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NONCONFORMING SPECTRAL ELEMENT METHOD FOR
ELASTICITY INTERFACE PROBLEMS

N. KISHORE KUMAR

ABSTRACT. An exponentially accurate nonconforming spectral element me-
-thod for elasticity systems with discontinuities in the coefficients and the
flux across the interface is proposed in this paper. The method is least-
squares spectral element method. The jump in the flux across the interface
is incorporated (in appropriate Sobolev norm) in the functional to be min-
imized. The interface is resolved exactly using blending elements. The so-
lution is obtained by the preconditioned conjugate gradient method. The
numerical solution for different examples with discontinuous coefficients
and non-homogeneous jump in the flux across the interface are presented
to show the efficiency of the proposed method.
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1. Introduction

The elliptic interface problems arises in many engineering problems, for ex-
ample, in heat conduction or elasticity problems where the domain of definition
is composed of different materials. In this paper we study the nonconforming
spectral element method for elasticity interface problems. These problems have
wide applications in continuum mechanics, multi-phase elasticity problems, etc.

There exists several methods in the literature to solve elliptic interface prob-
lems (see [26]). There are two types of finite element methods for elliptic inter-
face problems: fitted and unfitted finite element methods. Fitted finite element
method is a common approach where the mesh is fitted to the interface, so the
interface conditions are satisfied in the weak formulation. The interface is ap-
proximated by the sides of isoparametric elements in the discretization. The
accuracy of the method depends on the approximation quality of the interface.
In this case, the method converges with optimal rates in h. If the mesh is not
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fitted to the interface, suboptimal convergence behavior will occur or may be the
method does not converge at all. To avoid this difficulty, in [2] Babuska have
formulated an equivalent minimization problem with all boundary and jump
conditions incorporated in the cost functions.

Unfitted finite element methods are based on a mesh which is independent
of interface. In [3] unfitted finite element method based on penalized problem
as in [2] has been proposed. With an appropriate choice of penalty term the
approximation converges to the solution at optimal rate (in h) in H' norm.
Only lower order finite elements have been studied in the literature (for more
details see [27]). In [27], a conforming higher order finite element method has
been analyzed for elliptic interface problems. One can also look for different
formats of finite element methods for interface problems in [24, 33, 35, 41].
Many nonconforming approaches are available in the literature like discontinuous
Galerkin methods, Mortar finite element methods, etc (see [26]). In [8] a priori
and a posteriori error estimates have been derived for discontinuous Galerkin
method. Quasi optimal a priori estimates for interface problems even with lower
smoothness conditions on the solution were derived.

This problem is also studied in the framework of least-squares finite element
method [4, 5, 6, 11]. In these formulations, the given differential equation is
converted into first order partial differential system and a suitable least-squares
formulation is applied. Optimal convergence rates in h have been shown. The
first order system least-squares method (FOSLS) for linear elasticity problems
has been proposed in [9, 10]. Least-squares spectral element method has been
proposed in [19, 20]. In [31, 32] iterative substructuring methods for spectral
element discretizations of elliptic systems have been proposed. The method
provides an efficient preconditioner with an optimal condition number. The
extended finite element method (XFEM) or generalized finite element method
(GFEM) is a useful method for approximating the solutions with singularities
and solutions of interface problems. This method extends the FEM approach by
enriching the solution space. The approximation consists of standard finite ele-
ment approximation and the enrichment through the partition of unity concepts
17, 18].

Immersed interface method has been widely studied for elliptic interface prob-
lems [28]. Finite difference based explicit jump immersed interface method for
elasticity systems was described in [25]. An immersed finite element method
for elasticity equations with interfaces has been studied in [29, 39, 40]. In this
method the mesh is independent of the interface and basis functions are chosen
such that they satisfies the interface conditions. Optimal convergence rates in
h have been derived. In [30], linear and bilinear immersed finite elements for
planar elasticity interface problems have been discussed. 2D linear, bilinear im-
mersed finite elements which satisfy the interface jump conditions were used.
Optimal convergence rates in h were shown in L? and semi H' norms. Details
and complete citation list on immersed finite element methods can be found in
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[38]. In [12] an adaptive immersed interface finite element method for elasticity
interface problem was presented.

In [22] Nitsche’s method has been described. In [23] a finite element solution
of elliptic interface problem using an approach due to Nitsche has been pro-
posed. The method allows for discontinuities, internal to the elements, in the
approximation across the interface and it was shown to be second order accurate
(in h) in L? norm. In this method the interface conditions are satisfied weakly
by means of variant of Nitsche’s method. A hAp Nitsche’s method for interface
problems with nonconforming unstructured finite element meshes have been pro-
posed and error estimates with optimal bound in A and suboptimal bound in p
by degree p'/? were obtained in [13].

