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THE BASES OF PRIMITIVE NON-POWERFUL
COMPLETE SIGNED GRAPHS

ByunGg CHUL SONG AND BYEONG MooON Kim*

ABSTRACT. The base of a signed digraph S is the minimum number
k such that for any vertices u, v of S, there is a pair of walks of length
k from u to v with different signs. Let K be a signed complete graph
of order n, which is a signed digraph obtained by assigning 41 or
—1 to each arc of the n-th order complete graph K, considered as a
digraph. In this paper we show that for n > 3 the base of a primitive
non-powerful signed complete graph K of order n is 2, 3 or 4.

1. Introduction

A sign pattern matriz M is a square matrix with entries in {1,0, —1}.
In multiplying two sign pattern matrices, we use the operating rules
of entries that continues to hold the signs of the usual addition and
multiplication, that is
1+1=1; (-1)+(-1) =—-1; 140 =0+1 = 1; (—=1)4+0 = 0+(—1) = —1;
0-a=a0=0; 1-1=(-1)(-1)=1;1-(-1) = (—1)-1 = —1 for any a €
{1,0,—1}.
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In this case we contact the ambiguous situations 1+ (—1) and (—1) +1,
which we will use the notation "4” as in [2]. Define the addition and

multiplication which involving the symbol ”§” as follows: For any a €
I'= {17 07 _17 ﬁ}v
(-D+1=1+(-1)=t at+i=t+a=4
0-t=4-0=0; a-t=f-a=4 (when a+#0).
Matrices with entries in I' are called generalized sign pattern matrices.
The addition and multiplication of the entries of generalized sign pattern

matrices are defined in the usual way such that they coincide with the
operations in sign pattern matrices.

DEFINITION 1. A square generalized sign pattern matrix M is pow-
erful if each power of M contains no # entry. A square generalized sign
pattern matrix M is called non-powerful if it is not powerful.

DEFINITION 2. Let M be a square generalized sign pattern matrix
of order n. The smallest number [ such that M' = M!*P for some p
is called the (generalized) base of M and denoted by I(M). The least
positive integer p such that M! = M for [ = [(M) is called to be the
(generalized) period of M and denote it by p(M).

We introduce some graph theoretic concepts of generalized sign pat-
tern matrices.

A signed digraph S = (V, A, f) is a digraph with vertex set V', arc set
A and a sign function f defined on A with its value 1 , —1. For v,w € V'
we say f(vw) the sign of an arc vw, and we denote it by sgn(vw). The
sign of a (directed) walk W in S, denoted by sgn(WW) or f(W), is the
product of signs of all arcs in W. For example if W = vjvyv3v4, then
sign(W) = f(W) = f(vive) f(vevs) f(vsvy). If two walks Wy and Wy
have the same initial points, the same terminal points, the same lengths
and different signs, then we say that W; and W5 are a pair of SSSD
walks.

A (signed) digraph S is primitive if there is a positive integer k such
that for all vertices v, w of S there is a walk of length & from v to w. A
signed digraph S is powerful if S contains no pair of SSSD walks. Also S
is non-powerful if it is not powerful. Hence every non-powerful primitive
signed digraph contains a pair of SSSD walks. Let M = M(S) = [aj;]
be the adjacency matrix of a signed digraph S, that is, the arc (3, j)
has sign sgn(i, j) = « if and only if a;; = o with @ = 1, or —1. Hence
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the adjacency (signed) matrix M of a signed digraph S is a sign pattern
matrix which satisfies that the (4, j)—entry of M* is 0 if and only if S
contains no walk of length k& from i to j. Also (i,5)—entry of M* is
1 (or —1) if and only if all walks of length & from ¢ to j in S are of
sign 1 (or, —1). The (i, j)—entry of M* is # if and only if S contains
a pair of SSSD walks of length k from ¢ to 7. We see from the above
relations between matrices and digraphs that each power of a signed
digraph S contains no pair of SSSD walks if and only if the adjacency
matrix M is powerful. Henceforth we may also say that a signed digraph
S is powerful or non-powerful if its adjacency sign pattern matrix M is
powerful or non-powerful respectively.

From now on we assume that S = (V| A, f) is a primitive non-powerful
signed digraph of order n. For each pair of vertices u,v of S, we define
the local base lg(u,v) from u to v to be the smallest integer [ such that
for each & > [, there is a pair of SSSD walks of length k£ from u to v
in S. The base [(S) of S is defined to be max{ls(u,v)|u,v € V(S)}. It
follows directly from the definitions that [(S) = I[(M) where M is the
adjacency matrix of S.

