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1. Introduction

Integro differential equations are emerging into the main stream of research
because of their wide applications in mathematical biology. Many mathematical
models of biology can be represented through integro differential equations [5].
Recently the researcher [1],[2],[3],[4] & [11], studied different methods for solving
the integro differential equations. The problem of stability of integro differential
equations is studied by several methods like admissibility of integral operators,
defining Lyapunov like functions and so on. Burton [4] studied the stability of
the Volterra integro differential equation

X'(t) = A(t)X (t) +/O C(t,s)X(s)ds + f(t)

where X and f are n-vectors, A and C' are n x n continuous matrices, by
constructing a suitable Lyapunov function under various conditions on C' and f.
Burton also studied the stability of the Volterra integro differential equation in
which A is a constant nxn matrix whose characteristic roots have negative real
parts and and the uniform stability of Volterra equations [5]and [6]. Grossman
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and Miller [7] studied the asymptotic behavior of solutions of Volterra integro
differential system of the form

Xﬁ)zA@X@%ﬁAlﬂt$X®M&hﬂﬂ+mX@» X(0) = X,,

as a perturbation of the linear system

y(t) = Ayy(t) + / B(t,s)y(s)ds + £(),  y(0) = o,

where A and B are nxn continuous matrices.
Murty, Srinivas and Narasimham [12] studied the asymptotic behaviour of soli-
tions of matrix integro differential equation

X'(t) = X(t)B(t) + / "X (5)K (1, 5)ds + F(1)

where X (t), B(t), K(t,s) and F(t) are nxn continuous matrices and B(¢) is not
necessarily stable. Asymptotic behavior of solutions of Volterra equations also
studied by Levin [10].

In many of the control engineering problems, we often come across the following
important matrix of Lyapunov integro differential equation.

T'(t) = A)T(t) +T(t)B(t) + /0 (K1(t,8)T(s) + T(s)Ka(t,s))ds + F(t),
T(o) =T,

(1)

where A(t), B(t)K1(t,s), Ka(t, s) are (n X n) matrices defined on 0 < t < oo and
0 < s< t < oo, and F(t) is an (n x n) matrix whose elements are continuous
on (0 < t < oo.

This paper investigates the asymptotic behavior of the solutions of the matrix
intego differential equation (1) of Volterra type in which A(t) and B(¢) are not
necessarily stable, by the method of reduction. This paper is organized as follows.
In section 2, we obtain the solution of (1) in terms of resolvent functions which
establishes variation of parameters formula. In section 3, we derive an equivalent
equation of (1) which involves an arbitrary functions and by a proper choice of
these functions we find new coefficient matrices A;(t) and B (t) (corresponding
to A(t) and B(t)) to be stable. In section 4, we present our main results on
asymptotic stability.

2. Variation of parameters formula

Theorem 2.1. The solution of the matriz linear integro differential equation

T@:A@ﬂﬂfﬁKﬁﬁﬁ@@+ﬂmﬂmzn (2)
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where A(t), K1(t,s) are (n x n) continuous matrices for t € RT and (¢,s) €

RY x RY Kq(t,s) =0 for s >t >0 and F € C[R, R"*"] is given by
t
T(t) = Ru(t, 0Ty + / Ri(t, 5)F(s)ds,
0

where Rj(t,s) is the unique solution of
OR;(t, s)

0s
with Ry (¢,t) = I and given by

_ I+ [T Ri(t,0)¥1(0,8)do if 0<s<oo
Rl(t’s){ 0 if 0<t<s

+ Ry(t,8)A(s) + /t Ri(t,0)K1(0o,8)do =0

where
_ A(t)+fStK1(t,cr)dcr if 0<s<o0
\I'l(t’s)_{ 0 if 0<t<s

Proof. Clearly R;(t,s) defined as above exists and satisfies (3). Let T'(¢) be the

solution of (2) for t > 0. Set P(s) = R1(t,s)T(s) then,

_OR,
T s
_OR,
T s

Integrating between 0 to ¢ gives

P'(s) T(s) + Ri(t,8)T"(s)

P(t) — P(0) = /Ot [aa]?T(s) + Ry(t,s)A(s)T(s) + Ry(t, s)F(s)} ds
4 /0 "Ruts) [ /0 ) Kl(s,u)T(u)du] ds.
Using Fubini’s theorem we get

t OR,

T(s) + Ry(t,s)[A(s)T(s) + /OS [K1(s,u)T (u)du + F(s)].

