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RICHARDSON EXTRAPOLATION OF ITERATED DISCRETE
COLLOCATION METHOD FOR EIGENVALUE PROBLEM OF
A TWO DIMENSIONAL COMPACT INTEGRAL OPERATOR

BIJAYA LAXMI PANIGRAHI*, GNANESHWAR NELAKANTI

ABSTRACT. In this paper, we consider approximation of eigenelements of
a two dimensional compact integral operator with a smooth kernel by dis-
crete collocation and iterated discrete collocation methods. By choosing
numerical quadrature appropriately, we obtain convergence rates for gap
between the spectral subspaces, and also we obtain superconvergence rates
for eigenvalues and iterated eigenvectors. We then apply Richardson ex-
trapolation to obtain further improved error bounds for the eigenvalues.
Numerical examples are presented to illustrate theoretical estimates.
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1. Introduction

Consider the following integral operator I defined on X = L*°(D) by

b pd
Ku(s,t) :/ / K(s,t,z,y)u(z,y) dz dy, (s,t) € D, (1)

where kernel K(.,.,.,.) € C(D) x C(D), D = [a,b] x [c,d] C R? is a given
rectangular domain. Then K is a compact linear operator on X.
We are interested in the following eigenvalue problem: find v € X and A €

C — {0} such that Ku = A, [l = 1. @)

Many practical problems in science and engineering are formulated as eigen-
value problems (2) of compact linear integral operators K (cf.,[3]). For many
years, numerical solution of eigenvalue problems have attracted much attention.

Received February 14, 2012. Revised March 20, 2014. Accepted April 16, 2014. *Corresponding
author.
© 2014 Korean SIGCAM and KSCAM.

567



568 Bijaya Laxmi Panigrahi and Gnaneshwar Nelakanti

During the last some years, significant work has been done in the numerical anal-
ysis of the one-dimensional eigenvalue problem for the compact integral operator
K. The Galerkin, petrove-Galerkin, collocation, Nystrém and degenerate kernel
methods are the commonly used methods for the approximation of eigenele-
ments of the compact integral operator K. The analysis for the convergence of
Galerkin, petrove-Galerkin, collocation, Nystrom and degenerate kernel meth-
ods for the one dimensional eigenvalue problems are well documented in ([1], [3],
[12], [13], [14]). By replacing the various integrals appearing in these methods
by numerical quadrature leads to discrete methods. In ([9]) discrete and iterated
discrete Galerkin methods and in ([4]) discrete and iterated discrete collocation
methods were discussed for the one dimensional eigenvalue problem (2) with a
smooth kernel.

In [15], we were interested to solve the eigenvalue problem of a two dimen-
sional compact integral operator with smooth kernel taking the help of discrete
Galerkin and iterated discrete Galerkin methods and obtained the error bounds
for approximated eigenelements. Further, to improve the convergence rates for
the eigenvalues, we derived an asymptotic expansion for the iterated discrete
Galerkin operator and then using Richardson extrapolation we improved the
convergence rates for the eigenvalues. Meanwhile, to do so, we replace the vari-
ous integrals arise in L? inner product, when the projection is an orthogonal pro-
jection and the two-dimensional integral operator C by using Gauss quadrature
rule, which improves the computational cost to generate the matrix eigenvalue
problem. To avoid such, discrete collocation method receive favorable attention
due to lower computational cost in generating matrix eigenvalue problem. In
fact, in comparison to discrete Galerkin and discrete petrove Galerkin meth-
ods, the discrete collocation method requires much less computational effort in
evaluation of its entries defined by integrals. This motivates us to do this work.

In section-2, we develop discrete collocation, iterated discrete collocation
methods and theoretical frame work for the eigenvalue problem using inter-
polatory projections. In section-3, we discuss the convergence rates for the ap-
proximated eigenfunctions to the exact eigenfunctions. In section-4, we discuss
Richardson extrapolation for eigenvalue problem to improve convergence rates.
In section-5, we present numerical results, which agree with the theoretical re-
sults. Throughout the paper, we assume c as the generic constant.

2. Discrete and Iterated discrete collocation methods

Consider the following compact integral operator K defined on X = L>°(D) by

b pd
Ku(s,t) :/ / K(s,t,x,y)u(z,y) dz dy, (s,t) € D, (3)

where the kernel K(.,.,.,.) € C(D) x C(D), D = [a,b] x [c,d] C R

We are interested in the eigenvalue problem (2). Assume A be the eigenvalue
of K with algebraic multiplicity m and ascent £. Let I" C p(K) be a simple closed
rectifiable curve such that o(KC) NintT’ = {A}, 0 # intT’, where intl" denotes the
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interior of I'. Now we describe the collocation method for the eigenvalue problem
(2).