In this paper, we propose a least-squares spectral element method for elasticity
interface problems based on the method proposed in [26]. In the least-squares
formulation of the method, a solution is sought which minimizes the sum of the
squares of a squared norms of the residuals in the partial differential equation
and the sum of the residuals in the boundary conditions in fractional Sobolev
norms and the sum of the jumps in the displacement and the flux across the
interface in appropriate fractional Sobolev norms and enforce the continuity
along the inter element boundaries by adding a term which measures the sum of
the squares of the jump in the function and its derivatives in fractional Sobolev
norms. The proposed numerical formulation is based on the regularity estimate
for the interface problems stated in [7] and the stability estimate proved in [26].

This method is nonconforming (in terms of approximation). This formulation
is different from the standard techniques in LSFEM used to convert the second
order elliptic equations into first order system. The interface is resolved com-
pletely using blending elements [21]. Higher order spectral elements are used to
approximate the solution. The spectral elements are the sum of tensor prod-
ucts of the polynomials of degree W in each variable. The solution is obtained
using preconditioned conjugate gradient method (PCGM) without storing the
stiffness matrix and load vector. Even though we do not store the matrix, the
added advantage of the proposed method is the resulting stiffness matrix is sym-
metric and positive definite. The integrals involved in the residual computations
are obtained efficiently and inexpensively [36] (a brief description is given in the
Appendix).

The rest of the paper is organized as follows: In Section 2 the elasticity
interface problem is defined. The discretization of the domain is given in Section
3 and the numerical scheme is described. Finally in Section 4 numerical results
are presented for various examples.

2. Elasticity interface problem

In this section we state the elasticity interface problem on a domain Q C R2.
First we define the function spaces which we need in the latter sections.
Denoting H*(€), the usual Sobolev space of integer order k with the norm
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[[-Il4.q as given below,

”u(zay)”i,g = Z |ag1352u(:r,y)|2dxdy.

O o1tax<k

u\xr
it = [+ [ [ g,

denote the fractional Sobolev norm of order s, where 0 < s < 1. Here J denotes
an interval contained in R.

We denote vectors and vector spaces by bold characters. For example, u =
(ur,u2)T, H*(Q) = H*(Q) x H*(Q), etc. The norms are given by [[u]} o =

2 2 2 2 2
[urlly, 0 + luzlly o for we HEQ), [lulls ; = l[wll ; + luzll; ;. ete.

Further, let

2.1. Linear elasticity system. Let x = (z,y) be a point in space, u =
(u1(z,y),u2(z,y))" be the displacement vector and e = (¢;;) be the strain ten-
sor. If wq,us are the two planar displacement components, then the strain-
displacement relation is given by

Ouq Oug 1 /Ou; Ous
611_61"622_6;{/’612_621_2(8@/—’_%)'
The relation between stresses and strains (from the Hooke’s law) is given by,
oi; = Av.u)di; + 2pe;5(u), 4,5 =1,2, (1)
where A and p are the Lame coefficients, and
5%‘]‘:{(1)32%; ’ V“‘%ﬁ*%'

Let o = (0;;) be the stress tensor, f(x) = (f1, f2)T be the applied body forces,
then the stress tensor satisfies the following partial differential equations,

_(9511 _ 3512 =f
-V .0o= fa L€, _60211 8032 _ f (2)
Ox oy  J2°
From the above equations, we can re-write the above system as the system of
plane elasticity equations of the following,

9%uy 0us 0%uy
cra=- {0+ 25+ (g +af i =

9 )
0%us 8%y 52 222 (3)
=—<(A+2 by — 1
Lou {( +2p) oy + ( +“)8:cay+“ax2 } fa
The Lame coefficients A and u are given by
L vE . vE
= 20 +0) A= =277 (plane strain), A = = (plane stress) (4)
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where E is the Young’s modulus and v is the Poisson’s ratio. Let us assume
that the constants A and p have finite jumps across the interface; so does the
flux on. Now the elasticity interface problem is defined below.

2.2. The interface problem. Let Q and ©;(Q; C Q) be open bounded do-
mains with boundaries 9Q = T' (2 = Q U 9Q) and Ty respectively. Assume
that the boundary Ty is sufficiently smooth. Further, let Q5 = Q\ Q. Let
u; = (ul,ud)T =ulg, and uy = (u2,u3)T = u |, . Now the elasticity inter-
face problem can be written as follows:

Lu=1in Q3 UQy

[uj=0 onTy

[on] = q,
u=gonl

()

where Lu = (L1u, Low)T, £ = (f1, f2)", a = (¢1,42)", & = (91, 92)" are known
vector functions. n is the unit outward normal to the interface I'g. The jump [.]
is defined as the difference of the limiting values from the outside of the interface
to the inside. The coefficients A and p are piecewise constant, i.e.,

A1 in Q in
A=071 ?n ' and p= 1 %n ' (6)
Ay in Qo po  in Qo

3. Discretization and Numerical Scheme

Considered the circular domain €5 such that Q; C Q, where Q is square whose
boundary is T' = U{_;T" as shown in Figure 1, for brevity. Let Qp = Q\ ©; and
the interface is I'g which is smooth as shown in Figure 1. The results presented
are applicable to arbitrary smooth interfaces also.