T(t) — R1(t,0)T, = /0 [—— + Ri(t, s)A(s) +/ Ry (t,u) Ky (u, s)du]T(s)ds

Js
+ / "Ryt $)F(s)ds.

Therefore

T(t) = Ry(t,0)T, + / t Ri(t, s)F(s)ds.
0

Conversely suppose that T'(¢t) is given as above. We will show that it satisfies

(2). Consider

/t Ry (t,8)T"(s)ds = Ry(t,t)T(t) — R1(t,0)T, — t %T(S)d&
0 o Us
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t ¢
= / Ry(t,s)F(s)ds — %T(s)ds
0 0 Os

From (3) and using Fubini’s theorem we get
/0 "Ryt )T (s) — A()T(s) — /O " K (s, 0) T (u)du + F(s)]du = 0.
Since Ry (¢, s) is non zero continuous function for ¢, < s <t < co we will get
T'(s) — A(s)T(s) — /OS Ky (s,u)T(u)du+ F(s) =0.
i.e. T(t) satisfies (2). O
Theorem 2.2. The solution of the matrix linear integro differential equation
T'(t) =T(t)B(t) + /Ot T(s)Ks(t,s)ds + F(t), T(0)=To
with Ko(t,s) =0 for s >t > 0 is given by
T(t) =ToR5(t,0) + /Ot F(s)R3(t,s)ds
where Ry(t, s) is the unique solution of

8R2 (t, S)
Js
with Ry (t,t) = I and given by

RQ(t’S){ I+ ['Ry(t,0)Ws(0,8)do if 0 <5< o0

+ Ro(t, s)B*(s) + /t Rolt, 0)K: (0, 8)do = 0

0 if 0<t<s
where
Uy(t,s) = { B (t)+ [! Kﬂta)dc{; Z 0 i sSt<o
Proof. Proof is the consequence of the theorem (2.1). O

With these two results as a tool one can obtain the solution of (1) in terms
of Ry (t,s) and Ra(t, s) which establishes the variation of parameters formula for

(1).
Theorem 2.3. The solution of (1) is given by
t
T(t) = Ri(t,0)T,R5(t,0) +/ Ry (t,s)F(s)R5(t,s)ds (4)
0

where Ry(t,s) and Ra(t,s) are stated as in previous theorems.

Proof. We refer [9]. O
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3. Equivalence equation

In this section we derive an equation, equivalent to (1) by defining proper
choice of arbitrary functions.

Theorem 3.1. Let pi(t,s) and 2(t,s) are n X n matriz functions which are
continuously differentiable on 0 < s <t < oo and commute with T(t). Then the
equation (1) with T'(0) = Ty is equivalent to

Y'(t) = A Y (t) +Y(t)B1(t) + /Ot Li(t,8)Y(s) + Y(s)La(t,s))ds + H(t), (5)
with Y (0) = T, where Av(t) = A(t) — @1 (t,1), B (t) = B(t) — galt, ).
Lalts) = Kalt,) + 52 + (1) A(5) + At
[ erta R )+ K sha
Laltss) = Kalt,5) + 522 + a(t, 9)B(5) + Bs)a(t,5)

—|—/ (p1(t, u)Ka(u, s) + Ka(u, $)pa(t,u))du,

H(t) = F(t) + ¢1(t,0)To + Towa(t, 0) + /0 (pr(t, ) F(s) + F(s)pa(t; s))ds.

Proof. Let T'(t) be any solution of (1) with T(0) = T, then,

t

AT +TE)BE) + [ (Ki(t,s)T(s) + T(s)Ka(t, s)) ds + F(t).
0

(1)

Now consider
L1(t,8)T(s) + T(s)L2(t, s)
=Ki(t,8)T(s) + T(s)K2(t, s) + ¢1(t,s)A(s)T'(s) + T(s)B(s)p2(l, s)
8@1 8@2

+ WT(S) + gT(S) + A(s)p2(t, 8)T(s) + T(s)p2(t, s)B(s) + /St(apl(t, w)K1(u, s)
+ Ky (u, 8)pa (b u)du)T(s) + T(s) / (o1 (b u) Ka, 5) + Koty 8)pa(t, ).