Let AS\? and AS\Z,) be the uniform partitions of finite intervals [a, b] and [c, d],
respectively, defined by AS\}[) ta=x9< 21 <---<xp =0band AS\?) =1y <
yr < --- <yN:dwithh:xm+1—mm:% and k = Ypt1 — Yn = d&c,for
m=0,1,2,....M —1land n=0,1,2,..., N — 1. These partitions define a grid
for D, AMN:A%)XAE\?) ={(@m,yn) :0<m<M-1,0<n<N-1}.
Set Iél) = [x0,21], I = (o —— 1(52) = [yo, ¥1], 2 = (Yn, Yn+1] and
I = IV x I, m =0,1,...,M —1andn =0,1,...,N — 1. For any given
positive integer p and g, let P,_1 4—1 denotes the space of polynomials of degree
p—linzandg—1iny, thenfor0<m<M-1,0<n<N -1,

XMN = Sz():i?q—1<AMN) = {U’ u ‘IT‘VL’IL: umm, € Pp—l,q—l}’

is the finite element space of dimension M Npq, which is the tensor product space

of univariate spline spaces Sz(,j)(As\?) on [a,b] and Séj)(Ag\Z,)) on [c,d]. The

use of superscript (-1) in the notation for the above finite element space is to
emphasize that it is not a subspace of C(D).

Let sy = xm + 7ih and t,; = y, + 0k, be the collocation points on
[Tms Tmy1], m=0,1,..., M =1, and [yn,Ynt1],n =0,1,..., N — 1, respectively,
where 79, 71,...,7Tp—1 and 0y, 01,...,0,_1 are zeros of Legendre polynomials of

degree p and ¢, respectively on [0, 1].
Let P : L%([a,b]) — V(AL and Py : Lo([e,d]) — S7P(AD) be the

P
interpolatory projection with respect to the nodes {s., ;} and {¢,, ;}, respectively,

that is, for u € L*([a, b)),

Pru € S;:?(AS\?) and Pru(sm,i) = u(Sm.;) (4)
Prue STP(AS) and Puulty,;) = ulta,)), (5)

then there holds([3]), |Prllec < 1 < 00, || Pilloc < ¢2 < 00 and for any u €

CPla,b] and u € C?c, d], there holds,
I(Z = Pa)ull < eh?u®|oo, and [[(Z — Pr)ul| < ckju®||w. (6)
Note that
T—PuPi = (T—Pu) + (T~ Pu) - (T Pi)(T - Py). ™)
As a consequence, from (6), it follows that

I(Z = PrPrlullc < I(Z=Pn)ulloc + (Z = Pr)ulloc + (1 +c)[|(Z — Pr)ulloo

— 0, ash,k — 0. (8)

Let ¢im, ¥jn denote the Lagrange polynomials of degree p —1 and ¢ — 1 on the
subintervals [, Tma1], m=0,1,....M — 1 and [y, yn+1],n =0,1,...,N —1
respectively, where, j = 0,1,...¢q — 1, ¢ = 0,1,...,p — 1. Then it follows
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that SIE:P(A%}I)) = span{¢;,} and Séj)(Agi)) = span{y;,}. Then we have
Xupn = span{dimjn}-

Now the collocation method for solving the eigenvalue problem (2) is defined
as follows: find upi, € Xprn, [Junk]| =1 and Apg, € C — {0} such that

Kunk(smr i tnr 1) = Ak (Smrirs tr 1), 9)

fori/=0,1,...p—1, m'=0,1,... M -1, 3 =0,1,...q—1, n’ =0,1,... N —1.
M—-1N-1p—1qg—1
Using upp = Z Z ZZalj@mwjn € Xy, the equation (9) can be con-
m=0 n=0 i=0 j=0
verted to the matrix eigenvalue problem. The iterated eigenvector is defined by
u’hk == ﬁlCuhk.
To solve the matrix eigenvalue problem and the iterated eigenvector, we need
to evaluate various integrals arising from the integral operator K. In practice,
numerical quadrature has to be used to compute these integrals. This leads to

discrete methods. To do this, let for f,g € C[0, 1],

k'—1

1
R =Y wif(e) = / f(s) ds, (10)
1=0

-1

S(g) =3 wyg(dy) ~ / o(t) dt (11)
=0

be the numerical quadrature with weights w; > 0, w; > 0 and quadrature points
¢i,i=0,1,...,k =1, dj,j = 0,1,...,'! = 1, chosen as Gauss points in [0, 1]
which satisfy 0 < ¢pg < c¢1 < -+ <1 <land 0 <dg <dy,...,<dp_1 <1
having degree of precision 2k’ — 1, 2’ — 1, respectively. Then the composite
Gauss quadrature rule for any f € C([a,b]),g € C([c,d]) is given by

M-1k -1 b

R =0 Y S wiemi) = [ 1(5) s (12)
m=0 =0 @
N—-11'-1

d
Su(g) =k S glyns) ~ / olt) dt, (13)

n=0 j=0 c

where &, ; = m+c;h, 1 =0,1,...,k'=1,and y,, ; = yn+d;k, j=0,1...,I'—1,
be the quadrature points on the subintervals [z, Tm41], m = 0,1,..., M — 1
of [a,b] and [yn,Yn+1], n =0,1,..., N — 1 of [¢, d], respectively. Now using (12)
and (13), we define the composite quadrature rule for g € C(D) by

E'—1U'-1M—-1N-1

b d
RuSi(g) = bk 33 S S wiil; gmis ) ;z/ / o(s,1) ds dt.

i=0 j=0 m=0 n=0
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Let Cpi : X — X be the Nystrom operator defined for u € X is