Now the domain 2; and €5 are partitioned into finite number of quadrilateral
subdomains (elements) Q}, Q% ..., QF and Q1,02 ..., Q% such that the subdomain
divisions match on the interface. The interface is completely resolved using
blending elements [21].

p[ 1] 3\ 2
2 Q) 9)9)Q,
2
Q1

2
r

FIGURE 1. The domain (2 and discretization.
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Each element is mapped to the master square S = (—1,1)2. Define an analytic
map M} from the master square S = (—1,1)2 to Q! by (see [1, 21])

=X!em), y=YiEn), i=12

A brief description of the map is given in the Appendix Al. Here and in the
rest of this section [ =1,...,pfori=1andl=1,...,q for : = 2.

Define the spectral element functions {ui l} {ﬂ;l} as the tensor product of

polynomials of degree W in each variable ¢ and 7 as

w W
U1 (&n) ZZQ s&'n° and Ug (E, ZZh”ﬁrns fori=1,2.
r=0 s=0 r=0 s=0

Then { le} {u;l} are given by

ui'(a,y) = @y (M) 7) and ! (e,y) = a5 (M) 7).
Now

/ }cu§|2dxdy:/ il ! dédn for i =1,2.
Ql s

Here J!(&,7) is the Jacobian of the mapping M/ from S to ..
Define 3LL(&,n) = L(€,m) \/J! (the differential operator in the transformed co-
ordinates in the domains and Qg respectively). Then

/ ‘Euﬂzdxdy:/ ’Eﬁﬁé ? dédn fori=1,2.
Q! s

Define fi = (fi, f2)" = £ lo, and £ = (f2, )" = f |, . Let £}(§,n) =
£;(M](&,m)) for i = 1,2. Define 4

Fi(&,n)=f(&n/JH&n)  fori=1,2.

Let 75 be a side common to the two adjacent elements Q" and QF,i = 1,2
(as shown in Fig. 2(a) for ¢ = 2). Assume that 7, is the image of n = —1 under
the mapping M" which maps S to Q27" and also the image of 7 = 1 under the
mapping M;* which maps S to Q7. By chain rule

(u")e = (0")e & + (W")y 7 and (0f")y = (@]")e & + (A" )y 1y-

1The displacement components in the transformed coordinates, where ¢ gives the domain
status (21 or 2) and [ gives the number of the element in that domain.

2 ul = (ul1 l,u2 ) is vector u in element QL

3[:1 z (L” l E” z)

4Fl (Fz N Fz l)
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m ys
M2
S /\ m
Q2
n:_l Faall Fasl
=1 n Y
" Q, Soels
S \_/

(@ Inter element boundary (b) Along theinterface

FIGURE 2. Elements with common edges

Then the jumps along the inter-element boundaries are defined as

Iwll2 = l[&g (e —1) — @& DI,

lwl?, = (e -1) - @ DI,
N I2, =l e~ — @b, E D)2, .

Here and in what follows, I is an interval (—1,1).

As the division of the domain into subdomains match along the interface,
we define the jump across the interface by taking it (a part of interface) as the
common edge. Consider the elements QF and Q3" (as shown in Fig. 2(b)) which
have the common edge s C T'g. Let 75 be the image of £ = 1 under the mapping
M7 which maps S to QF and also the image of £ = —1 under the mapping MJ"
which maps S to 5", Define

2 2
Nl = e — w3,

. _ 2
ouy’ oay

m n 2 1
— g (-1 - wt @l + |GE 1 - )

K
1/2,1

where %‘}1 and % are the tangential derivatives of ti; and uy respectively.

Now along the boundary I' = Uj_; I/, let v, C T/ (for some j) be the image
of £ = 1 under the mapping M3"* which maps S to Q5*. Then

2 2
8u2

T

377
oy

or

(1,7)

2 ~m 2
sl + H ~ larnl2, + H

1/2,7s 1/2,1

As defined earlier u; = u |o, and uz = u |q,, so the boundary condition
u =g on I in the discrete form will be uy = g on IV N9NY". Let IV NINY* =
be the image of the mapping M3* of S onto 25" corresponding to the side £ =1
and

03" (n) = g(M3"(1,m)),
where —1 <n < 1.
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On the interface 'y we have [u] = 0 and [on] = q. Let s C I’y be the image
of £ = 1 under the mapping M7 which maps S to QF and also the image of
¢ = —1 under the mapping MJ* which maps S to Q5". Let

17" (n) =a(-1,n) =q(1l,n) for —1<n<1.