The upper bounds for the bases of primitive nonpowerful sign pattern
matrices are found by You et al. [5]. They also characterized extremal
cases completely. Gao et al.[1], Shao and Gao[4] and Li and Liu [3]
studied the base and the local base of a primitive non-powerful signed
symmetric digraphs with loops.

Let us assume that K is a complete non-powerful signed digraph of
order n which is the n-th order complete graph (considered as a digraph)
by assigning signs to each arc such that it becomes a non-powerful signed
digraph. In this paper we prove that the base of K is less than or
equals to 4. As a consequence if all the entries of a non-powerful sign
pattern matrix A are nonzero except diagonals, then the all entries of
A* are . We also provide the examples when the base of K is 2, 3 and
4 respectively.

2. Main theorems

Let K = (V, A, f) be a complete non-powerful signed digraph of or-
der n. That is, K is the n-th order digraph which has unique arc for
each ordered pair of vertices of K and signs are assigned to each arc
such that K becomes a non-powerful signed digraph. Let vy, vy, -+ , v,
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be vertices of K. If C is a directed walk from v; to v, which goes
through wvs,vs,---v,_1, then we denote C' by wvivy---v,_1v, and the
sign f(U102)f(U27 Us) ce f(vrflvr) of C' by f(C) = f(Ulvz o "Urflvr) =
sgn(C) = sgn(vivg - - v,_1v,). Throughout this paper we use the no-
tation u — v if there is a walk of length k£ from a vertex u to an-
other vertex v. The sum W; + W5 of two walks W, = vjvy--- v, and
Wy = wyws - - - w,, such that v, = w; and the inverse —W; of W, are
defiened by Wy + Wy = vyvs - - - vwaews - - - wyy, and —Wi = v,0, 1+ - - 1.

THEOREM 1. The base I(K) of the complete non-powerful signed
digraph K of order n > 4 is less than or equals to 4.

Proof. 1t suffices to show that there is a pair of SSSD walks of common
length 4 from u to v. Let u,v be vertices of K. Since n > 4, we can
choose a vertex w of K different from w and v. Let o be the sign of the
walk wwu. If there is a vertex x of K such that x # w and the sign of
the walk uzu is —o, then vwuwv and uruwv are a pair of SSSD walks
of length 4 from u to v.

If the sign of the walk uzu is ¢ for any vertex x of K and there are
distinct vertices y, z of K such that z # u and the sign of the walk yzy
is —o, then both y and z are different from u. If y # v, then vwuyv
and uyzyv are a pair of SSSD walks with common length 4 from u to v.
If y = v, then since z # v, uwuzv and uzyzv are desired pair of SSSD
walks with common length 4 from u to v.

Assume that the sign of the walk yzy is o for all distinct vertices vy, z.

If 0 = —1, then

sen(uvwu)sgn(uwouv) = f(wv) f(vw) f (w) f (wo) f(uw) f (wo) f (vu) f ()
= (f (w0) f(ww))(f (vw) f (wo))(f (ww) f (wa)) (f (uv))?

= sgn(uvu 3

~—

sgn(vwv)sgn(vwu) = 0° = —1.

Hernce uvwuv and uwvuw are a pair of SSSD walks with common length
4 from u to v.

If o =1, then since K is non-powerful, there is an even cycle of sign
—1, or there are two odd cycles with different signs. Assume that there is
an even cycle xyxs - - - xpry with sign —1. If z; Zwu foralli =1,2,--- |k,
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then since
sgn(uxirou)sgn(urorsu) - - - sgn(uwy_1xpu)sgn(uryriu)
= (f (ua1) f(z122) [ (22u)) (f (uz2) f (2223) f (230))
o (flumg—a) f(@p—ap) £ (zpw)) (f (wag) f(2pz) f(210)
= f(w1) f(wow3) - f(Tr17k) f(2121)

=sgn(z1zy - xp1y) = —1,

among the walks uxixou, ursxsu, - - ,urE_1TRU, urLr1U, there are two
walks C7, Cy with different signs. Thus C| 4+ wv and Cy + uv are a pair
of SSSD walks SSSD walks of common length 4 from u to v.

Let z; = u for some ¢. Similarly among the walks
UT1T2U, UT2X3U, * * * ULj—2X;—1U, ULj41Li42U, UL;i42Tip3U, « -, UTE1TEU,

we can find a pair, say C] and C), of SSSD walks. As a consequence,
we nave a pair C'] +uv and C% 4+ uv of SSSD walks of common length 4
from u to v.