M—-1N—-1k—-11'-1

Knru(s,t) =hk > > 3" wi i K(s,t, T iy Y )@ Yj)- (14)

m=0 n=0 i=0 j=0

Now replacing the integral operator K by the Nystrom operator (14), the matrix
eigenvalue problem leads to the discrete collocation method,

1
Z Z Z5ij7Chk¢im(Sm',z")wjn(tn’,j’)

M—-1N—-1p—1g—
m=0 n=0 ¢=0 j=0

= th Z Bij¢im(5m/,i/)wjn(tn’,j’)7

i'=0,1,...p—1,m" =0,1,...M -1, 5 =0,1,...q—1,n  =0,1,...N — 1.
(15)

By solving this discrete matrix eigenvalue problem (15), we find the eigenvalue

Ank € C—{0} and 8 = [Bi,i =0,1...,p—1, j =0,1,...,q— 1]. Then the dis-
M-1N-1p-1qg-1

crete collocation eigenvector is defined by, tup, = Z Z ZZ Bijbimjn €
m=0 n=0 i=0 j=0

Xarn- The discrete matrix eigenvalue problem (15) can be written in operator

form as

PrPrknkting = M- (16)

Next we define the iterated discrete collocation eigenvector by @}, = < IChkuhk

Clearly we see that PPy, = tp, and
KnkPrPriyy, = Akl (17)

This is the iterated discrete collocation method.

Next we discuss the convergence of approximated eigenvalues and eigenvectors
to the exact eigenvalues and eigenvectors of the integral operator K. To do this,
first we set the following notations: Set K (s,t,z,y) = K, (z,y). For K(.,.,.,.) €
c9) (D) x ¢+3)(D), denote

ot
J)]Cust / / K(s,t,&,mu(&,n) d¢ dn,

Ostotd
(, . _,) az+g+z +j
D bt K i = —K t .
(S, 75377) 88’8153851'877J’ (5, ,577])
For any a, 8,7,0 € N, we set [[ulla.goo = »_ > [[ul™?]
i=0 j=0

a B ¥ )
||K||a,ﬁ,’y,6,oo = Z Z Z Z ||D(i’j’i/’j/)K(Sat7§v 77)”007
i=0 j=04

=0i'=0;'=0
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Then we have

D) (Ku) oo < (b = a)(d = K [li5.0000ullo0, (18)
and 1KCeflas,00 = D D NP (K| oo (19)

i=0 j=0

In the following theorem we give the error bounds for the Nystrom operator.
Theorem 2.1 ([15]). Let K be an integral operator with a kernel K(.,.,.,.) €
CEF2Y (DY x K2 (DY) and Ky, be the Nystrom operator defined by (14),
then for any u € C(Qk/*Ql/)(D), the following holds

1C = Kn)ulloo < (B + E2)[ullarr 20,00, (20)
where ¢ is independent of h and k.

Definition 2.2 ([1]). Let X be a Banach space and, 7 and 7, are bounded
linear operators from X into X. Then {7,} is said to be v-convergent to T, if

ITall < ¢, [[(Ta =TTl =0, [[(Tn—T)Tall =0 as n — oo.

We quote the following lemma which is useful in proving the existence of
eigenvalue and eigenvectors in discrete and iterated discrete collocation methods.

Lemma 2.3 ([2]). Let X be a Banach space and S C X is a relatively compact
set. Assume that T and T, are bounded linear operators from X into X satisfying
| Tall < ¢ for alln € N, and for each x € S, ||[Tpx —Tz| = 0 as n — oo, where
¢ is a constant independent of n. Then ||Tpx —Tx| — 0 uniformly for allx € S.

Theorem 2.4. PP and KpipPrPy, are v-convergent to K.

Proof. Since Kpg, Pp, and Py, are uniformly bounded, it follows that || Pp Prrillco <
IPhlloc|Pelloc | Knklloo < 00 and [[KnePrPrlloe < [KnkllooPhllocl|Prlloc < oo
Now using (8) and Theorem 2.1, we see that

1(PrPrlnk — K)ulloo < Phlloc[|Prlloo | (Knk = K)ulloo + [[(PhPr — I)Kulloo — 0,

This shows that P, P i point wise converges to K.

Let B = {z € X : ||z|| <1} be a closed unit ball in X. Since K is a compact
operator, the set S = {Kz : x € B} is a relatively compact set in X. By Lemma
2.3, we have
[(PrPelnk — K)K|loo = sup{|[(PrPilnr — K)Kul|o : u € B}