Integrating on both sides from 0 to ¢ and using Fubini’s theorem, we get
/Ot(Ll(t, $)T(s) + T(s)La(t, s))ds

t

- / (K1 (1, $)T(5) + T(5)Kalt, 5))ds + / (1(t, ) A(S)T(5) + T(5) B(5)palt, 5))ds

t 8901 aQDQ t
+/0 <6ST(S) + T(s)88> ds +/0 (A(s)1(t,8)T(s) + T(s)p2(t,s)B(s))ds
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t gt
+ / / (o1 (t,u) K1 (u, s) + K1 (u, s)pa(t, u)du)T(s)ds
0 s

+/O T(s)/S [o1(t, w) Ka(u, s) + Ka(u, s)pa(t, u)dulds.

Now using
ST () = o1 (1OT(0) — o1(60Ty — [ o1(t, 9T ()
o Os
| 7652 = Tealt.) = Tualto) = [ T (9)patt.5)is

and substituting 7”(s) and using Fubini’s Theorem we will get

/0 (La(t, $)T(s) + T(5)Lalt, 5))ds
— T (1) — A@®)T(t) — T()B(t) — F(t) + 1 (6, )T(t) — o1 (1, 0)To + T(t) (1, 1)

~Toga(tio) ~ [ (b, 5)F(s)ds

- /0 "ot s) {A(S)T(s) +T(s)B(s) + /O T (K (s, ) T(w) +T(u)K2(s,u))du} ds
_ /0 t [A(S)T(s) +T(s)B(s) + /0 T (K (s, ) T(w) +T(u)K2(s,u))du} st 5)ds
— [ PGttt + [ (o106 AGT6) + T Bt ))ds

+ /Ot(A(s)apz(t, $)T(s) + T(s)p1(t,s)B(s))ds

+ / / (o1 (1 u) K, 5) + K (1, 8)pa (£, w)duu) T(s)ds

+ /0 T(s) / (01 (£ u) Ko (1, ) + Ko (1, 8)pa (1, w)du)ds.

/O (La(t, $)T(5) + T(s) Lat, ) ds

() — [A) — 1 () T) — T() [BO) — p(t,)

~ F0) ~ 1100~ Tupa(t.0) — [ (on(t,)F () + Fs)alt ) ds
Therefore

T'(t) = A ()T (t) + T(t)B:(t) + /Ot(Ll(a $)T(s) + T(s)La(t, s))ds + H(t).
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Hence T'(t) is also a solution of (5). To prove the converse, let Y (¢) be any
solution of (3.1) existing on [0, 00). Define

Zt)=Y'(t)— A@)Y (t) =Y (t)B(t) — /0 (K1(t, 8)Y (s)+ Y (s)Ka(t,s))ds — F(t).
Substitute Y’ (t) from (3.1) we get
Z(t) - (901 (ta t)Y(t) - Spl(tv O)To) - (Y(t)@Q(tv t) - TOSDQ(tv O))

+/me@Y@+Y@nxmmm+/kww@ﬂg+F@m@@ﬂs
0 0

t
- / (K1(t,9)Y (s) + Y (s)K2(t, s))ds.
0
Substituting L; (¢, s) and Lo(t, s) we get
Z(t) == (p1(t, )Y (t) — 01(t,0)To) — (Y (t)p2(t,t) — Topa(t, 0))
t t [ 0p1 Op2
+/0 (¢1(t, 8)F(s) + F(s)p2(t,s))ds +/O {gY(s) + Y(s)a] ds
t
+ [ 1A () + Als)ea(t )Y (5) + Y ()ealt )B) + Y () Bt ))ds
+ /Ot {/:(gol(t,u)Kl (u, 8) + K1 (u,s)goz(t,u)du} Y (s)ds

+/:Y(s)

Now using the fact that

/ (e1(t,u)Ka(u, s) + Ka(u, s)p2(t, u)du} ds.