Let {{ﬁ’f(f,n)}k , {ﬁ;(ﬁ,n)}l} € 11", the space of spectral element functions.
Define the functional

({ulé‘n}kv{uzfn})

= llehakem —Fie ] + > | (Lh)usem — 5]
k=1 =1
2
303 (Il + i) JI? i), ), ) (7)
=1 vsCQy
+ 3 (II2,, +llon] =107 5.,
vsCTlo
8u2> (aog) )
+ j— .
<||u2 ozl + o ),

The approximate solution is chosen as the unique {{z1 &m }k , {z2 & }l} €
", which minimizes the functional r {u1 &n }k , {u2 &n } over all

[{abEm}, . {aEm},)-

The minimization problem leads to a symmetric and positive definite lin-
ear system AZ = b. Where Z be a vector assembled from the values of
{{Z’f(ﬁ,n)}k , {Z;(ﬁ,n)}l} at the Gauss-Lobatto-Legendre points arranged in
lexicographic order for 1 < k < p, 1 < [ < ¢q. The solution is obtained by
preconditioned conjugate gradient method. The action of a matrix on a vector
in each iteration is obtained efficiently and inexpensively without storing the
matrix A (since PCGM requires the action of a matrix on a vector). The details
are shown in Appendix A2.

We used a preconditioner which was proposed in [15]. The preconditioner® is
block diagonal matrix, where each diagonal block corresponds to the H? norm of
the spectral element function representation of each component of the vector on
a particular element which is mapped onto the master square S. The obtained
solution of the preconditioned system is nonconforming. A set of corrections are
made to the solution so that the corrected solution is conforming (see A3).

Let u be the exact solution and z be the approximate solution which is con-
forming. Let e = u — z. Then for W large enough we have the following error
estimate H! norm (since the jump in displacement across the interface is zero,

p q
X llatllzs + ol s
k=1 =1
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u € HY(Q))
lelly.q=lu—zl,q<Ce™®™

holds, where C and b are constants. Proof is very similar to the one proven in
[26].

4. Numerical Results

To prove the effectiveness of the method we present the numerical results
for the problem defined in Section 3. The relative error |le|| 55 is defined as
lell1,q
l[ally o
denoted by ¢ W, "DOF’ means the number of degrees of freedom and 'Iters’ means
the total number of iterations required to compute the solution using PCGM.
We have used the relative residual norm as a stopping criteria in PCGM. That

lel gr= . In all the examples, degree of the approximation polynomial is

T
is, the iteration process is stopped when the relative residual norm ||||t:|||2 (r; is
2
the residual in i iteration, ||.||, is vector norm) is less than the tolerance e.

Example 1. Interface problem with homogeneous jump conditions:
Consider the linear elasticity interface problem (5) (plane strain, see (4)) stated
in Section 2 on a square domain [—0.75,0.75] with a circle centered at the origin
of radius s as the interface as shown in Fig. 1. The coefficients A, pi are given by

M=m=1lifr<s
(8)

Ao=pe=0bifr>s.
Chosen the data such that the given interface problem has the exact solution

u = (ug,us)
{7‘2 r<s
U1 = Ug =

%4—(1—%)82 r>s,

where 7 = /22 + y2. Here we choose the radius of the circle s = % Note that
the solution u satisfies homogeneous jump conditions across the interface.

This problem have been studied in [39]. We discretized the domain into 9
quadrilateral elements as shown in Fig. 1. The conforming numerical solution
has been obtained for various values of b (see (8)) for different degree of the
approximating polynomial W. The relative error |le|| ;, in percent, the iterations
are tabulated for different values of b (see (8)) in Table 1 and Table 2.

For smaller values of b (see (8)) the iteration count is less but the iteration
count is large when b is large. More efficient preconditioner is under investigation.
The log of relative error against the degree of the approximating polynomial W
is drawn in Fig. 3 for b = 50,100. The relation is almost linear. This shows
the exponential accuracy of the method. The error decays exponentially for all
values of b.