= sup{[|[(PnPrkrr — K)t]loc :u € S} =0 as h,k — 0.
Since Pp Py is bounded and K, compact, S = {Pp,PxKprxr : x € B} is a
relatively compact set. Thus
[(PoPielnr — K)PuPilknklloe = sup{(PaPelnr — K)PrPilnrulloo : u € B}
= sup{||(PnPeKnr — K)t|joo : uw € S’} — 0,
as h,k — 0. Combining all these results leads to the first result that Py Prpi

is v-convergent to K. The proof of Kpr PPy is v-convergent to K follows by
similar steps as in above. O
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Since PpPrnir and Ky PPy, are v-convergent to K, the spectrum of both
PP and Kp,x Pp, Py inside I consists of m eigenvalues say Ank.1, Auk.2; - - - » Ank.m
counted accordingly to their algebraic multiplicities inside I" with ascent ¢ (cf.,
[3, 14]). Let

j\ _ S\hk,l + 5\hk,z + -+ 5\hk,m

hk )
m

denote their arithmetic mean and we approximate A by Ani. Let

P = —i, (K — 27)"dz, (21)
21 Jp
be the spectral projections of K associated with their corresponding spectra
inside I'. Similarly, P, and ﬁ;?k be the spectral projections of Py, PrKp; and
KniPh Py, respectively. Let R(P), R(Py,) and R(”ﬁfk) be the ranges of the
spectral projections P, ’Pfk and ﬁfk, respectively.
To discuss the closeness of eigenfunctions of the integral operator K and those
of the approximate operators, we recall (cf., [3]) the concept of gap between the
spectral subspaces. For nonzero closed subspaces Y; and Y, of X, let

(Y1, Yo) = sup{dist(y,Y2) : y € Y1, [ylloc =1},

then A
(S(YLYQ) = max{é(Yl,Yg), 5(Y2,Y1)},

is known as the gap between Y; and Ys.
We quote the following three Lemmas, which give the error bounds for the
eigenelements.

Theorem 2.5 ([1], [13]). Let PrPipKni be v-convergent to K. Then for suffi-
ciently large M, N, there exists a constant ¢ independent of M, N, we have

R(PR)R(PT)) < (K —PuPeknk)Kllso,

Theorem 2.6 ([13], [16]). Let KnrPrPy is v-convergent to K. Then for suffi-
ciently large M, N, there exists a constant ¢ independent of M, N, we have

S(R(Pi), R(PF)) < ell(K — K PrPr)Kl|oo-

Theorem 2.7 ([1], [13]). If KniPrPy is v-convergent to K then for sufficiently
large M, N, there exists a constant c¢ independent of M, N such that for j =
1,2....,m,

IX = An| < e (K = KniPaPr)Kl oo,

A= Akl < el (K = KnkPrPi)Klloo-
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3. Convergence Rates

In this section we discuss the convergence rates for the approximated eigen-
values and eigenvectors to the exact eigenvalues and exact eigenvectors of the
integral operator K. To do this, first we prove the following Lemma.

Lemma 3.1. Let Ky be the Nystrém operator defined by (14) with a kernel
K(.,.,.,.) € CE¥ 20 (D)yx @ 2N (D), k' > p, I! > q. Then foru e C*29(D),
the following hold
(Z = PrPr)ulloc < cmax{h?, k"}|ul[p,q,00, (22)
1Kni(Z = PrPr)ulloc < cmax{h®, k**}|[u|2p,2q,00- (23)
Proof. Using the estimates (6), we have
IZ = Pr)ulloe < PO, 1T = Pe)ulle < ckTu®P]
and

I~ P~ Piul < HE PR o < ¢ BRI
Combining these estimates with the identity (7), proof of (22) follows.

p—1
To prove the estimate (23), let us denote H(t) = H(t — 1) and H(t) =
ot =0
H (t — 0;/). Since H(t) and H(t) are orthogonal polynomials of degree p and
J'=0

q, respectively, and the numerical quadratures defined by (10) and (11) have
degree of precision 2k’ and 2I’, respectively, it follows that, for &’ > p and I’ > ¢,

k'—1 1
REVH®) = S wic H(e;) = / PH()dE =0, g =0,1,....p—1,  (24)
i=0 0

-1 1
S@H®) =3 wydl H(d;) = / PH@®AE =0, v=01,....g—1. (25)
=0 0

Since Py, is the interpolatory projection interpolating at u(s,t) in the first vari-

able s at the points $;,.0, Sm,1;- - -, Sm,p—1 in the subintervals [z, Tm+41], m =
0,1,...,M — 1, we have for s € [x, Tm+1], t € [¢,d],
s—x

R e L} (26)
where 6P u(s,t) = [$m.0s Sm1s- - - » Smp—1, S; tJu be the Newton divided differ-
ence of v in first variable. Similarly, since Py, is the interpolatory projection inter-
polating at u(s, t) in the second variable ¢ at the points t,, o, ¢n 1, ., tn,q—1 in the
subintervals [yn, Yn+1], » =0,1,..., N — 1, we have for ¢t € [yn, yn+1], s € [a,b],

(T — Pruls,t) = k7H (tky"> 5©0Day(s, 1), (27)
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where 6 Du(s, t) = [s;tn.0, tn, -5 tn,qg—1,t]u be the Newton divided difference
of w in second variable. Now using the identity (7), we have

IChk(I — Pth)u = IChk(I — Ph)u + IChk(I — Pk)u — IChk(I — 'Ph)(I — Pk)u (28)
For the first term in the above, for any (s,¢) € D, using (26), we obtain

kK'—10I'-1M—-1N-1

Kri(Z — Pru(s,t = WPk Z Z Z Z wiw; H (¢i)Gi(Tm,is Yn,j)s (29)

