 20alldnll} o oy + 201 Ball 2 ey

2=l + (147) [ ol

By (5.1) and (5.2) we deduce that the right-hand side of (5.6) is bounded by a
constant C independent of n. Thus, from (5.6) we see that

{u,(t)} is bounded in H'(RY) N LP(RM).

Thus, there exists a function vg € L?(RY) such that u,(t) — vy weakly in
L?*(RY) (up to a subsequence). For each m > 0, we denote by B,, the ball
centered at origin with radius m. Take any ¢ € L?(B,,), we set 1(x) = ()
for all z € B,,, and ¥(x) = 0 for all z > m. It is obvious that 1 € L2(R"™) and

(Un(t)aw)B(Bm) = (Un(t)a@H(RN) — (UOaQ/;)LZ(RN) = (U0,¢)L2(Bm)-

It implies that u,(t) — vo in L?(B,,) for all m > 0. On the other hand,
for m > 0, {un(t)} is bounded in H'(B,,), then since H'(B,,) — L?(By,)
compactly, we find that {u,(t)} is precompact in L?(B,,). By a diagonal
procedure, we can choose a subsequence {j} of {n} such that u;(t) — vn
strongly in L?(B,,), where v,, € L?>(B,,). By the uniqueness of the weak limit
we conclude that

(5.7) u;(t) — vo strongly in L?(B,,) for all m > 0.
We will prove that u;(t) — vo in L?(RY). Indeed, we have

68) [ ) -l < /B i)~ +2 [ |uj<t>|2+2/$n o0l

m
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where BS, = {z € RV : |z| > m}. We now control terms of the right-hand side
of (5.8). First, by (5.7) we get

/ |uj(t) —vol?> = 0 as n — +oo.

Next, using arguments in Lemma 4.3, we easily deduce that
(5.9)

J,

c c
m m

t
s (£)[2 < =37 /B (6% + Ve, ) + C / /B o)
t

C
w0 [ m@l [ (@ ITs @ + 21900
Applying (5.1), (5.2) and (5.6) in (5.9) gives us

(5.10) / luj(t)]* = 0 as n,m — +oo.
B,

Because vy € L2(RY),

(5.11) / lvo|> = 0 as m — +oo.
B

Combining (5.8)-(5.11), we claim that

(5.12) uj(t) = v in L2(RY) as n — +oo.

On the other hand, doing similarly to Lemma 3.2, we have

(5.13) Ugi (t,m)¢; = Ug(t,7)¢ in H'(RY) N LP(RY).

From (5.12) and (5.13) we get (5.3). O

Theorem 5.2. Assume that f satisfies (H1) and g satisfies (H2”). Then the
family of uniform attractors {Ac}.cjo,1) is upper semicontinuous in L?(RN) at
e =0, that s,

hm diStLZ(RN) (Ag, AO) = 0

e—=0

Proof. Assume that distz2gny(Ae, Ag) # 0 as € — 0. Then there exists § > 0
such that
lim sup diStLZ(]RN) (A Ag) > 6.

e—0
Since A, is compact for any € € [0, 1], we can choose a sequence e,,&, — 0 as
n — +oo and ¥, € A., satisfying

(514) diStL2(RN) (1/17“./40) > 0 for alln > 1.
By Proposition 4.1 and Theorem 2.1 we see that the set 2 = Uee(O;l] Ac is

bounded, and then by the uniform attracting property of Ag, we can choose t
large enough such that

[\CRe)

(5.15) distromy) (U(t, 00, Ag) < = for all o € Hy(g).
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From Theorem 4.4, we know that
AEn = U ]C(é;n (t>a
oc€Hw(g)
thus, since ¢, € A.,, there exists a 0, € Hy(g) such that ¢, € K (t). By
definition of K5, we get a ¢, € K5 (0) satisfying ¢, = U5 (t,0)¢,. Since
{pn} € Unsi K5 (0) is bounded in H'(RY) N LP(RY), H,(g) is weakly com-
pact and lim,_, 4o £, = 0 we obtain a subsequence {m} C {n} such that
Gm — ¢ in H'(RY) N LP(RY),
Om — oo in L2(1,t; L*(RY)), and
Em — 0
as m — +o0o. Now applying Lemma 5.1, we deduce that
U — U2 (1,0)p € U2 (t,0)2,
which contradicts (5.14) and (5.15). This completes the proof. O

6. Relationships between pullback attractors, uniform attractors
and global attractors

In this section we discuss relationships between the above uniform attractor,
the pullback attractor obtained in [3], and the global attractor obtained when
the external force f does not depend on the time variable t.

6.1. A relationship between uniform attractors and global attractors

Let us now briefly consider the matter of the existence of a global attractor
when the function f € L?(R”) does not depend on the time variable ¢, i.e., in
the autonomous case.

In this case we can define a continuous semigroup S(t) : HY(RN)NLP(RY) —
HY(RY) N LP(RYN) by

S(t)uo = u(t),
where wu(t) is the unique weak solution to problem (1.1) corresponding to the
initial datum wug. It is easy to see that

S(t)yug = U(t,0)ug = U(t + 7,7)ug for any 7 € R.

We recall that a compact set A is said to be a global attractor for S(t) if it
is invariant (i.e., S(t)A = A, ¥Vt > 0) and attracts every bounded subset B of
HY(RN) N LP(RN), i.e.,

dist(S(t)B, A) - 0 ast — +oo.
From estimate (4.5), we see that the set
By = {ue H'®RY) N LY®Y) : llull® + [ Vull® + ull? < po |

is a bounded absorbing set for S(t), i.e., for any bounded subset B there is
T(B) such that S(t)B C By as soon as t > T'(B).



NONCLASSICAL DIFFUSION EQUATIONS ON RV 1323

On the other hand, for any t,, - +o0 and u,, € B, the sequence
S(tn)un = U(tna O)Un

is relatively compact in H!(RV)NLP(RY) due to Lemmas 4.9 and 4.10. Hence,
S(t) is asymptotically compact.
Then, it follows from standard theorems (see, e.g., [5]) that the semigroup
S(t) posesses a connected compact global attractor A in H'(RY) N LP(RY).
Thus, in the autonomous case, our results are even new and extend some
results for the nonclassical diffusion equation in bounded domains [10] to the
case of unbounded domains.

6.2. A relationship between pullback attractors and uniform attrac-
tors

Let now the external force g satisfy condition (H2”). By Theorem 3.12 in
[3], it deduces that for any o € H,(g), the process {U,(t,7)} has a pullback
attractor A, = {A,(t) : t € R} in HY(RN) N LP(RY). We now prove the
following

Theorem 6.1. Assume conditions (H1) and (H2”) hold. Then for any o €
Haw(g), the process Uy(t,7) has a pullback attractor A, = {As(t) : t € R} in
HY(RN) N LP(RY), and

Ay(s) = Ko (s), U Ag(s) = Ay (g Vs ER,
G’G'Hw(g)
where Ay, () 8 the uniform attractor of problem (1.1), KCo is the kernel of the
process Uy (t,T).
Proof. Since A, is pullback attracting and since A, (s) is compact, we have
Ko(s) C Ay(s) for any s € R.

On the other hand, by the definition of K,(s) and the invariance of Ao, we
have

A,(s) C Ky(s) for any s € R.
So, we have
(6.1) Ay(s) = Ko(s) for any s € R.
Next, by (6.1) and Theorem 4.11,
Arog) = U Ko(s) = U A,(s), VseR.
o€Hw(g) oc€Hw(9)
The proof is complete. (I
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