6For the simplicity of the programming W is assumed to be uniform in all elements.
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TABLE 1. The relative error in percent and iterations for dif-
ferent W

b=5 b=10
W DOF llell g r % Tters lell gr % Tters
2 162 1.63229E+01 19 2.534144E+01 28
288  3.820257E-00 63 2.926786E-00 85
450  2.897170E-01 93 3.201887E-01 123
648  5.828495E-02 185 6.129304E-02 262
882  2.468277E-03 225 1.844171E-03 342
1152  2.818127E-04 318 | 4.349615E-04 490
1458 2.885878E-05 370 | 2.411179E-05 620
1800 2.842893E-06 441 | 2.780419E-06 768

© 00~ O Uk W

TABLE 2. The relative error in percent and iterations for dif-
ferent W

b =50 b =100
W DOF llell g % Tters llell g % Iters
2 162 4.72332E+01 42 4.9527E+01 60
288  2.735828E-00 150 | 2.38944E-00 223
450  2.707493E-01 193 | 2.01159E-01 405
648 3.331489E-02 622 | 2.92799E-02 767
882  2.134931E-03 959 | 3.03820E-03 1435
1152 2.632882E-04 1468 | 2.63029E-04 2246
1458  2.824413E-05 1908 | 1.57197E-05 3061
1800 2.885666E-06 2557 | 2.94435E-06 4290

© 00 O U i W

LOG OF THE RELATIVE ERROR

L L
2 3 4 5 6 7 8 9
w

FI1GURE 3. Log of the relative error against W for b = 50, 100
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Example 2. Interface problem with nonhomogeneous jump in the flux:
Consider the linear elasticity problem as defined in (5) (plane strain problem)
on the same domain as considered in Example 1 with a circle centered at the
origin of radius s as the interface. The coefficients A, u are given by

M=p=11ifr<sand g =ps =0 if r > s.
Chosen the data such that the given interface problem has the exact solution

u = (ug,us)

{r2+log(1+r2), r<s
Uy = Uz = 2

2
T+ (1= ghy)s? + 285 4 (1 Dlog(1+5%), 1>,

where 7 = /22 + y2. Here we choose the radius of the circle s = 1.

TABLE 3. The relative error in percent and iterations for dif-

ferent W
b=10 b=0.1
W DOF lell gr % Tters llell g % Tters
2 162 3.133049E+-01 23 | 1.79670E401 21
3 288  3.876138E-00 69 2.85257E-00 51
4 450  3.218966E-01 124 | 6.62517E-01 117
5 648  8.120330E-02 250 | 1.77620E-01 147
6 882  1.075311E-02 317 | 1.58008E-02 232
7 1152 6.768839E-03 406 | 7.64950E-03 287
8 1458  1.106595E-03 529 | 1.08173E-03 301
9 1800  6.699847E-04 640 | 4.80593E-04 330

LOG OF THE RELATIVE ERROR

L L L L L L
2 3 4 5 6 7 8 9

FI1GURE 4. Log of the relative error against W for b = 0.1, 10

For any b, the solution u is continuous across the interface and [on] = q =
(q1a QQ)v
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23z +2zy+y?) 203y + 2zy + 2?)
q1 \/m 42 \/W .

The domain is discretized as in the above example and the conforming solution
is obtained for b=10,0.1. The relative error |le|| 5 in percent, the iterations are
tabulated in Table 3. The log of relative error against W is drawn in Fig. 4 for
b = 10,0.1. Here one can see that the iteration count is large compared to the
count in previous example (look at Table 1 for b = 10).

5. Conclusions

The proposed method is nonconforming and exponentially accurate. The
interface is resolved exactly using blending elements. A small data has to be
interchanged in between the elements for each iteration of the PCGM and the
residuals in the normal equations can be obtained efficiently and inexpensively.
The proposed method is efficient even when the jump in the coefficient is large.
The numerical results shows that large differences in the coefficients leads to in-
crease in the number of iterations of the PCGM. A more efficient preconditioner
is under investigation. This method is also efficient on parallel computers. The
method is applicable to arbitrary smooth interfaces too and the method can be
extended to the singular case which is ongoing work.

A Appendix

For the better understanding here we give the details of some of the stated
results in the article.

A1l. Analytic Map by blending function method

Consider an element of the domain (as shown in Fig. 1). We define an analytic
map M from S = (—1,1)% to

x5 ¥)
I (-11) (1,1)
MZ
£\
Y s
L .
X (X, Y,) (-1,-1) (1,-1)

HE
FIGURE 5. Analytic map from S to Q)

The left edge v, of Q2 is a part of the interface I'g. Let the curved side 7 be
parametrized by (r cos 0,7 sin8),0; < 0 < 05. Then we can define the map

o (5o (52) v (3) o2 (50) (5 (32) (59
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1-¢&\ . 1 147 1—n 1+¢ 147 1+¢
=r{—— 0 Oy | —— -1 e
ver (555 o (o (557 + (2))“’2(2)(2 Ty 2

A2. Residual calculations

Here we briefly describe how to obtain the action of the matrix A on a vector
at each iteration of the preconditioned conjugate gradient method without stor-
ing the matrix A. This has been described for scalar equation case in [36]. Here
we describe for the linear elasticity system. In the least-squares minimization
of the functional defined in (7) we get different integrals on element domain, on
the interelement boundaries and on the boundaries of the domain.