Let us assume that there are two odd cycles y1ys - - - yiy1 and 2125 - - - 2,21
with signs 1 and —1 respectively. We want to show that there is a
walk C3 = uyy,qu (or C3 = uyyiu) of sign +1. If u # y; for all
1 =1,2,---,1, then since

sgn(uyryou)sgn(uyaysu) - - - sgn(uy—1yiu)sgn(uyyiv) = sgn(yiyz - - yiyr) = 1,

among the walks uyyou, uysysu, - - - uy;_1yu, uyy u, there is a walk
C5 with sign +1. If u = y; for some ¢, then since

sgn(uy; yau)sgn(uyeysu) - - - sgn(uy; 2y; 1)
sgn (UYi+1Yiratt) - - - sgn(uyi—1yw)sgn(uyyiv)
= sgn(yiy2 - yiy1) = 1,
we have a walk from u to v of length 3 with sign 1.
Similarly among the walks uz1 zou, uzo23u," + - UZp_12mU, UZyp 21U, there
is a walk C} of sign —1. Thus C3 4+ uv and Cy + uv are a pair of SSSD

walks with common length 4 from u to v. As a consequence, we have
I(K) < 4. m

We will show the upper bound 4 in Theorem 1 is extremal by construct-
ing a complete nonpowerful signed digraph of base at least 4.
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THEOREM 2. Let V = {vy,v9, - ,v,}, A= {(vi,v)|1 <id,j <n,i#
j} and f: A — {—1,1} such that

| -1, ifj=3andi#1, or (i,5) = (3,2);
floivp) = { 1,  otherwise.

The signed digraph G = (V, A, f) is primitive non-powerful and I(G) >
4.

Proof. Let W be a walk of length 3 from v; to vs. Then W =
v1vvjvy for some 4,j. If i = 2, then for all j # 2 since f(vqv;v9) =
f(vov;) f(vjue) = 1, we have sgn(vivgv;vg) = 1. If 4 = 3, then j # 3.
Hence f(vivzvjve) = f(v1v3) f(vsv;) f(vjue) = 1. If i > 4 and j = 3, then
sgn(viv;v3ve) = f(vv;) f(vivs) f(uzvy) = 1(=1)(=1) = 1. If i > 4 and
J # 3, then sgn(viv;vjv2) = f(viv;) f(viv;) f(vjve) = 1. Hence the sign
of a walk of length 3 from v; and v, is always 1. We have (v, v2) > 4,
and hence [(G) > 4. By Theorem 1, we conclude that I(G) = 4. O

We can easily see that the base of a primitive non-powerful digraph is
at least 2. In the following examples we provide two complete signed
graphs of order n > 4 with base 2 and 3 respectively. As a result, the
possible base of a complete signed graph of order n > 4 is 2, 3 and 4.

EXAMPLE 1. Let n > 4,V = {vy,v2,- -+ ,0,}, A= {(v;,v))|1 <, j <
n,i#j}and f: A — {—1,1} such that

F(osy) :{ —1, if j=3andi# 1, (i,j) = (3,2), or (i,j) = (1,2),

1,  otherwise

We find a pair of SSSD walks of length 2 from v; to v; as follows for each
¢ and j.

v1vevy and vivgy; if i =1 and j = 2,

v1v3vg and vivgve if i =1 and j = 2,

v1vov3 and vivgvy if i =1 and j = 3,

V10905 and vivzv; ifi=1and j > 4,

vou3vy and vevuvy if i =2 and j =1,

VU9 and vovgve if i =1 and j = 2,

vouv3 and vevyvy if i =2 and j = 3,

v9U1v; and vovsv; if i =2 and j > 4,
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v3vouy and vzvavy if ¢ =3 and j =1,
v3v vy and v3vave if 2 =1 and j = 2,
vsvyvz and vzvgvg if @ =3 and j = 2,
v3v1v; and vsvev; if ¢ =3 and 5 > 4,
v;vev1 and vugv; if i =1and 7 =1,
v;v109 and v;vsvy if 1 >4 and j = 2,
v;v1v3 and v;vouy if ¢ >4 and 5 = 3,
vv1v; and vuzv; if i >4 and j > 4.

As a consequence, the signed digraph G = (V, A, f) is primitive non-
powerful and I(G) = 2.

EXAMPLE 2. Let n > 4,V = {vy,v2,- -+ ,0,}, A= {(v;,v))|1 <, j <
n,i#j}and f: A — {—1,1} such that

flow;) :{ —1, if (i,5) = (1,2),

1,  otherwise

We can see for each walk of length 2 from v; to vy is of sign +1. Thus
[(G) > 3. By the same method used in above example, there are a pair
of SSSD walks of length 3 from v; to v; as follows for each ¢ and j It
follows that the signed digraph G = (V, A, f) is primitive non-powerful
and I(G) = 3.