=0 j=0 m=0 n=0

where ¢;(Tm.is Yn,j) = Kst(@m, 77ynj)§(” 0) U(Tm,i; Yn,j). The Taylor’s expansion
of gi(Zm.i,Yn,;) = 9i(Tm + cih, yn ;) at the point ., is given by

1 0
9i(@mis Yn.j) Z —hretgl <xm,yn,j>+];hpcfg£“)<§m,yn,j>, (30)

where &,, € [acm,xmﬂ )

]. Using (30) in the estimate (29), we obtain
Kne(T — Pr)u(s,t)
V-

p—1 M—1 k' —1

-5 sy NZ 3 13w e o )

M—-1 k'—1

N—
+h2p Z w; h( 2_% w;c] H(c;) ) PO (€ Y- (31)

0 j= m=0
Using the estimate (24) i ( 1), it follows that

(T = P o5, )] < eh? max. (g7 (€,yn5)| < B 1K o000 .

On the similar mechanism, for the second term in (28), we can prove that

(Kne(Z = Pe)uls,t)] < k™| Kl0,0,0,q.00 1 tl]0,2q,00- (32)

Let §®9qy(s, t) = [$m.,0s Sm1s- -+ > Smp—15 80,0, tn1s - - - tn,g—1, t]u be p and gth
Newton divided difference of u in first and second variables, respectively. Then
we have

(T — Pu)(T - Pyu(s,t) = thQH(S _hxm)ﬁ(t ‘ky")(s@vq)u(s, . (33)

Using this in the third term of (28), we have

/Chk(I — Ph)(I — Pk)u(s, t)
K—-10U'-1M—-1N-1

=hk NS TN WP R wii H (e H(dy) i g (s Yn.j):

=0 j=0 m=0 n=0

where g; i (Tm,i, Yn;) = Ksyt(xmﬂv,yn7j)5(p7q)u(xm,7i,ynJ). The Taylor’s series
expansion for g; j(Tm i, Yn.j) = Gi,j(Tm + cih, yn + d;k) at the point x,, and ys,
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is given by

T — 1
9i,j xmzayn,J Z Z( ) d k")# v (I;N V)(xmayn)

TI,Z(“) PR e, (30

where 7y = p+ ¢. Using (34) in the above equation and by adjustment with the
the estimates (24) and (25), we obtain

KT — Pu)(Z — P)uls,t)] < ch®k* max |gP? (¢, n)l
(&meD

DR K lo,0,p.g.00|ll2p. 20,00, (35)

IN

where ¢ = (p;’q) (b—a)(d — ¢)R(tPH(t))S(t7H(t)) is a constant independent of
h and k. Combining the estimates (28), (32) and (35), the result (23) follows.
This completes the proof. O

Theorem 3.2. Let K be a compact integral operator with a kernel K(.,.,.,.) €
CEH2) (DY x cEH 2D, K > p, I > q and Kpy, be the Nystrom operator
defined by (14). Then the following hold

(K = Kni)Klloo = O(max{n>* k>'}), (36)
I(Z = PuPi)Klloe = O(max{h?, k7}), (37)
1Kk (T = PrPi)Klloo = O(max{h?® k>}). (38)

Proof. Replacing u by Ku in (20), and using the estimate (19), we obtain
1K = Kn)Kulloo < e (B +E) [Kular 20,00

< (B + B[ Klawr 207,0,0,00] Ul oo

where c is a constant independent of A and k. This completes the proof of (36).
Now replacing u by Ku in (22) and using the estimate (19), we see that

1T = PaPe)Kulloe < ¢ max{h?, b} KCullp g o0 < ¢ masc{h?, KTHIK p.g.0.00 [l

this proves the estimate (37). Again replacing v by Ku in (23), then we obtain
Kb (T = PuPe)Culloe < € mas {2, K20} K ap 2q.0.00 e

this proves the estimate (38). O

Theorem 3.3. Assume that all the conditions of theorem 3.2 hold. Then the
following hold

||(IC _ Pthth)ICHoo — O(max{hmin{pak’}’ kmin{q,Ql/}})’ (39)
||(IC _ /ChkPth)/CHoo — O(max{hmin{2p’2k/}7 kmin{2q,211}}). (40)
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Proof. Since

[(K = PrPrKni)Klloo < I(Z = PrPr)KlloclIKllco + [P lloc P lloo (K = Knr)Kl| oo,
(K = K PrPr)Kllco < [[(K = Kni)K|loo + [|Kn(Z — PrPr)K|| oo,

the proof follows from the above Theorem 3.2. O

In the following Theorem we give the superconvergence results for the eigen-
values and eigenvectors.