(Pt 0Y () = ea(t0)T) = [ PPV () 4 n 0, ().
Y(Opa(t.t) - Topa(t.0) = [ (V)220 4 ¥ (st )

and simplifying we get

mw=—Akwwgﬂ@+Z@mmww&

Since the solutions of the matrix Volterra integral equations are unique, then
Z(t) = 0. Therefore

Y'(t) = A()Y (£) + Y (1) B(t) + /O (K1 (t,s)Y () + Y (s)Ka(t, 8))ds + F(t).

Hence Y (¢) is a solution of (1) and the proof is complete. O

Because (5) is equivalent to (1) the stability properties of (1) implies the
stability properties of (5). If A(t) and B(t) are not stable in (1) we can find
A1(t) and Bj(t) (corresponding to A(t) and B(t)) to be stable through the
proper choice of ¢; and ¢2 . If we are choosing ¢; and ¢y such that L; (¢, s) and
Ls(t, s) are vanish then (5) reduced to differential equation equivalent to integro
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differential equation (1). Now we will present our main theorems on asymptotic
stability in next section.

4. Main Results

Lemma 4.1. Let A1(t) and Bi(t) are (n x n) continuous Matrices as defined
previously and they commute with their integrals and let M and o are positive
real numbers. Suppose the inequality

‘ef:(Al(T)+B1(T))dT| < Me~ (=3 0<s<t< o (6)
holds then every solution of (5) with Y (0) = T, satisfies the inequality
t
V(O] < MTe 43 [ [H(s) e s

0

t t
ot [ [ 1msw et auy o)

0 s

t
+]Y (u)] / | Lo (w, u)|e ™) dw | du.
Proof. Consider

Y'(t) = A ()Y () + Y () By (t) + /O (La(t, )Y (s) + Y (8)La(t, 8))ds + H(t)

= —Al(t)Y(t)+Y’(t)—Y(t)Bl(t):/O (L1 (t, $)Y (s) + Y (s)La(t, s))ds + H(t).

Aq(T)dT By (1)dtr

Pre-multiplying with e~ s
both sides and rearranging we get

(effc: ATy (1)e=Jo Blmdr)’

and post multiplying with e~ Jo on

t
—e~ o Mndr U (Lo (t, )Y () + Y (5)La(t, 5))ds + H(t) | e~ Jo Br(Dar,
0

Integrating from 0 to ¢ on both sides we get
e f(; A1(T)dry(t)e— fot By (7)dr

t
=Ty + / e ho AT ()™ Jo Bi(n)d7 g
0

t t
+ / e~ Jo Al(T)dT/ (Li(s,u)Y (u) + Y (u)La(s,u)) du.e” Jo Br(m)dr g
0 0
Therefore,

t
Y(t) =6f0t A1(T)d7—TOe— J§ Bi(r)dr + / efot Al(T)dTH(S)efot Bi(r)dr gg
0

t t
+/ elo Mgy [/ (L1(s,u)Y (u) + Y (u)La(s, u)du) elo Br(mdT gg.
0 0
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Taking norm on both sides and using the inequality (6) we get

t
Y (t)| <Me™|Tp) +M/ |H(s)le=*(t=%)ds
0

t s
" M/ / (1L (s, W)Y ()] + [V (u)|| L2 (s, w)]) du.e™ > ds.
0 Jo
Now using Fubini’s Theorem we get

t
Y ()| <Me™%tTy| +M/ |H(s)le=(t=9)qs
0

+ M/Ot [/St <|L1(w,u)|€7°‘<t*w>dw|y(u)| + Y (u)] /st |L2(w7u)|efa(t7w)dw):| du.
U

Theorem 4.2. Let ¢;(e,s) amd 2 (t,s) are continuously differentiable matriz
functions such that, for 0 < s <t < o0,

(i) The hypothesis of Lemma (4.1) holds.

(“) “pl(tv 5) + (PQ(t’ S)l < Loe_y(t_s)'

(1) $uPg< st oo J. (L1 (w,w)] + |Lo(w, w)]) e~ dw < ag where

Lo,v(> ), ap are positive real numbers.