A consequence of the above theorems and examples is that the base
of a sign pattern matrix such that every diagonal entry is zero and every
non diagonal entries is of sign 1 or —1 is 2, 3 and 4. Also we can consider
the sign pattern matrix without zero entries. The corresponding digraph
is a complete graph with loops on each vertices. In this case we have the
following theorem.

THEOREM 3. Ifn > 3 and K is a non-powerful signed digraph over
n-th order complete graph with loops on each vertices, then [(K) < 3.

Proof. Suppose that [(K) > 4. There are v,w € V and o € {+1, —1}
such that the sign of every walk from v to w of length 3 is always o. Let 7
be the sign of the loop incident on v. For all z € V| since sgn(vvzw) =
sgn(vv)sgn(vezw) = 7sgn(vrxw) = o, we have sgn(zxzw) = o. Since
sgn(vezzw) = f(vz)f(zx) f(zw) = f(zx)sgn(vzw) = f(zx)oT = o, we
have f(xx) =T.
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Let C = z125 - - - xxx1 be a cycle of length k in K. We have
of = sgn(veyrow)sgn(vryrsw) - - - sgn(vegziw)
= (f(vm1) f(2122) f (22w) ) (f (v22) [ (223) f (25w))
o (foze) f(zpz) f(z1w))

= (f(vz1) f(z1w))(f (vza) f(22w)) - - - (f (vag) f(wpw)) f (w172) f (2273)

= (o7)*sgn(zizs - - - 221

= o f(C).
Thus the signs of all even and odd cycles are 1 and 7 respectively. There-
fore K is powerful. This is a contradiction. Hence I(K') < 3. O

REMARK 1. Let n = 3, V = {v1,v9,v3} and A = {(v;,v;)|i # j}.
Since v1v3v9 is the only vy 2, vg walk in K, we have [(K) > 3.
If sgn(v1v9v1) = sgn(vevgve) = sgn(vsvivs) = 1, then every 2-cycle in G
is of sign 1. Since
sgn (v vau3vy )sgn(v1v3v9v1 )
= f(UlUz)f(U2U3)f(U3vl)f(Ulv3)f(U3U2)f(U2U3)f(U3U1)
= (f(v1va) f(v2v1)) (f (v2v3) f(v3v2)) (f (v3v1) f (v103))
= sgn(v1v9v1 )sgn(vavzvy)sgn(vsv vs) = 1
all 3-cycles in K are of the same sign. It follows that K is powerful.
If sgn(vivev1) = sgn(vavsve) = sgn(vsvivs) = —1 for all v;, v; € V, then
there is a v; 2 v; walk W in K. Since
sgn(v1v20301 )sgn(v1vsv2v1) = f(v10201) f(V20302) f(v3v103) = —1,
there are two v; LN v; walks W7 and W5 in K with different signs. Thus
we see that W 4+ W, and W 4+ W are a pair of SSSD walks with length
5. We have [(K) < 5. Let W = wywjwswzwy be a vy LN v; walk in K.
Hence we have wy = wy = v1. We may assume that w, = vy. If wy = vy,
then f(W) = f(vivavy) f(viwavy) = 1. If we = w3, then since wy = vy,

we have f(W) = 1. Therefore there is no v; —Ls vy walk in K with sign
—1. Thus [(K) = 5.

If the signs of f(vivav1), f(vav3vs) and f(vsvyv3) are not equal, then we
may assume that f(vivevy) = f(vavsvy) = — f(vsvv3). Let v, v; € V.

Hence there is a v; N v; walk W = vupv; in K. If © # 2, then there
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are two v; 2, v; walks W7 and W5 in K with different signs. It is clear
that W, + W and Wy + W are a pair of SSSD walks with length 4.
Similarly, we have a pair of SSSD walks with length 4 for the case j # 2.

If i = j = 2, then k # 2. Whence there are a pair of vy 2 v walks X3
and X, in K with different signs. Thus we see that (v,v,) + X; + (vgv;)
and (v;v) + Xa + (v,v;) are a pair of SSSD walks with length 4. Hence
[(K) < 4.

Let flaf2 A {1, —1},

fi(viv;) = {

—1, i=1and j =2
1,  otherwise,

and
) -1, i=1land j=2,3
fo(vivy) = { 1,  otherwise.

Then (V, A, f1) and (V, A, f2) are examples of signed digraph over com-
plete graphs with loops with bases 3 and 4 respectively. Hence the
possible bases of signed digraph over complete graphs with loops on 3
vertices are 3,4 and 5.

Note that if

0 1 -1
A= -1 0 1 |,
1 -1 0
then
1 # #
A= # 1 #
# # 1
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