Theorem 3.4. Suppose K is a compact integral operator with a kernel function
K(.,.,.,.) e C 2 (D) x c 2N (D), K > p, I' > q, and suppose that \ be
the eigenvalue of K with algebraic multiplicity m and ascent €. Let {KpiPpPr}
and {PpPrKri} be a sequence of bounded operators on X, which converges to K
in v—convergence. Then

5(R(Plfk)7 R(PY)) = (’)(max{hmi“{?’ﬂ’“/}7 ]gmiﬂ{%?l'}})7
g(R(ﬁfk)» R(PS)) = O(max{hmi“{Qp’%/}, kmin{?q,ﬂ'}})'

In particular, for any @nx € R(Pyy,) and i, € R(’/S;?k), we have
link — Ptinklloc = O(max{pmin{p:2k} pmin{a2}y)
||a2k _ Psﬁhk ||oo _ O(max{hmin{Qp,Qk'}’ kjmin{Qq,2l'}})-

Forj=1,2,...,m,
‘)\ — j\hk| = O(max{hmin{Qp,Qk/}, kmin{2q,2l'}})’
‘)\ — S‘hk,j|é = O(max{hmin{2pa2k/}7 kmin{2q,21/}}).
Proof. The proof follows directly using the Theorems 2.5, 2.6, 2.7 and 3.3. O

Remark: From Theorem 3.4, we observe that discrete collocation eigenvectors
converges with the order of convergence O(max{h™{P:2k'} fmin{a.21'}1) where
as iterated discrete collocation eigenvectors and eigenvalues converges with the
order of convergence O(max{h™n{2p:2K'} fmin{2¢.2}1) " This shows that iterated
discrete eigenvectors gives superconvergence results over the discrete collocation
eigenvectors. By choosing the degree of precisions of the numerical quadrature
rules sufficiently large, i.e., 2k’ > 2p and 2!’ > 2q on [a, b] and [c, d], respectively,
we obtain the superconvergence results for the eigenvalues and eigenvectors in
the discrete collocation and iterated discrete collocation methods.

4. Richardson Extrapolation

In this section, we derive an asymptotic error expansions (cf., [10], [11]) for the
iterated discrete collocation operator KPPy and an asymptotic error expan-
sion of arithmetic mean of approximate eigenvalues. We then apply Richardson
extrapolation to obtain improved error bounds for the eigenvalues.
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Lemma 4.1. (Euler-MacLaurin summation formulae)([7]).
Let f(z,y) € C™1(D), 0<7<1,0<6<1. Then

M—-1N-1
hk > f(@m + Thyyn + 0k)
m=0 n=0
r r—a B (9) 8a+b 2 b, d
a1.b r+1 r+1
_Zth a! 0 |Gz Tog T f(z,y) B _+O(h + kT
a=0 b=0 r=a,y=c
where B;(t) are Bernoulli polynomials of degree i.
Theorem 4.2 ([15]). Let K be a compact integral operator with a kernel K (., .,.,.) €

C(D) x C"*Y(D) and Ky, be the Nystrom operator defined by (14), then there
holds

[5] (5] [5]-t[5]—1
Kik =K = h*Dyi + Y k& + Y Y h¥h% Foipj + O(h™ + k™),
i=k j=l i=k j=l
where Da;, Ea5, and Fai 25 are bounded linear operators independent of h and k.
Lemma 4.3 ([7]). Assume that u(x,y) € C"*1(D). Let Py and Py be the

interpolatory projections defined by (4) and (5), respectively. Then for any
(x,y) € Imn, the following holds

(@ PaPuley) = YW, )@,(7) + Y0 KU )8, (0)
— —
T—qTr—Kn
— Z Z h”kj”u(“’y)(l‘, y)®, (1), (0) + O(hr—H + k_r+1)7
n=pv=q
where
p—1 o\
(1) = H(T—Ti)[TO,Th...,Tp1733]('w7-), (41)
i=0 ’
T (.—0)
\1/,(9):jl;[o(ofaj)[oo,el,...,oq_l,x]T. (42)

Proposition 4.4. Assume that the kernel K(.,.,.,.) € C0"TY(D) x ¢r+1(D)
and u € C"1(D), then the following holds
[5]-V 5]
Kni(Z — PrPy) Zh Raio +Zk IS02i+ Y Z W2 k2 Ry o
i=p j=Il’
[5]-K"[5]—1 (5 ]—Q[al—% o
+ Z Z h2zk2]82 25 — Z Z h2zk2]7-27;-’2j_’_(Q(hl?"-‘rl_’_kr-ﬁ—l)7

i=q j=k' i=p Jj=q
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where Ra; 25,8225 and Ta; 25 are bounded linear operators on CTH(D).
Proof. Using the definition of Ky defined by (14) and the Lemma 4.3, we have

K:hk(I — Pth)u(s, t)
M—-1N—-1k'—110-1

=hk >N wit Koy (Tm i Yn.j) ¥
0
H=p

m=0 n=0 =0 j5=0

|: hﬂu(ﬂ70) (:Em,iv yn,j)q),u, (Cz) + Z kyu(o’y) (xm,h yn,])\llu<dj)

v=q

T q ™ /,L
ST WU (£ 1, ) B ) U (dy) + O(RTH Wﬂ

n=p v=q
=5 +1I— I3+ OhR T + k). (43)
Now we consider I,
r k-1 '—1 M—-1N-1
TS wid(e) S [hk S S Ko g ><xm,yn,j>]
H=p 1=0 7=0 m=0 n=0