We first show how to compute the integrals on the element domain (the
variation of the first term in (7) gives the following integral)

// (LH¥HT ((chyal — FL) de dn

where (£}l ((c”) (c”) WTFL = (FP FPY. So we have

// (L (chHakt — B dgdn+//c” (ckhal — FiYydedn. (9)

For simplicity we shall drop the subscripts and superscripts and denote (,Ci’l)ﬁl-

and (£5hal by 7 Z
(L)t = (Ar(t1)ee + Bi(tn)en + Cr(U1)yy + D1(tn)e + E1(tn)y)
+ (A2(U2)ee + Ba(t2)ey + C2(t2)yy + Da(tiz)e + Ea(t2)y),
(L2)u = (As(t1)ee + Bs(a)ey + Cs(tin )y + Ds(a)¢ + Es(iia)y)
+ (As(t2)ee + Ba(uz)en + Ca(tz)yy + Da(tz)e + Ea(uz)y) -
By rearranging the integral (9) we get
[ [(r@0ee+Br@en+Cr 0r)an+ Da(in)e Br(on)s) (1)aFr) de d

+ /S/(Aa(ﬁl)ss + B3(01)en + C3(01)nn + D3(01)e + E3(01)y) ((£2)T — F2) dfdn
(10)

+/S/(A?(f’?)& + B2(02)¢n + C2(02)ny + D2(02)¢ + E2(02)y) ((£1)@ — F1) dé dn

# [ [(AaGee + Batley + Caloa)an + Daa)e + Bala)y) (€25 — ) d
Consider first term in the above integral and denote
Lty = A1(D1)ee + B1(1)en + C1(01)nn + D1(01)e + E1(01)n and v1 = ((£1)T — F1).
Let LT denote the formal adjoint of the differential operator L. Then

L'y = (A101)¢e + (Bitn),, + (C101),, — (D101) — (E1t1),, .

Integrating by parts and rearranging some terms, we obtain

"General form of these operators in terms of coordinates £ and n
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/ 2/L1~)1t1 dfd’l]
(=1,1)

f/ ) /U1Ltl‘1 d€édn +/ A1(111 + D1%1) 1 — 91 (B1 t1), — 91 (A1 tl)g) (1,m)dn
(-1,1)

/( : ((x‘h(vl)g + D1%1) v1— 01 (B 1), — 01 (A1 tl)g) (—=1,n)dn
1,1
+ 01 Biv (Ln)|L, — 81Biv (—1m)|L,

+ ((C1 (01)n + E191)t1 = 01 (Crv1),, — 01 (B fl)g) (& 1)d¢
(—=1,1)

— / ((Cl(f)l)n + E1t1)v1— 01 (Crra),, — 01 (Br 171)5) (& —1)d¢.
(-1,1)

The integral is evaluated by the Gauss—Lobatto—Legendre (GLL) quadrature
formula with 2W + 1 points. Let &¢2V,... &2 and n3%,... 3V represent
the (2W + 1) quadrature points in each direction and w3",...,w3}; the cor-
responding weights. Let the matrix D?W = df‘;v denotes the differentiation
matrix. Thus

dl 2W

o (") =D (™) (11)
n =
if [ is a polynomial of degree less than or equal to 2W. Then
/(_17”2 /Lvltldfdn Njf;;:ovl (éfw’m ) ( 3WwJ2WLttl (ﬁizw’mzw))
2W 2W
FN (€W ) (w2 B A (10 ) e (102)
i=0 j=0
+j§0@1 (L") W™ (Dies = (Bav),, = (Aver)) (1,037)
2W 2W
S (€ ) (Y Ay~ e (~12Y))
i=0 j=0

_ %ZW{U (fl,n‘?w) wa(Dlrl (Bir1), — (A1r1) 5) ( 1 777 )
J;x? 2w
-l-zzﬁl (f?wvnyz'w) ( Wd3w ;Ch (ffw )tl (5 W ))

i=0 j=0

+ %Zwﬁl (ﬁfw, 1) w?" (Eltl - (Bltl — (Cit1) ) (f W, 1)
o

S (o) (e (€ ) (67 )

i=0 j=0
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2W

o (6", —1) wi" (Bt — (Bin)e — (Chm),, ) (&7, -1
z;'Ul )’U} ( 1t1 1t1 3 1t1 ) ( )
1( ,1)B1t1 (1,1)—’171(1,—1)B1t1 (1,—1)
( N 1)Blt1 (*1,*1) 7’[)1(*1,1)81171 (71,1).

drs

U1

Remark: Of course, in writing the above we commit an error. It can be argued
as in [16] that this error is spectrally small. Similarly we can write the other
integral terms in (10).