(iv)F'(t) = 0.

If « — Mag > 0, then every solution T(t) of (1) tends to zero exponentially as
t — oo.

Proof. In order to show every solution of (1) tends to zero exponentially, it is
enough to show every solution of (5) tends to zero exponentially as t — oo.
From the previous lemma (4.1) and condition (ii) and (iv) implies

t
Y ()| <MTy| +M|TO|L0/ e~ (=3 g
0

o [ 1Y) [ / (1w, 0)| + Lo, w)]) e o]

then,

L t
Y (t)]e™* < M|Ty| (1 + = > +/ Y (u)|e*® Magdu
Yoo 0

Now applying Grownwall - Belllman inequality we get
L
|Y(t)‘€at < M|T0| <1 + 0> eMaot.
v—o

Therefore

L
Y (1) < M|Ty| <1 + 2 ) e~ (a=Mao)t
v—-«a

Since o — M a, > 0, the theorem follows. O

Remark 4.1. From the Theorem (4.2) the solution of (1) is exponentially
asymptotically stable if F(t) = 0.
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Remark 4.2. If F(t) # 0 in the Theorem (4.2), then the solutions of (1) tends
to zero as t — 0.

Remark 4.3. It is possible to select the matrices ¢1 (¢, s) and @2(t, s) satisfying
the conditions (i) and (ii) of the Theorem (4.1).

REFERENCES

. A. Arikoglu and I. Ozkol, Solutions of Integral and Integro-Differential Equation Systems
by Using Differential Transform Method, Computers Mathematics with Applications, 56
(2008), 2411-2417

. J. Biazar, Solution of systems of integro-differential equation by Adomian decomposition
method, Appl. Math. Comput. 168 (2003), 1232-1238.

. J. Biazar, H. Ghazvini and M. Eslami, Hes Homotopy perturbation method for systems of

integro-differential Equations, Chaos, Solitions and Fractals, 39 (2009), 1253-1258.

T.A. Burton, An integro differential equations, Proc. Amer. Math. Soc., 79 (1980), 393-399.

T.A. Burton, Uniform stability for Volterra equations, J. Diff Equs., 36 (1980), 40-53.

T.A. Burton, Stability theory for Volterra equations, J. Diff Equs., 32 (1979), 101-118.

. S.I. Grossman and R.K. Miller, Perturbation theory for Volterra Integro Differential system,
J. diff. Bqus., 8 (1970), 451-474.

. F.C. Hoppensteadt, Mathematical methods of population biology, Cambridge Univ. Press,
Cambridge, 1982.

. V. Lakshmikantham and S.G. Deo, Method of variation of parameters for dynamic systems,

Gordon and breach scientific Publishers.

10. J.J. Levin, The asymptotic behaviour of the solutions of a Volterra equation, Proc. Amer.

1

Math. Soc., 14 (1963), 534-541
1. K. Maleknejad and M. Tavassoli Kajani, Solving Linear integro-differential equation sys-
tem by Galerkin methods with Hybrid functions, 159 (2004), 603-612.

12. K.N. Murty, M.A.S. Srinivas and V.A. Narasimham, Asymptotic behaviour of solutions of

matriz integro differential equations, Tamkang J. Math., 18 (1987), 1-8.

Dr. Goteti V.R.L. Sarma, after obtained his Ph.D in Applied Mathematics from Andhra
University, India in 2003, worked in Eritrea Institute of Technology, Eritrea from 2003 to
2012. Later he joined in University of Dodoma Tanzania in 2013. His research interests
includes Dynamical Systems, Mathematical Modelling and Ordinary Differential Equations.

Department of Mathematics,University of Dodoma P.O. Box: 259, Dodoma, Tanzania.
e-mail: gvrlsarma@rediffmail.com

Alfred Hugo, obtained MSc in Mathematical Modelling from University of Dar Es Salaam,
2011. Before that he employed by the University of Dodoma since 2009 to date. His research
interests include Mathematical Modelling, Dynamical Systems and Partial Differential equa-
tions.

Department of Mathematics,University of Dodoma P.O. Box: 259, Dodoma, Tanzania.
e-mail: alfredhugo@ymail.com