Using Euler-Maclaurin summation formula in I, we obtain

r r'ura“hlﬂrakb

=20 >

p=pa=0 b=0
+O(R™ + kT“), (44)
k-1
where 4, , = Z w;®,,(¢;)Bq(c;) and S(By) is the numerical quadrature of B,

aa+b72 (1.0)
1,05 (Bb) WKs,t(mv y)u(z,y)

defined as in (11) Since 79,71,...,Tp—1 are symmetric points in the interval
[0,1], i.e., 7j =1 —7p_1_; for 0 < j < p—1, we have

(=@ =e)*

(. — Ci)p‘

[T07Tla-~-77—p7171_ci] ,LL' :(_1>“_p[7—0)7-l7"'an717ci]Ta
and

p—1 p—1

[[a—c—m) =0 [[e—m)

j=0 j=0

Using these estimates we obtain ®,,(1—¢;) = ( DE®,(¢), i=0,1,2,... k' —1.
Also note that B,(c;) = (—1)*Ba(1 — ¢), =1—cp_1-; and wy_;j_1 =
w;, for 0 < ¢ < k' — 1. Hence we have

k'—1 k-1

Alha = Z wi‘I’u(Ci)Ba( C; ,u,—‘,-a Z 'LU7, ’L Cz) = (—1)#+aAM7a
=0
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From this, it follows that A, , =0, when g+ a = odd. Since the quadrature

p—1
rule (10) is exact for polynomial of degree less than 2k’ and H(CZ — ;) is
j=0
orthogonal to all polynomial of degree less than p and [79, 71, ..., Tp—1,¢] ('_:!")u

is a polynomial of degree u — p, then for u+a < 2p, k' > p, we have

1p—1 7t)“

k' —1
Apa =Y wi®,(c;)Ba(ci) = / 1=, m,. .. ,Tp_l,t]("u'Ba(t) =0,
i=0 0 =0 :

and Ago = fol D (t)Bo(t)dt = fol —1.dt = —1. Thus we obtain

-1, if p=a=0,
Apa=4 0,if 1< pu+a<2p—1, (45)
0, if p+ a = odd.
Since d;, j = 0,1,...,' — 1 are the Gauss points in the interval (0,1) and
the quadrature rule (3) is an symmetric quadrature rule, we have dy_;_1 =
1—-4d; and w; = wy_;—1 for j = 0,1,...,I — 1. Noting that the Bernoulli
polynomials have the property that By(1 — d) = (—1)°By(d), we have

-1 -1
S Z’wl/,j 1Bb(1 —dl/,j 1 = (— Zw]Bb 1)bS(Bb)
7=0

From this, it follows that S(By) is zero when b is odd. Also we have S(Byp) = 1.
Now since the degree of precision of this quadrature rule (10) is 21’ — 1, it follows
that for 1 <b <2’ —1,

1 1
S(B,) = ijBb(dj):/o Bb(t)dt—[ ! Bb+1()} =0.

Thus we have

1, if b=0,
S(By) 0,if 1<b<2l -1, (46)
0, if b= odd.
Combining the estimates (46) and (45) with (44) we obtain
(5] (51-rigl—
=Y W Roigu+ > Y PRI Ry g5u+ O(W T 4 BT,
i=p i=p =l
where,
Ao S(Byj) [ 0¥ (1,0) o
Raizju = Z Tl 2l | peigyEied K i(z, y)u'™? (z,y) o
(n,a)EZ(7) r=a, y=c

Z(i){(u,a),pSMST,OSaSTu,Ma2¢}.
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Similarly we can prove that

(5] [5]—q[5]—i
L= kSsu+ Y Y h¥E¥Sypu+ O 4 k),
Jj=q i=k" j=q
where,
_ R(BQz) Bu,b 32”1’*2 (0,v) b d
S2i,2ju == Z 22' b' 8$2i718yb71 Ks,t (Ia y)’U, (33, y) o—a. y:ca

(v,b)€Z(j)
Z(]): {(V7b)7 g<v<r, 0<b<r—uv, V+b2j}

Similarly for I3, we can prove that

[5]—q(5]—i

Iy= Y > Wk Ty 05u+ Oh T 4+ k1)

i=p j=q
where,
A,u,a Byb aa+b72 ( b, d
T > > K, , Hyv) , 7
Tosau e B gt Kesle ) ay)

(w,a,v,b)€Z(4,5) r=a y=c

Z(i7j):{(u7a7y7b)7 pS;U‘ST_q7 OSG’ST_M_V7
g<v<r—u, 0<b<r—a—pu—v, p+a=2i, 1/+b:2j}.

Now combining the estimates for Iy, Iy and I3 with (43), we obtain the following

asymptotic expansion This completes the proof. O
Theorem 4.5. Let K be a compact integral operator with the kernel K(.,.,.,.) €
C™Y(D) x C™*Y(D) with p =k’ and q =1". Then the following holds
5] 5] [g-alsl—d
K = KnkPuPr =Y B2 Uni + Y k¥ Vo + Y > kWi 95
i=p Jj=q i=p j=q

+O(hr+1 _,'_kr-i-l)7
where Uy, Va; and W 25 are bounded linear operators on C“Ll(D).