Now Rewrite w7 (§1 21 ) and s (§Z 21 ) by arranging then in lexicographic
order and denote

UlV;IEWJrl)iJerrl:al (&"n}") for0sisW0sjsW
Usiw1yiegn =02 (&7,m")  for0<i<W,0<j <W,
w
o= ik |
and let
— iy (YY) for0 <7 <2W,0 < j <2W,
(EEW,WJZW) for0 <7 <2W,0 < j <2W,

Qz

Ul ;W 1)i45+1

UQ;(2W+1)i+j+1 = U2

U2W
U = { U;QW } .

Similarly
w ~ (2W  2W W 2W
o) oW1yt = £11 &) = (&),
2w W 2W
O aw+1)itj+1 = L2 &™) = B (&Y ")
Then we may write

,/ /im«ameﬁn%m:(WWYm%W
1,1)2

where R is a matrix such that R;t?" is easily computed. In similar way we
calculate the other terms in integral (10) and finally we may write

/ / (LHvHT ((£hal — FL) de dn
(~1,1)2
2V Ry 4 (VW) R + (VW) Ree?V + (V2 Ry3W.

(ii) Integrals on the boundary of the elements:
We now show how to evaluate the integral involving the jump in the flux
across the interface. For this we have to examine the norm H/?(—1,1). Now

Mmmln—/ZQ m+/l/ )dd
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Let I (n) be a polynomial of degree less than or equal to 2W. Then
polynomial of degree less than or equal to 2 in x and y. And so we may define

2 X QW12 (. 2W UL oW, oW l(nizvv)il(nsz) ’
W||1/2,(71,1):Zw¢ Pm™)+Y > wiVuj W 2w

5=0i£],i=0 i 7j
2
+Z (dn (o )> '

Thus there is a symmetric positive definite matrix H?" such that

U=) =) o
(@—v)

2W 2W

IS vy = D D L") HEY L (2™ (12)

=0 j=0

Now consider the jump in the flux across the interface. Consider the elements
QF and Q5 which have the common edge v, C I'g. Let 75 be the image of n = —1
under the mapping MF which maps S to Q¥ and also the image of = 1 under
the mapping MZ* which maps S to Q3. From equation (7), we need to evaluate

L= (ormie ) - @y -1) -1

2:7s

H [on] — l;n’k

13
I (13)

where 0'5”1’1 = ((0’11711 + O'1QTL2), (0’12’/7,1 + UQQTLQ))T = (Tfnﬁgn,Tgnﬁgl)T,

obn = ((o11m1 + 012m2), (012n1 + Uggng))T = (TFak, TFak)T in transformed

coordinates £ and n and

IR (€) = (¢7F(€,1), g5 (6, 1) = (¢ (€, —1), g5 (&, —1))T.

The variation of the boundary term in (13) is given by

2W 2W

=30 AP ET, 1) - TEAEY, 1) B (1)
i=0 j=0
2W 2W

30 ST ET )~ TR 1) HE (D),

1=0 j=0
where [ = ((T{ag(€27,1) = TFRE(E2Y, -1)) — ¢"* (€2, -1) ) and
11 = (T3 ag (™. 1) - Thaf(e, 1) - g5 H (€, -1)).

Now this can be written as

2W 2W 2W 2W
=S E ) =Y (D + 0> 1 e, ) 1Y (1)
i=0 j=0 i=0 j=0 (14)
2W 2w 2W 2W

i=0 j=0 =0 7=0
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Consider first line in the above equation. For simplicity we shall drop the
subscripts and superscripts and represent T7v and T5v in general form
Tiv = Pi(01)e + Q1 (B1)y + Ri(Ba)e + S1(T2)y,
Tov = Py(tn)¢ + Q2(1)y + Ra(ia)e + Sa (),
and denote 77V (j) = (T{"ag(§5", 1) — Trag(&;", —1))
and JZW(j) = (Tyrag (&3, 1) — Tyay (3", —1)). Therefore first line of (14)

becomes
2W 2W

SS mvE@ nuy (76 - ag™ )
T (15)
> mvE@ B (B - e D).
By rearranging the terms, we get
2W 2w ~ B
=33 (P + Qu(@)n) (€™, ) HAY (T2 () - ai (27, 1))
=0 j=0
v )
300 ((Paln)e + Qalon) (€Y. 1)) HEY (T8 () - el 1)
1=0 j=0 (16)
2W 2w ~ ~
+Y ) ((Rl(%)ﬁ + 51 (T2)n) (€77, 1)) =Y (TP (G) — a (&Y, 1))
1=0 j=0
2W ]2W _ ~
33 ((Bala)e + Sa2)) (€™, 1)) HZY (T2 () = (€27, 1)
i=0 j=0
Let

p,_z (T G) - @Y )andpzzfz V(Y G) - € D).