Proof. Combining Theorems 4.4 and 4.2, we have
K = KniPrPr = K = Kni + Knie — Kni PrPr

(%] (5] [5]-1" [5]—1
— Z h2iu21_ + Z k2JV2] + Z Z hzikszQi,Qj + O(hT+1 4 k’r+1)’
i=p ji=q 1=p j=U

where Us; = Rai0 — Dai, Voj = So,25 — Eaj, and W 25 = Rai 25 +S2i,25 — T2ij25 —
Fai,2; are bounded linear operators on C"+1(D). This completes the proof. [
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In rest of the paper, we choose the domain D = [a, b] X [a, b] and the partition

Apyn = Ag\? X Ag\}l), i.e., h = k. Also we choose the numerical quadratures
(10) and (11) to be same, i.e., k¥’ =1’. Then we have the following corollary.

Corollary 4.6. Let Ky be the Nystrom operator defined by (14) with p = q =
k' =1'. Assume that the kernel K(.,.,.,.) € C***2(D) x C?**2(D). Then the
following holds

K — KnpPrPr = h*Cap + O(h?*PF2),
where Cap = Usy + Vo, is a bounded linear operators on C?*P2(D).
Richardson Extrapolation For Eigenvalue problem: By the similar way as
followed in [15], we obtain the following theorem which gives an asymptotic error
expansion of the arithmetic mean of eigenvalues by iterated discrete collocation
method.
Theorem 4.7 ([15]). Let A\ be the eigenvalue of K with algebraic multiplicity m

and Ay be the arithmetic mean of the eigenvalues S\hk,j, 7 =12,...,m. Then
the following holds

2 1
Mk — A = —h®Ptrace(Qap) + O(h?PH2), (47)
m
where Qg = CgpPS — KU,y is a bounded linear operator independent of h.

According to the asymptotic expansion (47), the Richardson extrapolation for
eigenvalue approximation should be the following. We first divide each subinter-

val with respect to the partitions of Ag\ij) and AE\Q/[) into two halves which makes
up a new partitions denoted by Aglj\)d and Ag&,

Aélj\)/[:Ag\)/[:a:mo<x%<sc1<--~<xA47%<xM:b.

Here h = k = 37 and D = [a,b] x [a,b]. We then have following asymptotic
expansion for eigenvalue approximation with respect to this new partitions,

2 1 sh\2p

Mjakss = A+ —(5) trace(Qzy) + O(h+). (48)

From the asymptotic expansions (47) and (48), the Richardson extrapolation for
the eigenvalue approximation is defined by

5B _ 22’”5\h/2,k/2 — Xk

hk 2p _ ] (49)

In the following Theorem we give the superconvergence rates for the eigenvalue
approximation using Richardson extrapolation.

Theorem 4.8. Assume that conditions of Theorem 4.7 hold and the Richardson
extrapolation S\Ek is defined by (49). Then the following error estimate holds

Ak = Al = O(R*+2).
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5. Numerical Example

Consider the eigenvalue problem (2), for the integral operator K (3) for various
smooth kernels K (s, t,z,y).

Let Xprar be the space of piecewise constant functions (p=q=1) on [0, 1] x[0, 1]
with respect to the initial uniform partitions Ag\}[) = ASVQI) 0 < ﬁ < % <--- <
Mol 1, Ay = A x A = (5, 4) 0 <i <M, 0<j< M)
with h =k = % We choose numerical quadrature as the one-point composite
Gaussian quadrature formula which is exact for all polynomials of degree less

than 2, that is k=1=1.
The quadrature points and weights are given by
2m+1 .
Tm,i = Ym,i = YV i=1,m=0,1,.... M —1
and w; = w; = ﬁ, 1=1,2,... M, respectively.
For different kernels and for different values of M, we compute the discrete

collocation eigen vector @y, iterated eigen vector @}, and eigenvalue Apz, and

approximated eigenvalue in Richardson extrapolation S\Ek Denote

X=Xkl = O(h®), [ink — P ting oo = O(RP),
i, = P filloc = O(R), |X = A = O(h?),

where h = k = ﬁ is the step length. For M = 2,4,8,16, we compute «, 3,7
and ¢ which are listed in the following Table.

Since k' =1’ = 1, we get the theoretical convergence of the order of eigenvector
is 1, the orders of the iterated eigenvector and eigenvalues are 2, and the order of
eigenvalue in Richardson extrapolation is 4. In the following Table 1 and Table
2, the numerical results agrees with the theoretical results.

Example. K(s,t,x,y) = ssin(t) + ze¥, [a,b] = [0,1], [¢,d] = [0, 1].

Table 1: Eigenvector error bounds

M | flank — P anklloo | @), — Pl B y
2 1.955787¢e-01 1.738201e-02 * *
4 9.343799e-02 4.254548e-03 1.065668 | 2.030517
8 4.617936e-02 1.058051e-03 1.016761 | 2.007596
16 2.302235e-02 2.641661e-04 1.004212 | 2.001891

Table 2: Eigenvalue error bounds

A — Akl o A= AE, 5
1.955475e-02 * * *
4.858064e-03 | 2.009065 | 4.083223¢-05 *

1.212553¢-03 | 2.002332 | 2.616340e-06 | 3.964086
3.030157.e-04 | 2.000584 | 1.636705e-07 | 3.998683

=00k |
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