Then we may write (16) as (using 11)

2W 2W 2W 2W
=>"n(&V,1) (ZdQWPl(?W 1>pu +ZZ”1( ) (QuE™, Dagiy o2 )
j=0 i=0 i=04=0
2W 2W _ 2W 2w
# 3@ (L P ) R - 3 (i) (@6 Y
J ) 1=0j=
2W 2W
+sz &%, 1) <Zd2WR1(£2W 1)) PN D0 D we (V.Y (S1eY ity 2 )
=0 1=035=0
2W 2W B
PSS mE <Zd2WR2 ev, 1)) EADIIR (W2 (S2(e2™ a3l Y
=0 1=0j=

- <V12W>tT1XfW + <V12W> T X2V + (VQQW) Tsx2W <V22W>t Ty x2W.
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Here Ty, Ty, Ts, Ty are (2W + 1) x (2W + 1) matrices and Ty X2W T, X2V,
T3 X2 and Ty X3W can be easily computed. Similarly terms of the second line
n (14) can be obtained.

Similarly one can evaluate the integrals involving the inter element jumps and
the integrals on the boundaries of the domain.

Combining the all the integral terms in an element

Consider an element Q5* with a part of the interface v5; C Ip(as we have
considered above) as one edge and the other edges may be part of the boundary
of the domain or the common edges shared by neighbouring elements.

Adding all the terms we obtain

/ /ca” ST ((L3)GY — FL) dé dn
(—1,1)2

2W 2w 2W 2w

+Y > T et ) (D) + > T, 1) HEY (1) + ...

=0 j=0 1=0 =0
t t t t
_ (V12W) th%w_i_ (Vlzw) thgw_i_ (V22W) Rgt%W-‘r (V22W) R4t§w
t t t t
+ (Vlzw) T1X12W + (V12W) T2X22W + (V22W) T3X12W T (V22W) T4X22W +
t t
_ (V12W) O%W + (VQQW) O;W
where OV = Ri?W + Roe2W + TV X3V + T, X3V + ... and O3V = Rzu?W +
Rye2W + T3 X32W + Ty X3V + . are (2W + 1)? vectors which can be easily
computed. Now there exists a matrix G" such that
‘/12W _ GW‘/IW and ‘/22W _ GWV'2W

() o = (1) ((0) 08 wma (v2) 02" = ()’ ((6) 02"

In [14] it has been shown how (GW)It O?W can be computed. Let J; = (Gw)t o3,
Ji
J2
tain J vector corresponding to V*J. Thus we see to compute J we do not need
to compute and store any matrices such as the mass and stiffness matrices.
The evaluation of the residuals on each element requires the interchange of the
boundary values between neighbouring elements.

Similarly we obtain Jy. Now J = 2(W + 1)? vector. Finally we ob-

A3. Corrections to the nonconforming solution

We can construct a set of corrections to the spectral element functions

{{z1 & n }k,{z2 &n) } }so that the corrected solution {{z1 & n }k,{z2 &) } }
is conforming and belongs to H*(£2). These corrections are defined below (see

[37]).
We do this in two steps :
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1. First, we make a bilinear correction {{8}(&,7)}, , {§5(&,n)},} so that
{{zi&n) +55(&m}, {2 +85(¢m) ), )

are continuous at the vertices of the rectangles on which they are defined.

Consider an element QF'. M3 is the map from S = (—1,1)% to Q3. Let
Py, Py, P3 and P4 be the four vertices of S. These vertices are common to some
of the neighbouring elements. Now consider the average values z (FP;) of the
solutions at each vertex P; (i = 1,2,3,4) from all the elements which have P,
as common vertex. Define a; = z (P;) — z5"(P;) for i = 1,2,3,4. Now we define
bilinear correction §5*(&, )

(€)= (“—ﬁ{f—”)) o (W)

+ as <(1+€L<1+77)) +ay (W) ]

such that (ZJ* + §5*) (P;) = Z (P;) . Similarly one can define in other elements.
2. Next, we make a correction {{t}(¢, n)}k AL, n)}l} so that

{zEm +516m) +TEm},  {Z(&m) +82&m + BE W} }
are conforming.
Consider Q5. If 7 is a side of S then we choose t5* so that (Z5'+55' +t5') (P) =
(zZ +35)(P) for P € . Now tJ" has it’s traces defined on the sides of the square
S. The traces of ' are polynomials on the sides of S. Let

516, -1) = ¢1(8), (& 1) =¢3(8); B'(=1.n) = ¢a(n), &'(1,n) = ¢2(n)
where ¢;(.)=(¢1(.), ¢?(.))7 fori=1,2,3,4. We define a lifting of " (¢&,n) onto S as

B (6 = 5 (G1(€)(1 =)+ da()(L+ 1) + Ga(m) (1 + ) + 6:()(1 — §)).

We now define the corrected set of spectral element functions as

{{i'f(&n)} {ohem}, }
={{#En+aien+dEn] ABEn+anEn +BE), ).

These constructions are similar to Lemma 4.57 in [34].
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